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LOI CAM POAN

T6i xin cam doan day la cong trinh nghién cttu ctia riéng t6i, dudi sy huéng
dan clia cac thay trong Tap thé huéng dan khoa hoc. Céc két qua, sb liéu trong
luan an 1a trung thyc va chua ting dude ai cong bo trén bat ky cong trinh nao

khac. Cac dit lieu tham khao dugc trich dan day du.

Tac gia
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LOI CAM ON

Luan an nay dugc hoan thién tai truong Dai hoc Khoa hoc Ty nhién - Dai
hoc Qubc gia Ha Noi dudi sy huéng dan tan tinh cia PGS. TS. Pham Ngoc
Anh (Hoc vien Cong nghé Buu chinh Vién thong) va TS. Vi Tién Ding (Dai
hoc KHTN-DHQGHN). Tut day long minh, tac gia xin bay t6 long biét on chan
thanh va sau sic nhat dén cac thay.

Tac gid ciing bay té long biét on chan thanh t6i Ban Chu nhiém khoa, cac
thay/co trong Khoa Toan - Co - Tin hoc, dic biet 1a cac thay/co thuoc bo mon
Toan hoc Tinh toan - Toan Ung dung, truong Dai hoc Khoa hoc Ty nhién - Dai
hoc Quoc gia Ha Noi da truyen tai kién thitc va tao moi diéu kién tot nhat ciing
nhu gitp do tac gid trong sudt qua trinh lam nghién ciu sinh.

Tac gid xin tran trong cam on Ban Giam hiéu, cac thay/co trong Khoa Toan
va Khoa hoc Ty nhién, truong Dai hoc Hai Phong, noi tac gia dang cong tac da
tao moi diéu kien thuan lgi dé tac gia hoan thanh luan an.

Xin chan thanh cdm on cac anh/chi/em trong nhém nghién ctu tai phong
Lab "Toan tng dung va Tinh todn" cua Hoc viéen Cong nghé Buu chinh Vién
thong va cac ban beé dong nghiép xa gan da luon dong vién, giup do tac gia trong
qua trinh hoc tap va nghién ciu.

Cubi cung, tac gid xin dugc danh tang moén qua tinh than nay cho nhiing
ngudi than yéu trong gia dinh ctia minh, dic biét la vg va hai con gai. Nhiing
ngusi luon ding sau dong vien, chia sé va khich lé tac gia dé c6 thé hoan thanh

cong viéc hoc tap va nghién ctu ctia minh. /.

Tac gia
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MG PAU

1. Lich st van dé va Iy do chon dé tai

Can bang 1a mot trang thai ma van vat trong tu nhién luon huéng tdi, béi
1& khi dat dude trang thai can bang thi moi su vat sé c6 duge sy ton tai lau dai
va bén vitng nhat. Trong vat 1y, mot hé cac vat c6 dugce trang thai can bang khi
hop e tac dung lén ching bi triet tieu. Trong sinh hoc, trang théai can bang ciia
mot heé sinh thai dat dugc khi luong tht san moi va lugng thi moi c6 ty lé tuong
dong nhau. Trong kinh té, mot thi truong mua ban dat trang thai can bang khi
luong cung bang luong cau. Ngoai ra thuat ngit can bang con dudc sit dung trong
nhiéu linh vire khac nhau nhu héa hoc, sinh hoc, ki thuat, v.v...

Trong toan hoc, mo6 hinh can bang duge xem 1a mot su phét trién tiép theo
clia bai toan bat dang thic bién phan va 1y thuyét toi wu véi nhiéu cht thé tham
gia. Trong d6, mdi chi thé c6 nhitng muc tiéu khac nhau tham chi 1a déi lap
nhau. Do d6, dé tim mot phuong an t6i wu cho tat ca cac chu thé la diéu khong
the. Trong tinh huéng nay mot khai niem can bing, dic biet 1a khai niem diém
can bang Nash, dé dugc chap nhan hon. Do vay, mo hinh can bang rat hitu ich
trong viéc phan tich két qua cac tinh hudng canh tranh, viéc giai cac mo hinh can
bang c6 thé gitp ching ta tim ra giai phap giai quyét cac mau thuan vé quyen
li ctia cac chii thée tham gia.

Mo hinh bai toan can biang, viét tat, EP(C, f) c6 dang:

Tim z* € C sao cho f(z*,y) >0, VyeC,

4 day, C 1a mot tap con 16i dong khac rong ctia khong gian Hilbert thyc H, f 1a
mot song ham tit C x C vao R thoéa man diéu kién can bang f(z,z) = 0, véi moi
rxeC.

Bai toan EP(C, f) duge gi6i thieu dau tien bdéi H. Nikaido va K. Isoda [70] vao

nam 1955 trong bai bao: "Note on non-cooperative convexr game". T6i nam 1972,



n6 tiép tuc duge Ky Fan [40] nghién cttu dudi tén goi bat dang thitc Ky Fan. Tuy
nhién hon 20 ndm sau, khi céc két qué nghién citu ctia L.D. Muu, W. Oettli [69]
duge cong bo vao nam 1992 va E. Blum, W. Oettli [28] dugce cong bd vao nam
1994, thi bai toan nay mdi thuc s thu hut dude sy cht ¥ ctia nhiéu nha nghién
cttu. Trong két qua [69], cac téc gid cling da chi ra rang bai toan EP(C, f) chinh
12 mot mo hinh tong quét cho nhiéu 16p bai toan quan trong nhu bai toan téi uu
OP(C,h), bai toan bii, bai toan bat dang thic bién phan da tri MVI(C, F), bai
toan t6i wu véc to, bai toan diém yén ngua, bai toan can bang Nash trong tro
choi khong hop téc, ... Do vay, bai toan can bang EP(C, f) khong nhiing c6 ¥
nghia vé méat Iy thuyét ma né con mang nhicu ¥ nghia trong ting dung. Mot tng
dung ndi bat va tao dugdc tiéng vang 16n 1a can bang kinh té Nash-Cournot dugc
nha toan hoc J.F. Nash dua ra dudi dang mé rong ctia mo hinh tro choi bat hop
tac. Két qua nghieén cttu nay dudc trao giadi Nobel vé kinh té nam 1994.

Ngay nay, bai toan can bang EP(C, f) da dugc tong quat hoéa va phat trién
theo nhiéu huéng nhu bai toan can bang véc to [20, 27, 41], can bang da tri [21],
bai toan can bang trén tap nghiém ctia bai toan t6i wu, tim diém chung ctia bai
toan can bang va bai toan diém bat dong [8], bai toan can bing trén tap nghiém
bai todn bat dang thitc bién phan [17], bai todn bat dang thic bién phan trén
tap nghiem bai todn can bang [11]. Dac bigt, thoi gian gan day bai todn can
bang hai cap BEP(C,g, f) nhan dugc sy quan tam ctia nhiéu nha nghién citu
(10, 12, 13, 25, 35] bdi tinh mdéi trong 1y thuyét va cac ting dung trong thuc tién.
Thuc té chi ra rang, mdi sdn pham trong thi truong dugc san xuét bdi nhiéu
cong ty khac nhau trong ci nude. Méi diém can biang Nash 14 mot phuong an
t6i uwu nhat dé lgi nhuan céc cong ty dudc cao nhat. Tuy nhién, nha nude can
mot ham can bang kinh té vi mo dé diéu tiét nén kinh té clia ca nuée. Nhu vay,
mot mo hinh can bang trén tap cac diém can bang (diém can bang Nash) 1a mot
ing dung quan ly kinh té thuc tién ctia bai toan cung-cau trong nén kinh té thi

truong. Mo hinh bai toan can bang hai cap BEP(C, g, f) dugc phat biéu nhu sau:
Tim z € Sol(C, g) sao cho f(z,y) >0, Vy € Sol(C, g),

trong do, f va ¢ 1a cac song ham tit C x C vao R va théa man dieu kién can bang
f(z,z) = g(z,z) = 0, v6i moi x € C, Sol(C,g) 1a tap nghiém ctia bai toan can
bang sau

Tim z* € C sao cho g(z*,y) >0, Vy € C.



Nhu vay BEP(C,g, f) 12 mot bai toan can bang véi tap rang buoc la tap
nghiém ctia mot bai todn can bang khac va cling 14 mot dang ciia bai toan hai
cap. Bai toan nay duge deé cap dén lan dau tién béi O. Chadli va cac cong sy [33]
vao nam 2000. Bai todan BEP(C, g, f) dugc xem la tong quat hoa ctia nhidu l6p
bai toan hai cap truéc dé nhu bai toan téi wu hai cap, bai toan bat ding thiic
bién phan hai cap, bai toan can bang trén tap bat dong, bai toan can bang trén
bat ding thiic bién phan, ... Mot sé trusng hgp diic biét ciia bai todn can bing
hai cap c6 thé ap dung cho cédc mo hinh thuc té. Ching han, bai toan bat ding
thiic bién phan trén tap diém bat dong clia anh xa khong gian duce ap dung cho
bai toan diéu khién cong suat ctia mang CDMA, dudc gidi thieu béi H. Tiduka
[50], bai toan xi Iy tin hieu [41, 54].

Bai toan can bang hai cap c6 hai huéng nghién cttu chinh. Huéng thi nhat,
nghién citu vé sy ton tai va tinh chat clia tap nghiém [38, 65, 77]. Huéng thit hai,
nghién citu dé xudt cdc thuat toan gidi va tinh toan trén may tinh [10, 25, 35,
48, 52, 57, 66, 85]. Hién nay, nghién ctu cac thuat giai hitu hiéu giai bai toan
can bang hai cap rat duge quan tam, tuy nhién mot van de kho ctia bai toan can
bang hai cap la tap rang buoc khong dude cho duédi dang hién. Do vay, cac thuat
toan giai bai toan t6i wu, bai toan bat dang thiic bién phan va bai toan can bing
thuong khong dude ap dung mot cach truc tiép cho bai toan can bang hai cap.
Ching t6i diém lai mot s6 thuat toan hitu hieu dé giai bai toan can bang hai cap.
Thuat toan diém gan ké duge dé xuit dau tien bsi B. Martinet [62] giai bai toan
bat dang thic bién phan va dude nghién citu mé rong cho bai toan tim khong
diém ctia anh xa don diéu cuc dai béi R.T. Rockafeller [80]. Cac huéng nghien
ciu nay cing duge mé rong béi A. Moudafi [67] va V. Konnov [55] gidi bai toan
can bang. Nam 2010, A. Moudafi [66] tiép tuc md rong dé giai bai toan can bing
hai cAp BEP(C, g, f). Thuat toan dugc viét chi tiét nhu sau:

el k=0
Tim z%*t1 € C sao cho: (1)

F@HL y) + eug(a L, y) + %@:kﬂ — 2k y— 2 >0, Wy e C,

trong do {e;} va {r;} 1a céc day s6 thuc duong. Thuat toan (1) duge viét dudi
dang rat don gidn, tuy nhién c6 hai van dé kho phéat sinh & day la: Van dé thi
nhat, tai mdi buée lap k, thuat toan can gidi chinh xac nghiém clia bai toin

can bang phu. Van dé thi hai 1a sy hoi tu ctia thuat toan can doi héi gia thiét



2%+ — 2¥|| < o(ex). Khi d6, tac gid chi ra ring day lap «* hoi tu yéu t6i mot
nghiém ctia bai todn can bang hai cap trong khong gian Hilbert thuc. Mot tiép
can khac, nguyén 1y bai toan phu duge G. Cohen gidi thieu dau tién cho bai toan
t6i 1tu [36] va md rong cho bai todn bat dang thitc bién phan [37]. Trong [63], G.
Mastroeni dd md rong nguyén 1y bai toan phu cho bai toan can bang EP(C, f).
Thuat toan c6 dang

el k=0

k1 _ : k 1 k2 . 2)

o* T = argmin{A\f(a",y) + 3lly — 2"|* 1 y € C}.
Day lap {z*} trong thuat toan (2) hoi tu dudi gid thiét song ham f don diéu
manh va lien tuc kiéu Lipschitz. Thuc té gia thiét don dieu manh la rat chat. Dé
khac phuc diéu nay, T.D. Qudc va cac cong sy [76] dé xuat thuat toan dao ham

tang cuong

el k=0
y¥ = argmin{\ f(z*,y) + L|ly — 2*|? : y € C} (3)

2F 1 = argmin{\ f(v*,y) + L|ly — 2¥|2 1y € C}.

Day lap {z¥} xac dinh béi (3) hoi tu trong khong gian hitu han chiéu dudi gia
thiét song ham f gia don dieu va lién tuc kiéu Lipschitz. Thuat toan dao ham
tang cuong dugc tiép tuc md rong trong mot s6 két qua gan day [7, 10, 58, 75].
Chiing t6i nghién citu thuat toan dao ham tang cuong mad rong cho bai toan can
bang hai cap va dat dugc két qua trong chuong 3 ciia luan an. Tiép can thi 3,
phuong phéap chiéu dusi dao ham dudc st dung cho bai toan bat dang thiic bién
phan hai cip dau tien bdi P.E. Maingé [61]. Nam 2011, P. Santos va cong su
[82] da ap dung thuat toan chiéu dudi dao ham xap xi giai bai toan can bang

EP(C, f). Day lap ctia thuat toan duge viét dudi dang

el k=0

g" € 05 f(ak, ), ap = 5,y = max{py, [|g"|} (4)

ghtl = Pré’f (xk — akgk).

Uu diém ctia thuat toan chiéu dudi dao ham xap xi (4) la thuat toan chi tinh
mot phép chiéu va tinh toan duéi dao ham xap xi tai méi buée lap.
Cac van deé 16n dugc dat ra khi nghién cttu cic thuat toan giai bai toan can

bang hai cap ¢ day la:



- Van dé thit nhadt, tim nghiém chinh xac clia cac bai toan phu trong cac thuat
toan lap da c6. Dieu nay khong phai dé trong cac trusng hop bai toan phu 1a cac
bai toan can bang hodc cac bai toan bat dang thic bién phan;

- Van dé that 2, su hoi tu clia cac day lap trong cac thuat toan gidi bai toan can
bang hai cap doi héi gid thiét kha manh trén cidc song ham nhu gid thiét don
dieu manh va lién tuc kiéu Lipschitz;

- Vin dé thit 3, bai toan can bang hai cap 14 mot dang bai toan can bang véi
mién rang budc 1a tap nghiém ctia mot bai toan can bang khac. Khi anh xa gia
clla mien rang buoc la anh xa giad don diéu, tap nghiém rang buoc 1a mot tap 10i.
Tuy nhién, tap nghiém rang budoc khong duge cho dudi dang hién. Hon ntta, ban
than bai toan can bang hai cap la mot bai toan rat tong quat trong Ly thuyét
t6i wu. Chinh vi vay, bai toan can bang hai cap 1a mot bai toan hai cap kho giai
va thuat toan gidi bai toan can bang hai cap dude nghién citu kha han ché so véi
cac mo hinh toan hoc khac;

- Van dé thi 4, nhu ta da biét, phuong phap chiéu la mot cong cu rat pho bién
trong viéc giai bai toan bat dang thic bién phan néi chung va bai toan can bing
noi rieng. Viéc ap dung phuong phap nay cho bai toan can bang hai cap van la
mot huéng nghién citu mé va c6 ¥ nghia tinh todn trén may tinh véi rat nhieu
md hinh thuc té.

V6i céac 1y do trén, dé tai luan an "Céac phuong phap chiéu md rong gidi mot
s6 16p bai toan can bang hai cap" 1a mot dé tai c6 tinh thoi su cao va c6 ¥ nghia
trong Ly thuyét toi uu néi rieng va chuyén nganh Giai tich néi chung. Trong luan
an nay, ching toi da nghién cttu md rong thuat toan chiéu dudi dao ham xap xi
gidi bai toan can bang hai cap. Thuat toan va phan tich s hoi tu ctia n6 duge
ching toi trinh bay chi tiét trong chuong 2 va chuong 3. Mot tiép can thit 4 1a
tiép can DC giai bai toan can bang trén tap nghiem ctia bai toan bat dang thiic
bién phan affine dugc chiing t6i nghién cttu va dé xuat mot thuat toan nguyen ly
bai toan phu DC dang hién méi. Tai mdi bude lip ching t6i chi doi hoi gidi mot
bai toan 16i manh va mot bai toan quy hoach toan phuong. Thuat toan dugc tinh

toan mot cach hitu hiéu véi cac vi du s6 thie hién trén phan meém MATLAB.

2. Muc tiéu nghién ciu

Muc tiéu ctia luan an 1a nghién ctiu dé xuat cac thuat toan mdi gidi 16p céc

bai toan can bang hai cap. Cu thé nhu sau:



e Nghién citu dé xuat thuat todn chiéu du6i dao ham va thuat toan chiéu
tong quat két hop véi ki thuat quan tinh cho bai toan can bing hai cap
don diéu.

e Nghién cttu mé rong thuat toin dao ham ting cuong cho bai toan can bang

trén tap nghiém ciia bai toin can bang hén hop.

e Két hop phuong phap chiéu tong quat va ki thuat phan tich DC, dé xuéat
thuat toan mdi gidi bai toan can bang trén tap nghiém clia bai toan bat

ding thic bién phan affine.

e Trién khai cac tinh toan s6 minh hoa cho cac thuat toan dé xuét, so sanh
v6i cac thuat toan da c6 va ting dung cho mo hinh can bang kinh té Nash-

Cournot.

3. Doi twong va pham vi nghién ciu

Doi tugng nghién ciru: D61 tugng nghién citu clia luan an 1 16p céc bai toan
can bing hai cap trong khong gian Hilbert thiyc. Cu thé: Bai toan can bing
v6i rang buoc 1a tap nghiem ciia bai toan bat dang thitc bién phan, bai toan
can bang véi rang budc 1a tap nghiém ciia bai toan can bang khac, bai toan
can bing v6i rang budc la tap diém bat dong giao véi tap nghiém ctia bai
toan can bang khac. Mot s6 mo hinh thiyc té nhu mo hinh can bang kinh

té Nash Cournot.

Pham vi nghién ctu: Luan an tap trung nghién citu dé xuat thuat toan
mdi, cai tién phuong phap xap xi nghiém cho bai toan can bang hai cap
v6i trong tam 1a md rong phuong phap chiéu, phuong phap dao ham tang
cuong, phuong phap phan tich DC. Bén canh d6, chting minh sy hoi tu cta
thuat toan, phan tich sai s6 tinh toan trong mot sé truong hop cu thé ciing

dude thuyc hién mot cach chi tiét trong luan an.

4. Phuong phap nghién ciru

Dé dé xuat thuat toan méi va ching minh sy hoi tu ctia day lap giai bai
toan can bang hai cap, ngoai viéc sit dung cac ky thuat co ban trong gii

tich, gidi tich 161, giai tich da tri va gidi tich phi tuyén, ching toi dya trén



cac phuong phép da dude st dung trong bai toan toi wu, bai toan bat ding
thitc bién phan nhu phuong phap chiéu duéi dao ham, nguyén 1y bai toan
phu, phuong phéap dao ham tang cudng, phuong phap diem gan ké.. ..

5. Keét qua cua luan an
Mot s6 két qua méi da dat duge ctia luan an nhu sau:

e Dé xudt hai thuat toan kiéu chiéu méi va ching minh su hoi tu ctia né.
Thuat toan thit nhat gidi bai toan don diéu manh véi rang budc can bang
don dieu. Thuat toan thit hai st dung ki thuat chiéu tong quat va ki thuat
quén tinh gii bai toan can bang trén tap diem bat dong giao véi tap nghiém

clia bai toan can bang khac.

e Dé xuat thuat toan dao ham ting cuong giai bai toan can bang trén tap
nghiém ciia bai toan can bang hdn hgp va chiing minh sy hoi tu clia thuat

toan.

e Stt dung k¥ thuat phan tich DC va phuong phap chiéu tong quat, dé xuat
thuat toan mdi giai bai toan can biang trén tap nghiém clia bai toan bat

ding thic bién phan affine.

e Thuc hién cac tinh toan sé6 minh hoa cho cac thuat toan da dé xuat, so
sanh v6i cac thuat toan khac, 4p dung cho mé hinh can bang kinh té Nash-

Cournot.

Noi dung ctia luan an duge viét dya trén két qua ctia 04 bai bao, trong dé 01
duge xuat ban trong tap chi SCI Q1, 02 duge xuat ban trong tap chi SCIE Q1,
Q2 va 01 bai da gtii dang trong tap chi SCIE Q1. Cac két qua chinh ciia luan an
da dugce bao céo tai

e Hoi thdo: "Nhiing huéng méi trong toi uwu tinh todn va ting dung" (26-
27/12/2021 tai Vién nghién citu cao cap vé Toan)

e Hoinghi qudc té: The International Symposium on Applied Science -ISAS2022
(14 - 16/10/2022 tai Dai hoc Béach khoa thanh phé Ho Chi Minh)

e Hoi thdo: "T6i wu va Tinh toan Khoa hoc" lan thi 21 (20-22/4/2023 tai
Ba Vi)



e Hoi nghi Toan hoc toan quoc lan thit X (8-12/08/2023 tai Da Nang)

e Seminar bo moén Toan hoc Tinh toan — Toan tng dung, truong Dai hoc
Khoa hoc T nhién-Dai hoc Quoc gia Ha Noi

e Seminar phong Lab "Toan Ung dung va tinh to&n", Hoc vien Cong nghe
Buu chinh Vién thong.
6. Bo cuc cua luin an

Ngoai phan mé dau, danh muc cong trinh khoa hoc ciia tac gia lien quan dén
luan an, danh muc tai lieu tham khéo va két luan, luan an dugc trinh bay trong

4 chuong:
Chuong 1. Bai todn can bang hai cap
Chuong 2. Phuong phap chiéu dudi dao ham
Chuong 3. Phuong phap dao ham tang cuong

Chuong 4. Nguyén ly bai toan phu DC



Chuong 1

BAI TOAN CAN BANG HAI CAP

Muc dich ctia chuong nay la ching to6i nhac lai mot s6 khai niem ciing nhu
nhitng két qua da biét trong gidi tich ham, dic biet 1a gidi tich 16i, 13 kién thiic
co s cho cac chuong sau. Bén canh d6, khai niém vé bai toan can bang hai cap,
cac bai toan lién quan, diéu kién ton tai nghiém va mot s6 phuong phap giai
thudng gap cho bai toan bai todn can bang hai cAp nhu phuong phap diém gan
ke, phuong phéap st dung nguyén 1y bai toan phu, phuong phap chiéu ciing dugc
ching toi trinh bay trong chuong nay. Noi dung ctia chuong 1 duge viét dya trén
mot s6 két qua trong [1, 2, 3, 24, 26, 53, 72].

1.1 Mot vai kién thirc co ban

1.1.1 Cac khai niém va mot sé két qua co ban trong khéng
gian Hilbert thuc

Cho H la mot khong gian Hilbert thyc véi tich vo huéng (-, -), ky hiéu || - ||
14 chuan cdm sinh tuong ting. Tich vo huéng (z,y) 13 mot ham lién tuc theo cac

bién z va y, dong thoi thda man bat dang thitc Cauchy-Schwarz
[z, )| < [lz[llyll, Yo,y € H.
Dinh nghia 1.1. Mot day {z*} trong H dugc goi 1a

e hoi tu manh (hay hoi tu theo chudn) téi 2 € H, néu ||z* — 2| — 0 khi k — oo

va duge ky hiéu bdi 2F — 2;

e hoi tu yéu t6i & € H, néu (y,2*) — (y,2) khi k — oo v6imoi y € H va
duge ky higu béi zF — z.
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Can cht ¥y rang, trong khong gian Hilbert hitu han chiéu ho#ic trén tap compact
tuong do6i, hai loai hoi tu trén 1a trung nhau. Trong khong gian Hilbert vo han
chiéu téng quat, tit 2¥ — 2 suy ra zF — 2. Dé c¢6 diéu ngudc lai chiing ta phai can
them diéu kien ||«*|| — ||2|| (Dinh ly 1.8.3 trong [23]).

Mot s6 tinh chat quan trong ctia chuan || - || duge phat biéu trong bd dé sau.
Bo dé 1.1. [31, Bb dé 2.1] Vdi a,b € H bat ky, ta co
(1) lla=b* = llal® = b]* = 2 (a = b,b);
(i) [[ma+ (1= m)bl* = mal® + (1= m) B> =m (1= m) [la=b]*, Ym € R;
(ifi) [la + 0[]* = [lall* + 2(a, b) + [[b]|*;
(iv) [la + 0| < |lal|? + 2(b,a + b).
Dinh nghia 1.2. Cho C la mot tap con ctia khong gian Hilbert thye H. Khi do6,

e tap C dugdc goi l1a tap loi trong H, néu v6i moi a,b € O, v € [0,1] kéo theo
va + (1 — )b cing thude C;

e tap C dudc goi 1a nén c6 dinh tai 0, néu véi moi € C va véi moi o € Rz
kéo theo ax € C. Khi C' — 29 14 nén c¢6 dinh tai 0 thi ta néi C 1a nén c6 dinh
tai 20;

Dé thay R”, 0, cac nita khong gian, hinh cau, da dién M = {z € R : Az < b}

(véi A € R™*" h € R™) la cac tap 1oi trong khong gian R”.

Né6n phap tuyén ngoai 1a khai niém quan trong trong Ly thuyét téi wu néi
chung va Ly thuyét bat ding thtc bién phan ciing nhu bai todn can bing noi

riéng.

Dinh nghia 1.3. Cho C la mot tap con khéac rong ctia khong gian Hilbert thuc
H, «* 13 mot phan ti thuoc tap C. Khi do,

o tap No(2*) = {w e H: (w,y — 2*) <0, Vy € C} dudc goi 1a non phdp tuyén

ngoas cua C' tai x*.

Tu dinh nghia trén ta c6, néu x* € intC thi No(z*) = {0}. Duéi day 1a hinh

minh hoa cho nén phap tuyén ngoai clia tap C tai diém z*.
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Hinh 1.1: Tap nén phéap tuyén ngoai Ng(x*)
Cho C 1a mot tap con khac rong trong H va ham s6 f : ¢ — RU {#o00}. Khi
do, cac tap
domf ={z e C: f(x)< oo}

epif ={(z,a) e C xR : f(z) < a},

duge goi 1a mién hitu hiéu va tap trén do thi tuong tng ctia ham f. Mot ham f
c6 domf # 0 va f(z) > —oo, Vo € C dugc goi la ham chinh thuong trén mién C.

Ham 16i déng mot vai tro quan trong trong ly thuyét tdi wu néi chung va ly
thuyét bat dang thitc bién phan ciing nhu can bang néi rieng. Sau day 1a mot sb

dang 16i ctia ham f.

Dinh nghia 1.4. Cho C la tap con 16i déng khac rdng ctia khong gian Hilbert
thuc H. Mot ham chinh thuong f: C — R U {+o0} dugdc goi la
e 107 manh trén C véi hang s6 6 > 0, néu
5

f((l—t)x—i—ty) <(1=t)f(z)+tf(y) —5(1—t)t||x—y”2, vt € [0,1], 2,y € C,

e 07 trén C, néu
e [0i chat trén C, néu

f((l —t)x+ty) <(1=t)f(z) +tf(y), vt € (0,1),2,y € C,x # v,
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e tua loi trén C, néu
f((l —t)x—|—ty) < max{f(x),f(y)}, vt € [0,1],z,y € C.

Tu dinh nghia: 10i manh = 10i chat = 107 = tua loi.

Vi du 1.1.
N 0 khiveC .
1) Cho tap 16i C, khi d6 ham chi 6¢(v) = 1& ham 16i
+00 khiv ¢ C
trén C.

2) Ham toan phuong f(z) = 1(z, Az) + (z,a) + b v6i A € R nita xac dinh
duong, a € R® va b € R 1a mot ham 16i tren R™.

3) Cho C c R*(n > 2) la tap 10i, khac rong. Khi d6, ham s6 f(x) = ||z|| 16
tren C. Hon nita, néu 0 € C va C'\ {0} # 0 thi f khong 161 chit trén C.

4) Ham s0 f tit R vao R xac dinh bdi f(z) = i||z||? 12 16i manh tren R?

v6i he s6 7 = 1.

No[—

Cho®# C CH vaham s6 f: C — RU{+oc},a € (—o0, +o0]. Ta goi cac tap
Lo(f) ={z € C: f(x) <a} va L(f) := {z € C : f(x) < a} la tap mitc dudi va
tap muc dudi chit tuong tng ctia f. Khi d6 ta co tinh chat sau, ham f 16i khi va
chi khi tap epif 16i vA ham f 16i kéo theo cac tap dom(f), La(f), L2(f) ciing 10i.

Dinh nghia 1.5. Cho ham chinh thuong f : H — RU {+oo}, 2% € H. Khi d6
e Phan tit w € H dudc goi 1a dudi dao ham clia ham f tai 2°, néu
(w,z — 2% + f(2°) < f(z), Vz € H.

Tap hop tat ca cac dudi dao ham ctia ham f tai 20 dude goi 1a dudi vi phan
clia f tai oY, duge ky hieu béi of(2°). Ham f duge goi 1a khd dudi vi phan
tai 20, néu of (2°) # 0.

e Ham f dugc goi 1a kha dudi vi phan trén H, néu 9f(z) # 0 v6i moi z € H.
e Phan tt w € H dugc goi 1a dudi dao ham zdp xi ctia f tai 2¥, néu

(w,z — 2% + f(2°) < f(z) +¢ Vo e H,
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v6i € > 0 ¢6 dinh cho truée. Tap hgp tat ca cac dudi dao ham xap xi clia
ham f tai 20 dude goi 1a duwdi vi phan zap xi ctia ham f tai 20 va duge ki
hieu béi ¢ f(20).

Tt dinh nghia suy ra, 0f(2") C 0°f(2°) v6i moi e > 0.

Cha y 1.1. Véi ham f : C — R, ta dinh nghia dudi vi phan va dudi vi phan xap
zi cia ham f trén C nhu trong Dinh nghia 1.5 bang cach md rong ham f lén toan
bo khong gian nhu sau

R f(z) néuxedC,

fa) = ,
+oo  néux ¢ C.

Vi du 1.2.

1) Chung ta da biét ham s6 f(z) = |z| khong c6 dao ham tai 0. Tuy nhién
d& dang tinh duge duéi vi phan clia f tai 0 1a doan [—1,1]. Tong quét ta c6
duéi vi phan ctia ham f(z) = ||z|] tt R™ vao R la

{weR": |w|| <1} néu 2’ = 0;

0f(a") =
{fweR": [|Jw|]| =1, (w,2°) = |w|} néuz’ 0.

2) Xét ham s6
—z+|r—2| néux>1;
h(z) =
%+%|x|—1 néu z < 1.
Khi d6, duéi vi phan xap xi ctia h tai 0 1a 9°h(0) = [0, 1] v& dudi vi phan
xap xi clia h tai 2 1a 9°h(2) = [-2, 0] v6i mdi € > 0.

3) Cho ham s6 g : R — R U {400} dugc xac dinh boi

+oo néuz < 0;
g(z) = )
—vz neuz > 0.

Khi d6, dg(0) = (). Tuy nhién, v6i moi € > 0 ta c6 dudi vi phan xap xi clia
g tai 0 1a

09(0) = <_oo,_a |

Dinh nghia 1.6. Cho () # C C H. Ham s6 g : C — R U {400} dugc goi 1a
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o nia lién tuc dudi tai x* € C, néu

v{zF} c C: ¥ = 2* = liminf g(2%) > g(a*);
k—+o00

o nia lien tuc dudi yéu tai z* € C, néu

v{zF} ¢ € : 2% = 2* = liminf g(2*) > g(z*);
k—+o0

e nia lién tuc trén tai z* € C, néu

V{z*} c C:2F — 2 = limsup g(2) < g(=*);
k——+o00

o nia lién tuc trén yéu tai z* € C, néu

V{z*} c C: 2% — 2% = limsup g(2*) < g(z%);
k—-+o0

o lien tuc tai 2* € C, néu no vira nia lién tuc dudi vita nita lien tuc trén tai

x*;

e ban lién tuc tai z* € C, néu 11%1+ ftz+ (1 —t)a*) = f(a*), Vz € C;
1

o lien tuc yéu theo ddy trén C, néu day {z*} c C hoi tu yéu dén 2* € C thi
lim g(2*) = g(a*);
k—o00

o nia lien tuc dudi (nia lien tuc dudi yéu, nia lién tuc trén, nia lién tuc trén
yéu, lien tuc, ban lién tuc) trén C, néu f nia lien tuc dudi (nita lien tuc
duéi yéu, nita lien tuc trén, nita lién tuc trén yéu, lién tuc, ban lién tuc) tai

moi diem z* € C.

1.1.2 Phép chiéu va song ham don diéu

Cho khong gian Hilbert thuc H. Goi C la tap con 16i déng khac rong ctia H.
Khi do, énh xa Pre tit H vao C xac dinh béi Pro(z) = argmin{||t — z|| : t € C}
duge goi 1a phép chiéu ctia H lén C. Phan tit Pro(z) € C duge goi 1a hinh chiéu
cia z trén C va ||z — Pre(x)|| chinh 1a khoadng céch tur = t6i tap C. Trong trudng
hop dac biét, tap C ¢6 dang: C = {t € H : {(a,t) < b} (& mot nira khong gian),
phép chiéu Pro(z) duge cho bdi cong thitc dang hién sau:

x—mLﬂ;ba néu (a,z) —b >0,

Pro(z) = lal
T néu nguge lai.
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Phép chiéu déng mot vai tro rat quan trong trong viéc xay dung thuat giai
cho cac bai toan toi uu néi chung va bai toan can bang néi rieng. Ching toi diing
mot s6 tinh chat co ban ctia phép chiéu, dé ching minh su hdi tu cia cac thuat

toan trong cac chuong sau.

Ménh dé 1.1. [24, Ménh dé 4.8] Cho C' la tap con loi déng khdc rong ciia khong
gian Hilbert thuc H. Khi do,

(i) vdi méi u € H, ton tai duy nhat Pro(u);
(ii) (u— Pre(u),v — Pre(u)) <0, Yo e C,u e H;
(ili) [|[Pre(u) — Pre(v)|? < (Pre(u) — Pre(v),u—v), Vu,v € H;
(iv) [|1Pre(u) = Pre()|| < llu—vl, Yu,v e H;
(v) llu = Pre(u)]? < flu—vl? = [lo = Pre(u)|?, Yue H,v e C;
(vi) [|1Pre(u) = Pre()|? < lu—v|* = [|Pre(u) —u+v — Pro(v)|)?, Vu,v € H.

Meénh dé 1.2. [61, Ménh dé 4.1] Cho C la mot tdp con loi déng khdc rong cia
khong gian Hilbert thuc H. Khi do,

(i) llu=Pre(u—)|l < |vll, VueC, veH;
(i) ||t — Pre(u—0)||? < |ju—t|? — 2(u —t,v) + 5|jv||?, Yu,t € C, v € H.

Tiép theo la céc khai niem vé tinh don diéu va tinh lién tuc kiéu Lipschitz

cua mot anh xa.

Dinh nghia 1.7. Cho C la mot tap con cia khong gian Hilbert thyc H va anh
xa F': C — H. Khi do, F dugc goi la

o don diéu manh ngugc trén C véi hang s6 «, néu ton tai s6 o > 0 sao cho
(u—wv, F(u) — F(v)) > a||F(u) — F(v)||? v6i moi u,v € C,
khi o =1, thi F' dudc goi la khong gian viing trén C;
o don diéu manh trén C v6i hang s6 4, néu ton tai sd6 8 > 0 sao cho

(u—wv,F(u) — F(v)) > B|ju—v|* v6i moi u,v € C;
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o don diéu chat trén C, néu v6i moi u,v € C vA u # v ta co
(u—v,F(u) — F(v)) > 0;
o don diéu trén C, néu
(u—v,F(u) — F(v)) >0 v6i moi u,v € C;
e gid don diéu tréen C v6i hang sd v, néu ton tai s6 v > 0 sao cho

(u—v,F(v)) >0= (u—uv,F(u)) >~|u—2|? véi moi u,v € C;

e gid don diéu manh trén C, néu

(u—v,F(v)) >0= (u—v,F(u)) >0 v6i moi u,v € C;

o lién tuc Lipschitz tréen C v6i hang s6 L, néu ton tai s6 L > 0 sao cho
|F(u) — F(v)|| < L|ju — v|| v6i moi u,v € C,

hon nita néu L € (0,1) thi F dugc goi 1a anh xa co tren C. Dic bigt L =1,
F dugc goi la anh xa khong gian trén C;

e tiém cin khong gidn trén C, néu ton tai day s6 khong am {6} vdi klim 0, =0
—00

sao cho
| F*(u) — F*(v)|| < (1 4+ 6g)||u—v|| v6i moi k> 1 va véi moi u,v € C;
e gid co chat tréen C v6i hdng s6 ¢ , néu ton tai ¢ € [0,1) sao cho
|F() — P < llu— ol + ¢ (Td — FYu— (Id — F)e|> v6i moi u,v € C,
trong d6 Id 1a anh xa dong nhat.

Vi du 1.3. [43] Xét H = (2. Goi B la cau don vi trong {2 va anh xa F tUt B vao
B dugc xac dinh nhu sau

F(x1,29,23,...) = (0, x%, 2T, A3T3, .. .),

F(z) = F(y)| < 2[lx -yl véi

trong dé {«;} € (0,1) sao cho Hai = 1 Khi dé
=2 2
moi z,y € B. Hon nita,

o0
1F () = F'(y)]| < 2] [ eulle = wll v6i moi i =2,3, ...
=2

Do d6 F la anh xa tiém can khong gian trén B.
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Tit méi lién hé gitta bai todn can biang EP(C, f) va bai toan bat dang thiic bién
phan VI(C, F) thong qua viéc chon song ham f(z,y) = (F(z),y — z), Yo,y € C,
chiing ta ciing c6 cac khai niem don diéu va lién tuc kiéu Lipschitz ctia song ham

f tuong ting dudi day.
Dinh nghia 1.8. Cho song ham f: C x C' — R. Khi d6, song ham f dugc goi la

o don diéu manh trén C véi hang so6 «, néu ton tai s6 o > 0 sao cho
fla.y) + £y, 2) < —allz —y|?, Yo,y € O
o don diéu chat trén C, néu
flz,y) + fy,x) <0, Yo,y € C va z # y;
o don diéu trén C, néu
flz,y)+ fly,z) <0, Va,y € C
e gid don diéu manh trén C v6i hang s6 3, néu ton tai sé6 8 > 0 sao cho
fla,y) > 0= f(y,2) < —Bllz — y|?, Va,y € C;
e gid don diéu trén C, néu
flz,y) > 0= f(y,z) <0, Vo,y € C;
o gid don diéu chdt trén C, néu
flz,y) > 0= f(y,z) <0, Vo,y € C va x # y;
o tua don diéu trén C, néu

flz,y) > 0= f(y,x) <0, Va,y € C;

e para-don diéu trén S C C, néu f don diéu trén C va thoéa man

{reSyeC fly,z)=flr,y) =0} =>ycS;
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e lién tuc kiéu Lipschitz trén C véi cac hing s6 ¢; > 0 v ¢2 > 0, néu
Fla,y) + f(y,2) = f2,2) = elle = yl* = cally = 2|1°, Var,y,2 € C.

Vidu 14. Chotap C1 ={z e R: 2 < -2}, Cy = {x € R: 2 <0} va song ham
f:C xC — R xac dinh béi

flz,y) = (2 +x2)(x —y).

Khi do, f don diéu manh trén C;, don diéu chat trén Cy. Nhung f khong don

diéu manh trén Cs.

That vay, v6i z,y € C; tuy ¥, ta co

f@y)+ fly,e) = Q+2%) (z—y)+2+y")(y—2)
= (z4y)(z—y)*
< —4(x—y)>

Nhu vay, f don diéu manh trén C; v6i hing s6 o = 4.

Tuwong tu trén, véi z,y € Cy va x # y ta ciing ¢o

f(zy) + fly,2) = (z 4+ y)(z —y)* <O,

do do, f don diéu chéat trén Cs.
Gia st f don diéu manh trén Cy v6i hé s6 5 > 0. Khi do,

flz,y) + fly,x) < —B(x —y)* Va,y € Os.

Suy ra,
x4y < =06 Vr,y e Cy.

Chon z = 0 v y = —(/2 ciing thuoc Cs, thay vao bat dang thiic trén ta thu dudc
—g < —f, vo ly. Dan dén, f khong don diéu manh trén Cs.

Vi du 1.5. Xét song ham f: R x R — R xac dinh béi
flay) =a*(y —=).

Khi do, f gia don diéu trén C := R\ {0}. Nhung f khong don diéu trén C.



19

That vay, gia st f(x,y) = 2%(y —2) >0, Va,y € C. Viay # 0, nén suy ra y > x
va do d6 f(y,z) = y?*(z —y) < 0. Vay f gia don dieu tren C.
Mit khac véi moi z,y € (—o0,0) va z # y, ta co

flay)+ fly.a) =2"(y—2) + (2 —y) = —(x +y)(z —y)* > 0.

suy ra f khong don diéu trén C.
Mo rong cac khai niém don diéu, nita lién tuc, lién tuc ctiia anh xa don tri,

ching ta cling c¢6 cac khai niém tuong tng ciia anh xa da tri.
Dinh nghia 1.9. Cho anh xa da tri F : C = H. Khi do, F dugc goi la
e don diéu manh v6i hang s6 7, néu ton tai hang s6 7 > 0 sao cho

(u—v,z—y)>71lz—y||? Yo,y € C vaVuc F(z), Yo € F(y);

o don diéu chdt, néu

(u—v,x—y) >0, Vo,y e C,x #y vaVu € F(z), Yv € F(y);

e don diéu, néu

(u—v,x—y) >0, Yo,y € C va Yu € F(z), Yv € F(y);

Dinh nghia 1.10. Cho anh xa da tri F : ¢ = H va diém 2° € C. Khi d6, F dugc

goi la

e nia lién tuc trén tai zo, néu véi moi tap con mé U C C ma F(x) C U, ton
tai lan can V(zp) ctia xg sao cho F(wgy) C U,Ywy € V(xg). Anh xa F 13 ntia

lien tuc trén trén C, néu noé la nita lien tuc trén tai moi xg € C;

e nia lién tuc dudi tai zg, néu véi moi y € F(xg) va day {2} trong C hoi tu

dén g, ton tai day {y"} C F(2") hoi tu vé y;

o lién tuc tai zg, néu noé vita lien tuc trén, vita lien tuc duéi tai zg. Néu F 13

lien tuc tai moi diém thudc C thi F dude goi la lién tuc tren C.

Tiép theo, ching ta nhic lai khai niém khoang cach Hausdorff giiita hai tap

trong khong gian Hilbert va mot s6 vi du minh hoa.
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Dinh nghia 1.11. Cho A va B la hai tap con khéc rong ctua H, khodng cdch
Hausdorff gitta A va B dugc xac dinh nhu sau:

di(A,B) := max{d(A,B),d(B, A)},

trong do6 d(A,B) := supinf ||z — y|, d(B,A) := sup inf ||z — y| .
zeh yEB zeB YEA

Vi du 1.6. Trén truc sé thuc, cho hai doan thang X = [0,2],Y = [0,1] (Hinh
1.2). Khi do,

dp(X,Y) =max{maxd(y, X), max d(z,Y)}

yeyY T€

=1.

y

Hinh 1.2: Hinh minh hoa cho Vi du 1.5

Vi du 1.7. Trong mat phang Oxy, cho hinh vuong X = [0,1] x [0,1] v& doan
thang Y = [0, 3] x {0} (Hinh 1.3). Khi do,
dp(X,Y) =max{maxd(y, X ), maxd(z,Y)}
yey reX
=2.

SE

O 1 3

A S

Hinh 1.3: Hinh minh hoa cho Vi du 1.6
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Vidu 1.8. Trong mit phang Oxy cho tap X 1a tam gidc M'N'P' v6i M'(—6;6), N'(—8;1),
P'(=3;4) va Y la dudng tron tam I'(5; 1), ban kinh R = 4 (Hinh 1.4). Goi F', F
la giao ctia P'I' v6i dudng tron va H', K’ 1a giao ctia N'I’ v6i duong tron. Khi do,
may)'c{d(y,X)} =F'PP=PI'+R=+/8+3+4~125va
ye

m%?i{d(x,Y)} =N'H' =9 = dy(X,Y) = max{9;12,5} = 12,5.
Te

Hinh 1.4: Hinh minh hoa cho Vi du 1.7

Dinh nghia 1.12. Anh xa da tri F: C = H duoc goi 1a
o lién tuc Lipschitz trén C v6i hang s6 L > 0, néu
du(F(z),F(y)) < Lz —yll, Yo,y € C.

Dac biet, khi L < 1 thi F dugc goi la anh xa co trén C va khi L =1 thi F
dugce goi la anh xa khong gian trén C.

e c-lién tuc Lipschitz (e > 0) v6i hang s6 L trén C, néu
dy(F(x),F(y)) < Lllz =yl + ¢ Yo,y € C.
Trong truong hop 0 < L < 1, ta néi F 14 e-co vdi hang so L.

Vi du 1.9. Cho M = {(0;y) : y > 0} c R? xét anh xa da tri F': M = R? xac
dinh béi
F((O;y)) ={(z;9): 0<z <y}

Khi d6, anh xa F lien tuc Lipschitz v6i hing s6 L = v/2.
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b B (@’ b) /

——

a | (r:a) A

B D o -

Hinh 1.5: Hinh minh hoa cho Vi du 1.8

That vay, lay hai diém (0;a), (0;b) thuoc M bat ky. Khong mat tong quat, gia st
0<a<b Dat

Vi u(z;a) € A,

=b—a
Suy ra
d(A,B) =supd(u,B) = sup (b—a)=">b—a.
ueAh 0<z<a
Tuong t,

d(v, A) = inf u—v|| = inf V(b—a)?+ (¢ — )2,
ue

0<z<a

= d(B,A) =supd(v,A)

veEB

= sup \/(b—a)2—|— (' —a)?

0<z'<b
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= \/§(b —a).
Do do6

dg (A, B) = max{d(A,B),d(B,A)}
=V2(b—a)
= V2||(0;a) — (0;D)]l, ¥(0;a), (0;b) € M.

Nhu vay, anh xa da tri F 1 lién tuc Lipschitz v6i hang s6 Lipschitz L =+v2. R

1.1.3 Bai toan hai cap

Cho X,Y la cac tap con khac rong cia R" va R™ tuong tng. Cac ham
fiXXY >R AR xR xR 5 R, &:R”xR” xR - RU{+0c0} va anh
xa da tri H : R* = R™. Trong muc ndy, ta xét bai toan hai cap dugc dé xuat béi
M.B. Lignola va J. Morgan [65]. Bai toan dugc xét c6 dang:

min{f(z,y) : (z,y) € ZC X xY,y € H(z)NT(x)}, (1.1)
6 day
T(z) ={y e R™: h(z,y,2) + O(x,y,y) < P(x,y,2), V2 € R"}.

Su ton tai nghiém clia bai toan hai cap (1.1) dugc khang dinh thong qua dinh

Iy sau.

Dinh 1y 1.1. [65, Dinh Iy 4.1] Cho X compact, Z C X xY dong, f : X x
Y C R*" x R™ — R nua lién tuc dudi, cic ham h : R" x R™ x R™ — R,va
PR x R™ x R™ — RU {400} théa man cic diéu kién

(i) V&i (z,y,2) bat ky va vdi moi day {(z*,y*, 2¥)} hoi tu vé (x,y,2), ta luon cé

q)(x7y7 Z) S hm 1nf@(xk7yk’zk‘)7

k—-+o00

(i) Véi (z,y,2) bat ky va vdéi moi day {(z*,y*)} hoi tu vé (z,y), luon ton tai

day {z*} hoi tu vé z sao cho

lim sup ®(zF, y*, 2%) < ®(x,y, 2);

k——o00

(iii) Ham h(x,y,-) lom va ham ®(x,y,-) loi vdi z,y bat ky;
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(iv) Ham h(z,-,z) nita lien tuc dudi trén cdc phan dogn cia dudong thing;
(v) h(z,y,y) =0 vdi moi z,y;

(vi) Vdi (x,y,2) bat ky, vdi moi day {(z*,y*)} hoi tu vé (z,y) va vdi moi day

{2*} hoi tu vé z, ta cé

—h(z,y, z) < liminf h(z* ", 2F);

n—-+400o

vii) H déng va moi ludi {u®} hoi tu ve u € R, v* € H(z), ludi {v*} c6 diém
g

tu.
Khi dé, Bai toan (1.1) c6 nghiém. Hon nita, néu H dugc cho bdi
H(z) ={y e R™: hi(z,y) <0, ie{1,...,p}}
trong dé, h; (i € {1,...,p}) théa man cdac diéu kién
(a) h; nita lién tuc dudi tren X xY;

(b) Ton taii € {1,...,p} sao cho vdi moi o € R, ton tai tap compact K va
Urex{y €Y : hi(z,y) < a} C K;

thi bai toan
min f(x,y)

(z,9) € Z, hi(w,y) <0, i e {1,...,p}

s.t.

h(:v,y,z) + Cb(x,y,y) < q)(x,y, z), Vz € R™
co nghiém.

1.1.4 Mot vai két qua bo trg

Trong muc nay, chiung t6i nhic lai mot vai két qua da biét va sé duge dung

dé chiing minh sy hoi tu clia cac thuat toan trong cac chuong sau.
B6 dé 1.2. [84, B6 dé 1] Cho {a} va {6} la cdc ddy sé thiuc khong am sao cho
a1 < ap + 0, Yk >0,

(0. 9]
trong dé {6} théa man Y 6, < co. Khi dé, ton tai gidi han klim aj.
k=0 — 00
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Bo dé 1.3. [60, Chu ¥ 4.4] Cho {ay} la ddy s6 thuc khong am. Gid si vdi s6
nguyén m tuy g, ton tai so tu nhién p sao cho p >m va a, < apy1. Xét ko la so
nguyén sao cho ag, < ag,+1 va 7, dugc dinh nghia véi moi s0 tu nhién k > ko nhu
sau

(k) =max{i e N: ko <i<k, a; <aj1}.
Khi dé, 0 < a < a,ky+1 v0i moi k > ko. Hon nita, day {7(k)}r>k, la khong gidm

va tién vé +oo khi k — co.
Bo dé 1.4. [86, Ménh dé 2.31] Cho C la tap con loi ciia khong gian Hilbert thuc
H va ham g : H — R loi. Khi dé, z la nghiém cia bai todn:
min{g(z) : x € C}

khi va chi khi 0 € dg(z) + No(z), trong dé dg la dudi vi phan cia g va No(z) la
nén phap tuyén ngodi cia C tai z € C.
Bo dé 1.5. [22, Ménh dé 23] Cho X va Y la hai tap khdc rong trong R™, G la
mot anh xa da tri t&'Y vao X, va ham so W : X xY — R. Khi do,

M(y) = {:c* € G(y) : W(x*,y) =sup{W(z,y) 1z € G(y)}} :
nua lién tuc trén khi W va G la lién tuc.

Bo dé 1.6. [59, Dinh Iy 2.3] Cho p >0, G(z) = Qz +¢q, C = {z € R" : Az > b},
vdi ma tran Q € R™" doi xiing, ma tran A € R™*" g € R b € R™ va Sol(C,G)
la tap nghiém cia bai todn bat dang thic bién phan VI(C,G). Khi do, ton tai hai

s0 duong e >0 va >0 sao cho

d(z,Sol(C,G)) < B

x — Prc [w— %(Ql’JFQ)] Ha

vt mot x € C' va

<€

x — Prg lx— %(Qa:+q)

trong dé d(z, Sol(C,G)) = min{|lz —y|| : y € Sol(C,G)} va Pr¢ la phép chiéu truc

giao lén C.

Bo dé 1.7. [59, B6 dé 3.1] Cho G(z) = Qz + ¢, C = {z € R" : Az > b}, vdi ma
tran Q € R™™ doi ming, ma tran A € R™" ¢ € R™ b € R™ va Sol(C,G) la tap
nghiém cta bai todn bat dang thitc bién phan VI(C,G). Gid si Si,...,S, la cdc
thanh phan lién thong ciia Sol(C,G). Khi dé ta cé cdc khang dinh sau:
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(i) Sol(C,G) = ngl Si;
(ii) S; la hop ciia hitu han cac tap o7 da dién;

(iii) Vdi méi tap S; (i =1,...,7), luon ton tai § > 0 sao cho d(x,S;) > & vdi moi
v ES; vai £
(iv) Ham s6 fo = 5{Qz,x) + (q, ) nhan gid tri hang trén moi tap S;.
Bo6 dé 1.8. [87, B6 dé 2.5] Cho {a,} la day s6 thuc khong am théa man dieu

kien: apt1 < (1 —Mp)an + Apyn, Y > 1, trong dé {\,} va {y.} la cdc day so thuc

sao cho

(i) {\n} C[0,1] va ixn = 0,
n=1

o0
(ii) limsup~, <0 hodc Z | Anyn| < 00.

—00
n=1

Khi do, lim a, = 0.

n—oo
Bo dé 1.9. [93, B6 deé 2] Gid sit T : C — C la dnh wa gid co chat vdi hing so C.
Khi dé, danh za Id — T la nia déng tai 0, nghia la, néu {z,} la day trong C sao
cho z, =z € C va (Id—T)x, — 0, thi (Id—T)z = 0.

Bo dé 1.10. [89, B6 dé 3.1] Cho A € (0,1),T : C — H la dnh za khong gidn va
anh za T : C — H duoc xdc dinh bdi

Tz .= Tx — M\uF(Tz), Vz € C,

trong dé F : H — H la x— Lipschitz va B—don diéu manh. Khi dé, anh za T* co

N . 2 o
V0 hdngsé()<u<—§. Tic la
K

|72 — TAy|| < (1= A7)||z —yl|, Va,y € C,

trong dé =1— /1 — u(28 — ux?) € (0,1].

Bo dé 1.11. [34, Dinh Iy 1] Cho khong gian Banach X vdi dnh za déi ngau lién
tuc yéu, C la tap con loi dong trong X va T : C — C la danh za tiém can khong
gian c6 Fix(T) # 0. Khi dé, dnh za Id — T la nita dong tai diém 0.

Bo dé 1.12. [90, B6 dé 3.1] Cho S : C — C la dnh za gid co chdt vdi hing so C.
Goi 5 va 0 la hai s6 thuce khong am. Gid si rang (7 + 6)¢ < 7. Khi dé ta cé

(@ —y) +0(Sz = Sy)|| < (¥ + 0)llz —yl, Yo,y € C.
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1.2 Bai toan can bang hai cip
1.2.1 Dinh nghia va cac bai toan lién quan

Cho H la mot khong gian Hilbert thuc véi tich vo huéng (-,-) va chuan
|-]]. Goi C la tap con 16i déng khéc rong ciia H. Bai toan can bang hai cap
BEP(C, g, f) dugc phét biéu nhu sau:

Tim z € Sol(C, g) sao cho f(z,y) >0, Vy € Sol(C, g),

trong d6 g : O x C - R va f: H x H — R 1a cac song ham théa man diéu kien
g(z,2) =0, Vo € C; f(x,2) =0, Vo € H va Sol(C, g) 1a tap nghiém cia bai toan
EP(C,g). Nghia la,

Sol(C,g) ={z* € C:g(z*,y) >0, Vy € C}. (1.2)
Bai toan can bang hai cAp bao ham nhiéu 16p bai toan quan trong. Sau day

14 mot trong nhiing s6 do.

*Bai toan can bang
Dé thay khi ta chon song ham f = 0, ttc 1a f(z,y) = 0, Vz,y € H thi bai toan
BEP(C, g, f) tr6 thanh bai todn can bang EP(C, g)

Tim z* € C sao cho g(z*,y) >0, Vz € C.

*Bai toan bat dang thitc bién phan hai cip

Xét cac song ham g va f dugc xac dinh nhu sau

g(m,y) = <G(ZL‘),y—J}>, f(x,y) = <F(l’>,y—l‘>,

trong d6 G la anh xa tu C vao C' va F la anh xa tu H vao H. Khi do, bai toan
BEP(C, g, f) tré thanh bai toan bat dang thitc bién phan hai cip BVI(C,G, F)

Tim z € Sol(C,G) sao cho (F(z),y —2) >0, Vy € Sol(C,G),
trong d6 Sol(C, @) la tap duge xéc dinh nhu sau
Sol(C,G) ={x* € C: (G(z*),y —z*) >0, Yy € C}.

That vay, khi xét song ham f(x,y) = (F(z),y — x) thi hai bai toan EP(C, f) va
VI(C, F) la tuong duong theo nghia ching ¢ tap nghiém trung nhau.
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*Bai toan can bing trén tap nghiém ctia bai toan bat ding thic bién
phan

Ta chon song ham g(z,y) := (G(x),y — z), trong d6 G la anh xa tu C' vao C.
Khi do, bai toan BEP(C, g, f) trd thanh bai toan

Tim 2 € Sol(C,G) sao cho f(z,y) >0, Vy € Sol(C,G), (1.3)
trong d6 Sol(C, G) la tap nghiém cta bai todn VI(C,G), tic la
Sol(C,G) ={a* € C: (G(z*),y — ") >0, Yy € C}.

*Bai toan bat ding thic bién phan trén tap nghiém cta bai toan can
bang

bat f(z,y) = (F(z),y — z), v6i F la anh xa tu H vao H, thi bai toan
BEP(C, g, f) trd thanh

Tim & € Sol(C, g) sao cho (F(z),y —z) >0, Yy € Sol(C,g), (1.4)

trong do6 Sol(C, G) la tap duge xac dinh nhu sau
Sol(C,g) ={z" € C:g(z*,y) >0, Yy € C}.

Day chinh 1a bai toan bat déng thic bién phan trén tap nghiém bai toan can
béng.

Ta c6 thé néi rang, cac bai toan can bang, bat déang thitc bién phan hai cap,
bai toan can bing trén tap nghiém bat dang thitc bién phan va ngudc lai déu 1a
cac truong hop riéng clia bai toan can bang hai cap. Viéc tim thuat gidi cho bai
toan can bang hai cap, c6 thé giai quyét dude nhicu 16p bai toan con. Diéu ngudc
lai chua chic da ding. Chang han nhu, thuat toan giai bai todn can bing trén
tap nghiém ciia bai toan bat dang thic bién phan, c6 thé khong mé rong dé giai

bai toan can bang hai cap.

1.2.2 Diéu kién ton tai nghiém

Trude hét ching to6i nhic lai mot s6 két qua ve su ton tai nghiém, tinh chat

tap nghiém ctia bai toan can bang EP(C,g).

Dinh 1y 1.2. [53, Dinh 1y 4.14] Cho C la tdp con loi déng khdc réng trong khong
gian Hilbert thuc H, g : C x C — R la song ham can bang, gid don diéu sao cho
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vdi méi x € C, g(.,x) ban lien tuc va g(x,.) 10i, nida lien tuc dudi trén C. Gid si
diéu kién bic sau dudge théa man:
Ton tai tap compact W C C sao cho: Vo € C\W, 3y € W: g(z,y) < 0.
Khi dé, bai todn can bang EP(C,g) c6 it nhat mot nghiém.

Dinh 1y 1.3. [53, Dinh 1y 4.15] Cho C la tdp con loi déng khdc réng trong khong
gian Hilbert thuc H. Song ham g : C x C — R théa man diéu kién can bang. Khi
do, néu cic diéu kién trong Bo de 1.2 dugc théa man, dong thoi K 10i thi tap

nghiém Sol(C,g) dugc zdc dinh bdi (1.2) la mot tap loi déng khdc réng trong C.

Sau day 1a két qua vé tinh duy nhat nghiém ctia bai toan can bang hai cap

BEP(C,qg, f).

Dinh ly 1.4. [77, Ménh dé 2.2] Gid si tap nghiém Sol(C,g) khdc rong va f gid

don dieu manh dong thoi théa man cdc dieu kién sau

(i) Vi moiy € C, f(-,y) la ban lién tuc trén trén C;

(ii) Véi méi x € C, f(x,-) 16, niba lien tuc dudi va khd dudi vi phan trén C.
Khi dé, bai todn BEP(C, g, f) ¢6 nghiém duy nhat.

Goi C' 1a mot tap con 16i déng khac réng ciia khong gian Hilbert thuc H,
f,g:CxC =R, ¥, ¢ :HxH— R la cac song ham. Xét bai toan can bang hai
cap hén hop (BMEP)

Tim z € S, , sao cho f(z,y) +¥(y,z) — (7, 2) >0, Yy € Sy,
trong do Sy, la tap dude xac dinh bdi
Sgpo={2"€C:g(z",y)+ oy, 2*) — p(z*,2*) >0, Vy € C}.
Nghia la, S, 1a tap nghiém ctia bai toan can bang sau
Tim z € C sao cho ¢(z,y) + ¢(y,z) — ¢(z,2) > 0, Vy € C. (1.5)

Dé thay rang, khi ¢ = p = 0 thi bai toan (BM EP) trd thanh bai toan can bang
hai cap BEP(C, g, f).

Dinh nghia 1.13. Cho khong gian Hilbert thyc H.
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e Anh xa tuyén tinh bi chin 7 : H — H duge goi la §-duong manh, néu ton
tai & > 0 sao cho
(T(2),2) > 8], Vo € L

e Song ham ¢ : H x H — R dugc goi 1a doi xiing léch (skew-symmetric), néu
o(u,u) — o(u,v) — p(v,u) + p(v,v) >0, Yu,v € H.
Tinh chat tap nghiém ciia bai toan (BMEP) dugc chi ra trong dinh 1y sau
day.

Dinh 1y 1.5. [38, Dinh 1y 3.2] Cho C la tdp con loi déng khdc rong trong khong
gian Hilbert thuc H, K la tap compact trong H sao cho CNK # 0. Goi g, [ :
CxC—-Ryp,o HxH—-R vaT:H— H théa man cic dieu kién sau

(i) Cdc song ham g, f la B-don diéu manh va a-don diéu manh ngugc tuong
ting dong thoi la ban lién tuc trén theo bién thi nhat. Vdi moi x € C cdc
ham g(x,-), f(z,-) 167 va nia lién tuc dudi trén C;

(ii) Anh za T la todn ti §-duong manh va tuyén tinh bi chan;
(iii) Cdc song ham 1, ¢ la doi ziing léch, lién tuc va loi theo bién thit nhat;
(iv) Méix € H, ton taiyo € C N K sao cho

9(2,90) + (v, 2) — (2,2) +(T(yo — 2), 2 —2) <0, VreC\K.
IT |7

§+pB 6+ pa
la tap loi, compact va khdc rong trong C.

Khi dé, néu max { } < 1 thi ta 6 tap nghiém ciia bai toin (BMEP)

1.2.3 Mot s6 thuat giadi cho bai toan can bing hai cap

Trong nhitng nam gan day cac thuat gidi cho bai toan can bang hai cap da
nhan duge sy quan tam nghién cttu béi nhiéu tac gia [10, 25, 35, 52, 66, 85]. Sau
day ching toi diém qua mot s6 thuat giai c6 lien quan dén luan an.

a. Thuat toan diém gan ké
Nam 2010, bang su két hop gitta phuong phap ham phat va phuong phap
diém gan ké, A. Moudafi [66] da dé xuit thuat todn diém gan ké cho bai toan

can bang hai cap BEP(C, g, f) nhu sau:
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Thuat toan 1.1. [66, Thuat toan 1.3]

el k=0,
Tim z**1 € C sao cho:

f(ka, y) + ekg(:ckH, y) + Lghtl — gk g — 2k >0, vy € C.

Tk

Duéi cac gia thiét ciia song ham f, g don diéu, ban lién tuc trén theo bién thi
nhat, 16i va lién tuc dudi theo bién thit hai, tac gid da chi ra duge sy hoi tu cia

thuat toan thong qua dinh 1y:

Dinh ly 1.6. [66, Dinh ly 2.3] Gid si Sol(C,g) # 0, véi moi y € C ham f(.,y)
nita lién tuc trén theo bién thit nhat va bi chdn vdi moiy € Sol(C,g). Khi dé, néu
+00
hIIlklIlf re >0 va Z rrep < oo thi
k=0

+o00
Z ||:L’k+1 . kaQ < 400
k=0

va day {z*} sinh ra bdi thuat todn 1.1 hoi tu yéu vé mot diem thudc Sol(C,g).
Hon nita, néu thém dieu kién |2 — 2% < o(er), thi day {«*} hoi tu yéu vé mot

nghiém cia bai toan BEP(C, g, f).

Uu diém ctlia thuat toan trén la tinh don gian clia né tai mdi bude Lip. Tuy
nhién, han ché 16n ctia thuat toan nay la tai mdi bude lap, ta phai tim mot
nghiem chinh xac ctia mot bai todn can biang phu. Hon nita, dé dam bao su
hoi tu clia thuat toan ta can phai chon diy tham s6 {e,} théa man diéu kién
|z*+1 — 2%|| < o(ex). Thuc té, diéu nay rat kho thue hieén khi chua danh gia duge
toc do hoi tu ctia day lap {[|=*+ — 2|}.

b. Thuat toan diém gan ké cai tién

Nam 2015, Z. Chbani v& cong su [35] st dung khodng cach Bregman tong
quat da de xuat thuat toan D-PPA cho bai toan can bang hai cAp BEP(C, g, f).
Thuat toan dugce viét dudi dang sau.

Thuat toan 1.2. [35, Thuat toan D-PPA]
el k=0,

Tim 2%t € C sao cho:

rif (" y) + Brreg(aF T y) + (ViD(2F T — 2%), gy — M) 6, > 0, vy € C.
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Khi d6, duéi diéu kién trén cac tham s6 va tinh don diéu tong quat clia céc
song ham, cic tac gia cling da chi ra sy hoi tu yéu ctia cac day lap.
c. Thuat toan tién-luii tach

Nam 2018, H. Riahi va cac cong sy [78] da nghién cttu dé xuat thuat toan
PFBSA giai bai toan BEP(C, g, f) nhu sau.

Thuat toan 1.3. [78, Thuat toin PFBSA]

el k=0,
Tim 2 € O A\ f(y, 1) + (@F — (2F — Mpago),y — 281 >0, vy € O,

§ day v* € H sao cho — g(y,2%) + (W%, 2% — ) >0, Vy € C.

Duéi cac gia thiét gid don diéu clia cac song ham, céc tac gia cling da chi ra

st hoi tu manh ctia cac day lip t6i mot nghiém ctia bai toan BEP(C, g, f).

Dinh 1y 1.7. [78, Dinh 1y 4.2] Gid st f,g théa man cic dieu kién 101, nia lién
tuc dudi theo bién thit hai, ban lién tuc trén theo bién thit nhat va gid don diéu.
Hon nita, song ham ¢ gia don diéu va théa man dieu kién bic vdi hdang so c.
Cac day tham s6 {\;}, {ax} théa man > A\ = +00,> A} < 400, vdi moi k > 0,
Meag < M, YM € (0,4c). Dong thoi théa man

Vx € SOZ(C, g), \le S NSOZ(C,g)(x)’ Z /\kOék lg; (i) — OSOI(C,g) <£)1 < +00.
k

(1.6)
Khi do, day {:ck} sinh ra bdi thuat toan PFBSA hoi tu manh vé nghiém duy nhat
T cia bai toan BEP(C, g, f).

Két luan Chuong 1

Trong chuong nay, chiing t6i nhac lai mot s6 khai niem, cac két qua quan
trong trong gidi tich ham, 1y thuyét t6i wu trong mot khong gian Hilbert thuc H
nhu: Tap 16i, ham 16i, phép chiéu, cac dang don diéu clia song ham, khoang cach
Hausdorff, ... D#c biet khai niem duéi vi phan duge dung rat nhiéu trong cac
chuong sau. Bén canh d6 khai niém vé bai toan can biang hai cap, dieu kién ton

tai nghiem va mot s6 thuat gidi cling duge trinh bay tém tat trong chuong nay.
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Chuong 2

PHUONG PHAP CHIEU DUGI PAO HAM

Nam 2011, P. Santos va cong sy [82] da dé xuét phuong phép chiéu duéi dao
ham xap xi (két hop ciia dudi dao ham xap xi va phuong phap chiéu) cho bai
toan EP(C, f), trong d6 tai moi bude lap ching ta chi can tinh dudi vi phan xap
xi ctia mot ham 16i v thue hién mot phép chiéu len tap 16i C. Trong khi déi véi
cac phuong phap khac, tai moi bude 1ap ching ta thuong phai giai mot hodc mot
sO bai toan phu dan dén chi phi tinh toan 16n hon. Bén canh d6, trong nhitng
nam gan day, thuat ngit quan tinh da duge sit dung kha phd bién trong cac thuat
toan giai bai toan bat dang thic bién phan. N6 dudc coi 1a mot ki thuat dé ting
téc do hoi tu clia cac thuat toan. Diem chung clia cac thuat toan kiéu quan tinh
la day lap hién tai phu thuoc vao sy két hop cia hai day lap truée do [4, 73]. Su
thay doi nho nay da gitp cai thien dang ké hieu qua tinh toan clia cac thuat toan
kiéu quan tinh. Gan day, nhiéu nha nghién ctu da ap dung thuat toan kiéu quan
tinh vao gidi cac bai toan bat dang thic bién phan, diém bat dong, bai toan can
bang, bai toan chap nhan tach vd mot s6 bai toan t6i wu khac [32, 42, 74, 83].
Hon nita, hiéu qua tinh toan clia cac thuat toan kiéu quan tinh da dudc chi ra
thong qua nhiéu vi du tinh toan s6 va ting dung.

Noi dung ctia chuong nay duge viét dya trén hai bai bao [CT1] va [CT4] trong

Danh muc cong trinh khoa hoc ciia tac gid c6 lien quan dén luan an.

2.1 Thuét toan chiéu dudi dao ham xap xi

T nhitng wu diém trén, trong muc nay ching toi phét trién, mé rong phuong
phéap chiéu dudi dao ham xap xi cho bai toan can bang hai cip BEP(C, g, f).

2.1.1 Thuat toan

Trude hét ching toi dua ra mot s6 gia thiét sau day.
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(A1) V6i mdi z € C, ta c6 g(z,-) khd dudi vi phan trén C, g(z,-) va f(z,-) 16i va
nita lien tuc dudi trén toan khong gian H. Hon nita, néu {z*} bi chin trén
C va e \, 0 khi k — oo, thi day {w*} v6i wk € 05 g(a*, 2*) ciing bi chan.

(As) Song ham g gid don dieéu trén C va thda man diéu kién para-don di¢u. Nghia
la, v6i mdi * € Sol(C, g)

reC:g(z,z*)=g(z*z) =0=1 € Sol(C,g).

(A3) V6i mdi y € O, ta c6 g(-,y) 1a nita lien tuc trén yéu trén C.
(A4) Tap nghiém Sol(C, g) khéc rong.

(45) Song ham f la p-don diéu manh trén H, v6i moi e > 0, 95f(z,z) compact
va lien tuc Lipschitz véi hang s6 L > 0 sao cho 3 < L .

Sau day 1a mot vi du cho 16p song ham thda man diéu kien (As).

Cho C C R"™. Xét song ham f: C x C — R dugc xac dinh bdi

flz,y) = (G(z) +Qy+q.y—=x)

trong d6 @ € R™" la ma tran ddi xting, nita xac dinh duong, ¢ € R”, G lién tuc
Lipschitz v6i hdng s6 L va don diéu manh vé6i hang s6 n > ||Q||. Trong bai bao
[75], céc tac gia da chi ra duge rang

e f don dieu manh véi hang s6 n — ||Q||.

e f liéen tuc Lipschitz v6i hang s6 ¢1, ¢z sao cho
2y/e1ca > L+ (|Q]-

0 day chung toi sé chi ra dof(7,2) théa man diéu kien (A4s). That vay, tinh
compact 1a hién nhién. Mat khac dof(x,z) = {G(x) + Qz + ¢}, 1ay u € dof(x, x)
va v € daf (y,y). Khi do

(u—v,2—y) =(G(x) - G(y) + Qz —y),z —y)
= (G(z) = G(y),z —y) +{Qz —y),z —y)
> nllz = ylI* + Anin(Q) |2 =yl
= (1 + Amin(@)) [l = yl*.
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Do d6 0y f(z,z) don di¢u manh véi hing s6 1 + Apin(Q). Lai ¢6

A (02f (2, 2),0f(y,y)) = [|G(x) = G(y) + Q(z — y)|
> Lllz =yl + QI — vl
= (L+11QINllz —yll.

N6i céc khac dof(x, ) lien tuc Lipschitz v6i hing s6 L + ||Q)|.
Thuat toan chiéu dudi dao ham xap xi giai bai toan BEP(C, g, f) dugc mo ta
duéi dang sau.

Thuat toan 2.1. (Thudt todn chiéu dudi dao ham zap xi)

Khdt tao. Lay z¥ € C bat ky, € > 0 va cac ddy s6 thuc khong am  {e;}, {5},
{&ts et Aok}, {7}, gan k:=0.

Budée 1. Tinh
M = Po(yf — ), (2.1)

trong do

(
g € 95+ g(a*, o),

Jor= B v6i . = max{p, |g* |}, (2.2)

vk e O {apg® +yF — ¥z —yF) > —¢&,, Yo e C,

\uk € agkf(yk, yF).

Buéc 2. Néu ||z"*+! —2F|| < e thi dung thuat toan. Ngugc lai, gan k= k+ 1,
va quay tré lai Budc 1.

2.1.2 Su hoi tu

Dé chitng minh sy hoi tu ciia thuat toan nay, ching t6i can st dung t6i mot

sO két qua sau.
Bo dé 2.1. [82, B dé 2.4] Cho x,b va ¢ la cdc s6 thic khong am théa man
22 —br —c < 0.

Khi do,
br < b+ c.
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B6 dé 2.2. Gid s C la mot tap con 1oi dong khdc rong ciia khong gian Hilbert
thue H. Song ham g: C x C — R théa man g(x,z) =0 vdi moi x € C' va vdi moi
x € C, g(x,-) loi, khd dudi vi phan va nia lien tuc dudi trén C. Khi d6, néu g

théa man dieu kién (As) thi anh za da tri

S(z) = {x — TWy t Wy € agg(a:,x)}, Ve el

la 2\/Te—co vdi hing s6 6 = \/1 —7(28 — 7L2), trong dé 7 € (0; i—ﬁ)
Chatng minh. T dinh nghia ctia dudi dao ham xap xi, ta c6

<wl’7y - IL’> -6 vwx € agg(wa)a

i)
—
8
<
~—
v

g(y,z) > (wy,z—y) —€, Ywy, € 059(y,y).

Cong hai bat dang thic nay va st dung tinh f—don diéu manh ctia ham song
ham g. Khi d6, v6i moi z,y € C, w, € 95g(x, x), wy € 859(y,y), ta thu dugc

(we = wy,y — ) = 2¢ < g(x,y) + gy, 2) < =Bz —y[” (2-3)

Dit A = 95g(z,2); B = 95g(y,y). St dung bat dang thic (2.3), tinh lien tuc

Lipschitz ctia 95g(z, x), ta ¢ bién doi sau

(i (5().50) )

= max{ sup inf ||z — Tw, — (y — Twy)Hz, sup inf ||z — 1w, — (y — Twy)||2}
w,eAWyEB wyEB W€

= o =yl + mac{ sup inf [27we — oy~ 2) + e~y ),
Wz € Y

sup inf [27(wy —wy,y — x) + 72 ||ws — Wy||2]}

wyeBWsE€A
< lo—yl?+max{ sup inf [2r(=Bllw — y? +2) + r2ws —wy 7,
wzeAwyeB
sup inf [27(=Bllo — ylI2 +26) + 2w -y ]|
wyeBWzEA
< o= yl?+2r(=Blle — y)? +20) +max { sup_inf [, —w, |,
wzeAwyeB
sup inf [7?|w, — 2}
sup inf 2]l |’
2
= Jlz =yl + 2r(=Bllx — yI? + 2¢) + 7 (du(4, B))
< llo =yl = 20Bllw — yll? + dre + 213w — |
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= [1—7(28=7L)][lx — y|* + 4re.
Do A, B compact nén ton tai @, € A,@, € B sao cho dy (A, B) = ||; — wy||?. Két

hop véi (2.3) ta duge

—Bllz =yl = —lwz Gl -yl -
= —dp(A, B)llx -yl — 2

> —Llz—yl* -

Dan t6i (8 — L)||z — y||> < 2¢ v6i moi x,y € C. Tu gid thiét 0 < 8 < L suy ra
1—7(28—7L*) > 0. Do d6

du (S(z), S(y)) < V1—7(28 — 7L2)||z — y| + 2v/7e.

N6i céc khac anh xa da tri S 1a 2y/7e—co v6i hing s6 6 = /1 — 7(28 — 7L2) € (0;1)
trén C. |

Tiép theo, chiing toi phat biéu va chiing minh dinh 1y hoi tu ctia thuat toan.
Gia su cac day {ax}, {ex}, {8k}, {&} {m} {ox}, {7} thoa man

"

0<71<p,
28 28-1) 1 1 o 2
77k<m1n L2y [2_72) > ﬁ an‘ Ooaznk<ooa
o k=0
T < Mgy Y, Tk < 00,
{ k=0 (2.4)

Ok = 2(ager + 87 + &), limp oo % =0,
. o0 B o0 o0
lnfkpk:p>ovzp_::OO7ZB]%<OO>ZBk:OO
(0.) o0
:7—:’204]{61{:<OO,Z§]€<OO.

\ k=0 k=0

Mot vi du vé cac day tham s6 thoa méan (2.4) lan k+107 pr = 2004k, B =
s Sh=Th=€,=0.

Su hoi tu ctia Thuat toan 2.1 t6i nghiém ctia bai toan BEP(C, g, f) duge phat
biéu thong qua dinh 1y sau.

Dinh 1y 2.1. Cho C la tdp con loi déng khdc rong cia khong gian Hilbert thic
H. Céc song ham g:C x C — R va f: H x H — R théa man cdic dieu kién néu
trong (Ay) dén (As). Goi {z*}, {y*} la cdc day sinh ra bdi Thuat todn 2.1. Khi
dé dudi cac dieu kién cia cdac tham so hiéu chinh (2.4), cac day {z*} va {y*} hoi
tu manh vé nghiém duy nhat cia bai todn can bang hai cap BEP(C, g, f).
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Chiing minh. Goi * 1a nghiém duy nhat ctia bai toan BEP(C, g, f). Dinh ly duge
chitng minh thong qua cac khang dinh sau:

Khang dinh 2.1. Ching ta c6 bat ding thic sau

[ | < (1= )l = o | + 20 (1 = et 7) + o+ 22T

trong do, &, = 2(ager + 57 + &) va wi € 93 f(z*,2*) sao cho z* — prw} =

Prx*,ma;kf(x*yx*)(yk — npuX). Hon nita cac day {z*}, {y*} bi chin va théa man

lim |lz% — ¥ = lim |2*T! — 2% = 0.

k—r00 k—ro00

That vay, ta dat Ag(z) = {z — 05" f(x,z) : © € H}. Do f kha dudi vi phan theo
bién thi 2 trén H nén 03* f(z,z) # 0, Va € H. Tu diéu kién (2.4) suy ra

2(8—1)

6—T>0,L2—72>0,77k<L2—_T2.

Do d6 /1 — k(28 — mL2) < 1 — 7. Ap dung B6 dé 2.2 va tinh khong gian cla

Pre, ta co

2"+t — 2% || = || Pre(y® — mgu®) — Pre(a%)))
< |y — P — ¥
< [ly* — mpu” — (2* — mpwp) || + nellwy|
< p (Ar(y"), Ap(2*)) + nellwj|
< pelly® — ¥ + 2/mkTr + |l wi |
< (T =me)lly"™ — =% +me(2 + [lwp])

v6i pr, = /1 — (28 — mi.L2). Binh phuong hai vé ta dugc

* * * i
a1 = 2| < [(1 = ) g — o)+ (2 + [ )]

. 2+ |lwil|]?
= [(1 — )|y — 2|+ T

2 *11)2

< (L—7m)lly* - (2.5)

T (2.2) va 2* € C, 2% € conv(C, 2¥) := {T:c +(1-71)y:z,y € CU{aF}, 7 €0, 1]},
ta co

(o — ¥ 2t — Py < aplgF 2t — P + &,
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ly* — 2% < aplg®, o — o) + &
< apllg®ll Iy* — 28| + & < Belly® — 2| + &

bat dang thitc cudi thu duge tit viee ap dung Bo dé 2.1 véi z = [|y* — 2F||,b := 5,
va ¢ = &.

Lai co,

Iy = 2*|* = lla® — 2*(* = |g* — 2"|® + 20" — o 2 = ob)

< ¥ — 2|2+ 2(* — o 2t — b

< Jla® — 2 )1? + 2an(g", 2% — 2*) + 2(ar(g", 2" — ") + &)

< ¥ — 2| + 2ai(g", 2% — o) + 2(Bell=” — oF (| + &)

< fla* — 2”4 204 (g%, & — 2*) + 2088 + &)

< lz* — 2?4 2apg(2®, 2*) + 0y, (2.7)
trong d6, bat dang thic cudi c6 duge tit ¢ € 05 g(a*, %) hay (g%, 2% — 2F) <
g(z*,2*) — g(a,2%) + e, = g(a¥,2") + .

Mit khac, tit g(z*, 2%) > 0 va tinh giad don di¢u ctia song ham g, suy ra g(«*,2*) <
0. Két hgp diéu nay véi (2.5) va (2.7), ta thu dugc

2+ — 27|

ez M2 lwil)?
< (1= )l — a2+ 22D

(2 + will)?

T

< (1= mme)la® = 2™ + 20 (1 = 7o ) g (o, %) + 65(1 — Ty, ) +
k(2 + [Jwill)?
T

< (1= 7o) |l2® = 2|12 + 6 +

IN

(1 —7ng)||l2* — 2*|2 + T K

max{||z* — 2" %, K}

INIA

IN

maX{HxO _x*”27K}7 (28)

G day,

2 * )2
Kzlsup{é—kwL—( aallCA) }<+oo.
T k Mk T
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Dan t6i, {2*} bi chan.

T (2.6), suy ra klim |2* — y*|| = 0, do dé {y*} cling bi chin. St dung tinh nia
—00

lien tuc trén ctia 95* f va limy oo nx = 0, ching ta ciing thu duge {«*} bi chan va

do do

lim Ha:k+1 — ka = lim HPTC(yk — nkuk) — Prg(yk)H < lim 77kHUkH =0.
k—oo k—oo k—o0
Vay Khang dinh 2.1 dugc chiing minh.

Khing dinh 2.2. Ta c6
apr1 < ap — 20 f (2, y") + n | I? + 2mpm,

/s % k— D k—
Vi ap = [|lz* — 2|2 = 232070 (1 = 20;8)g(a9, 2*) — 30120 6;(1 — 20;8).
That vay, tit dinh nghia ctia ¥+ va (2.7), dan tdéi

2 — 21> < |1(y* = 2*) — meul®||?

= |ly* — 2*||* = 2me (¥, o — &) + ||

< ¥ — 2% )2 + 2009(a", 2*) 4 6 — 2mp (¥, y" — &) + nRllWF?. (2.9)

Do u* € 95" f(y*,y*) va tinh don diéu manh ctia song ham f, ta thu duge

—f(@*, ") = By — 2|1 + 7 > f(F 27) + 7
= f(y",2*) — 5, ") +
> <’U,k,$* . yk>

Két hop diéu nay véi (2.7) va (2.9), ta duge

I 22 < (1= 20 B) o — 22 + 201~ 2m)a(e*5*) + (1~ 2m9)
— 2 f(2*, ") + mplld” |1 + 2mm, (2.10)
< Ha:k — x*HZ + 2 (1 — anﬂ)g(mk, ) + 0k (1 — 2niB)

— 20 f (2%, %) + 3| uP)2 + 2.

Tuong duong véi

k k
a5t =P =23 g1 2038)g(a7,27) = S 651 — 2038)
=0

J=0
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k-1

< |2 — a*||? — 2204] 1 —2n;8)g(z7, z* 25 1—2n,8)

7=0

— 2 f 2",y )+77kHUkH2+277m-

Hay ar1 < a, —2ni f (2%, %) +n2[|u*||2 + 2n 7. Do d6, Khéng dinh 2.2 dugc chiing

minh.
Khing dinh 2.3. Céc day {zF} va {y*} hoi tu theo chuan téi z*.
That vay, chung ta xét hai truong hop sau:

Truong hop 1. Gia sit ton tai s6 nguyén duong kg sao cho a1 < aj v6i moi k > k.

Diéu nay c6 nghia 1a

25— 2 |? < [|la* = 27| + 20k (1 = 20 B)g (2%, &%) + 61 (1 — 2mi.3)

< [|l2* — 2™ + 6.

Lai c6 Y 2 6k < oo, nén theo Bo dé 1.2, suy ra ton tai giéi han
5 2 _ _ k :
klj&”x —z*||* = ¢ < o0, va do dé Zakl 2m,8) [—g(a",2*)] < o0
k=ko
Mat khéc, tu diéu kien (2.4)

Tk

L
=max{1,p; g < —, Vk,
p” {Lo eI} .

trong d6 p = infy, p > 0, ||¢*|| < £ < +o0. Suy ra

ap = s PBE
Y Lo
Do do,
5k k _x
Z — [—g(x , T )} < 00
k—Fo Pk
Dan dén,
lim sup g(z*, 2*) = 0.
k—o00

Bdi vay, ton tai mot day con {z%} clia {z¥} sao cho

limsup g(z*,2*) = lim g(zM, 2*) = 0.

k—o0 J—00
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Ma {2*} bi chan (Khang dinh 2.1), suy ra {z%} cfing bi chan. Do d6, ton tai
z € C va mot day con ctia {z%}, (dé thuan tién, ta vAn ky hiéu day con nay la
{z%1}), hoi tu yéu t6i . Ap dung tinh chat nita lien tuc trén ctia g(-,z*), ta thu
dugc

0 > g(z,2*) > limsup g(z", 2*) = limsup g(«*, 2*) = 0.
J—o0 k—o0

Suy ra g(z,2*) = 0. Két hop véi gid thiét (A2) dan dén 7 € Sol(C, g).
T (2.10), ta co

apr1 < (1 —2meB)ag + 6 — 2 f (%, 4%) + 0 |lu®))? + 2mp7.

Suy ra

0 < lim ap < lim |25 + el L ™| < —Ltiminf £t 4h). (211)
T k—oo - k—oo | 210 203 15} ’ T B k—oo ’

Bat dang thitc cudi c6 duge tir dicu kien (2.4).

Do {zF} bi chan v& lim,_,o ||z* — y¥|| = 0, ching ta c6 thé gid si rang {y*} C
{y*} hoi tu yéu vé z € Sol(C,g), stt dung tinh chat nta lien tuc dudi yéu cia
f(z*,-), ta co liniglff(x*,ykf) > f(x*,7) > 0. Ké hop dieu nay véi (2.11) suy ra
limy, o ap, = O.JNhu vay, trong trudng hop nay ching ta da chi ra duge day {z*}
va {yk} hoi tu manh t61 z*.

Truong hop 2. Gia sit khong ton tai s nguyen duong kg sao cho a1 < ap v6i
moi k > ko. N6i cach khéc 1a ton tai s nguyen duong kg sao cho ay, < ag,41. Khi
do, trong Bo dé 1.3 [60], P.E. Maingé xay dung day chi s6 {7} dugc xac dinh baéi

T, =max{i € N: kg <i<k,a; <aj11},
va tac gid da chi ra day {r(k)} théa man
7(k) S +00,0 < ap < arpys15 Gr) < o)1, Yk > ko. (2.12)
Ap dung Khing dinh 2.2, ta thu dugc két qua
20y f (x*v yT(k)) <ty — Aoyt + 0 NP 4 2000071
< 773(;€)||UT(I€)||2 + 20 (1) Tr (k) -

Mt khac, tit D07 g = +00, Y oo s < +00, > oo MkTk < +00 két hop v6i tinh
bi chan ctia {u*}, chung ta thu dugc

liminf f (:L’*,yT(k)) <0 = liminf f (:1: yT(k)> —0.
k—o0 k—00
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Tiép theo, bang cach tuong ty nhu (2.11), ta c6

0 < lim a, ¢ < —%liminf fla*,y™®) =0.

k—o0 k—o0
Diéu nay dan t6i limy_o a,) = 0. Mat khéc, tir (2.1) va limj_q [l2F — %] = 0
(Khang dinh 2.1), ta c6

0 < lim ||$T(k)+1 . SBT(k)H
k—o0

T k—oo

= lim [0 |7 + 7 ®) - 27|

= 0.
Suy ra limj_ s a1 = 0. Két hgp dieu nay véi (2.12), ching ta thu duge
limy,_,00 ar = 0. Lai ¢6 limy_,o ||2% — ¢¥|| = 0, suy ra cac day {z*F} va {*} cing
hoi tu vé z*. Khang dinh 2.3 dugc chitng minh. Nhu vay, Dinh 1y 2.1 dudc chiing

minh xong. |

Chu y 2.1. Khi f =0, bai todn can bang hai cap BEP(C, g, f) trd thanh bai todn
can bing EP(C,g)

Tim z* € C sao cho g(z*,y) >0, Vz € C.
Va khi do, Thuat todan 2.1 dugc viét lai nhu sau:
Ve
g € 05 g(ak,ak), oy = 2=~y = max{py, | ¢} (2.13)
yF e C:loggh +oF —aF o — k) > &, Vo e C.
D@ thay rang (2.13) chinh la phuong phap chiéu dusi dao ham xap xi IPSM
cho bai toan can bang EP(C,g) duge dé xuat bdéi S. Santos va S. Scheimberg

trong [82]. Nhu vay Thuat toan 2.1 ching toi dé xudt ¢ trén chinh 13 mot md
rong ctia Thuat toan IPSM.

2.1.3 Ung dung cho bai toan can bang véi rang budc 1a giao
ctia tap nghiém bai toan can bing va tap diém diém
bat dong

Goi C 1a mot tap con 16i dong khéc réng trong khong gian Hilbert thuyc H,

xét cac song ham can bang g: O x C — R, f: H x H — R va 4nh xa khong gian
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S:H — H tic I,
15(z) = S < llz = yll, Yo,y € H.
Trong muc nay, ching t6i mé rong Thuat toan 2.1 cho bai toan tong quat hon
sau day:
Tim z* € Q sao cho f(2*,z) >0, Vo € Q, (2.14)
trong d6 Q := Sol(C, g) N Fix(S) v6i Sol(C,g) := {z € C : g(z,y) >0, Vy € C}
va Fiz(S) := {z € C: S(z) = z}. Khi S 1a 4nh xa dong nhat, bai toan (2.14) trd
thanh bai toan can bang hai cAp BEP(C, g, f). Thuat toan dugc mo ta chi tiét
nhu sau.

Thuat toan 2.2.

Khdi tao. Lay 2° € C bat ky, € > 0, va cac day so thuc duong {e;}, {8}, {&:},
{nk}’{pk}; {Tk}7 gén k:=0.
Buoc 1. Tinh
e = Po(7* — m), (2.15)

trong do

p
gk S agkg(xk7xk)7 Qg = %7 Tk = max{pk> ||gk||}

y* € C sao cho (apg® + % — ¥ 2 — %) > =&, Vo eC
7" = ek + (1= ) S (yF)

\uk € 8gkf(gjk,§k).

(2.16)

Buédc 2. Néu ||z**+! —2%|| < e thi Thuat toan dimg. Nguoc lai, gan k= k+1,
va quay ve Bude 1.

Dé chitng minh sy hoi tu clia thuat toan ching toi can téi bo dé sau day.

B6 dé 2.3. 91, Trang 484] Cho H la khong gian Hilbert thuc, {y} la mot day
cdc so thuc théa man 0 < a <y, < b <1 vdi moi k= 0,1,... va {v*}, {wF} la cdc
day trong H sao cho
limsup [|o¥| < K, limsup |[w*|| < K
k—00 k—00
va

lim sup [[yx0" + (1 — w)w®|| = K, vdi moi K > 0.

k—o0

Khi d6, Tim [|o% — w¥|| = 0.
k—o0
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Su hoi tu ctia Thuat toan 2.2 duge phat biéu thong qua dinh 1§ sau.

Dinh ly 2.2. Goi C la mét tap con 107 déng khdc rong trong khong gian Hilbert
thue H. Gid s cac song ham can bang g : C x C — R, f: HxH — R théa
man cac dieu kién (A1) — (As), (As) va Q # 0, dong thoi cic diéu kién (2.4) va
O<e<y <e<l, kh—{go% = h € [e,&] dugc théa man. Khi dé cdic day {=*}, {y*}

sinh ra t& Thudt toan 2.2 hoi tu manh téi nghiém duy nhat cia bai todn (2.14).
Chiing minh. Goi z* 1a nghiem duy nhat cia bai toan (2.14). Bang cach tuong tu
nhu (2.5) trong chiing minh Khang dinh 2.1, chiing ta thu dugc

2"+ — 2 < (1= ) |5° — 2|1 + . A

va tuong tu (2.7), ta ¢6
ly* = 2*|? < [l2* —a*|1* + 2a9(2*, &%) + .
Mat khac, do 4% = yp2® + (1 — v)S(y*) suy ra

17" = 2*[1* = Il (a® —2*) + (1 =) [S(") — 2"
< lla® =2+ (1 =) IS (") = S(a)II?

< ygllat — 2P+ (1= ) ly* - 2%

Két hop g(2*, 2*) < 0 va diéu kien (2.4), ta thu dugc

ez, (2 [wgl)?
2t — 2 < (1 =) 7" — 2™ + _—

IRCES )

< (L=7a) [uella® = 2717 + (1= )lly* — 27|12 .

(2 + [|wil])?
T

<Y1 = 7o) [|2* — ¥ +

+ (1 =) (X = 7m) (12" = 2*|* + 20p9(2", 2*) + 6k
(2 4 [wp]])?

+2a,(1 — &) (1 — 7)g(z*,2*) (2.17)
m(2+ gl

T

< (1 =) lla® = a*|> 4 (1 = e)dy, +

< (1= rop)lla* — "2+ (1 - ) +
Dan tdi, cac day {z*}, {¢*} bi chin, hon nita

lim Hyk — ka = lim kaﬂ — gk]] =0.
k—o00 k—o00
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Mot cach tuong tu nhu trong Khing dinh 2.2, ching ta ciing c¢6

o+ — o2

= [|1Pre(y* — ma®) = Pro(a)|
<5 = 2*? = 2mi(u”, 5 = @) + |l
< aplla® = a2+ (L= )l — o*|? = 2m(u®, 7 — %) + ")

< 1g* = 2" I* = 20 [£ (", 5%) + B9 — 21 = m] + ()

= (1= 28m 17" — «*|1* = 2n0f (2%, 7°) + 2 + 0|l

< (1 =28m) [wella® — 2|2+ (1 = w)lly® — 2*17] = 20 f (a*, 5F) + nilla®|1 + 2mp7,

< (1= 26m) [lla® = 2% + (1 =) (" = 211 + 2009 (2", 27) + 61

= 205 f (&, )+ 0 l|u®|* + 2ne
= (1= 28m)[|2* — 2*|* + 2a5(1 — ) (1 — 28m)g(2*, 2%)
+ (1= 28mk) — 20 f (2%, 7°) + 1l 1 + 2
Nghia la ta ¢6
apy1 < ap — 20pf (2%, 4%) + n2 a1 + 207, (2.18)

trong d6 aj = [|a* —2*[2 =2 32075 a; (1 - 20;8) (1 =) g (27, &%) — 32575 0;(1—2n;8).
Tiép theo ta xét hai truong hgp sau:
Truong hop 1a. Ton tai s6 nguyén duong kg sao cho a1 < a, v6i moi k > k.
Tuong tu truong hop 1 ciia Khang dinh 2.3, ching ta c6

lim ||zF — 2| = & < 400,
k—o00
va ton tai day con {z%} c {z*} hoi tu yéu t6i z € Sol(C,g). Mat khac, S khong
gian, nén
IS(") —a*? < lly* — "I
< fla* — 2% + 209(a*, 2*) 4 6
< ||z* — 2*||* + edy..
diéu nay dan téi
limsup ||S(y*) — 2*| < lim (||z* — 2*||? + &5;) = Ve
k—o0 k—o0

T (2.17), suy ra klim |7* — 2*||?> = . Nghia la, ta c6
—00

lim |7 — 2*|| = lim ||y (2" — %) + (1 — %) [S(*) — 2*]| = Ve
k—o00 k—oo
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Ap dung B6 dé 2.3 véi vF = 2% — 2* va w* = S(y*) — 2*, ching ta thu dugc
lim [|S(y*) — 2| =0,
k—o00
do do6
lim [|S(y%) — ¥l < Lm [ S(y") — 2*| + [|2* = "]
k—o00 k—o0
—0. (2.19)
Dé y rang {¢*} hoi tu yéu téi z.

Tiép theo ching ta sé chi ra S(z) = z. That vat, gia st 7 # S(7). Khi do, tu
y* — z, theo Dinh 1y Opial va (2.19), ta thu dugc
lim inf [|y* — Z[| < lim inf [|y* — 5(z)|
j—00 j—00
< liminf [[ly® — S(y%)[| + |1S(y™) — S(@)|]
j—o0
< lim ||y* — S(y")|| + liminf [|S(y™) — S(z)]|
j—00 j—00
< Timin 5 7|
]*)OO
=
diéu nay 14 mau thuan véi gid st trén. Bdi vay, z € Fiz(S), suy ra z € €.
Mot cach tuong ty nhu phan cudi clia trudng hop 1 trong chitng minh Khang dinh
2.3 chting ta ciing thu dugc cac day {z*}, {y*} va {#*} hoi tu manh t6i nghiem z*
clia bai toan (2.14).
Truong hop 2a. Ton tai s6 nguyeén duong ko va mot day con {az,} ctia {ay} thoa

mén (2.12) sao cho ag, < agyr1 va limy o0 Gz = M < +oco. T (2.18), dan t6i
277%(k)f (»T*; y%(k)) < G7(k) — Gr(k)+1 T ﬁg(k)HU%(k)HQ < ng(k)lluﬂk)HQ-
Lai ¢6 {u*} bi chan. Tuong tu nhu (2.11), ching ta thu dugc

0 < lim azg < —llimsup Fla*,y™ ) =0,
k=00 k—o0

dan t6i limy_,o0 a7y = 0. K&t hop cac dicu kién
7(k) /' +00,0 < g < arry 41, Gr(r) < Grryr1, VK > ko,
va Khang dinh 2.1: limy_,o [|2* — ¢*|| = 0, ta c6

0 < lim Hxﬂ"(k)—i—l _ :Lﬂ_'(k')H
k—o0
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< lim [T+ = 70 470 — 70
= lim [nzqe) ™) + 7 ®) - 27
k—00
= 0.
Béi vay, limy_o0 @y (341 = 0. Suy ra, limy_, ax = 0. St dung limy |z*—y*|| = 0,
chiing ta thu dudgc cac day {z*} va {¢*} hoi tu manh t6i 2*. |
2.2 Thuat toan dudi dao ham tang cuong quan tinh

Trong muc nay, ching toi két hop phuong phap dudi dao ham tang cuong
v6i k¥ thuat quan tinh dé giai bai toan can bang hai cap sau day:
Tim z* € Q sao cho vh(z*,y) + (pF(z*) — 2",y — 2*) > 0, Vy € Q, (2.20)

trong do, p >0, v >0, Q:= Fiz(T) N Fiz(S) N Sol(C, g) va Sol(C,g) :={z* € C:
g(x*,y) >0, Yy € C}, nghia 1a Sol(C, g) 1a tap nghiém ctia bai toan can bang sau:

Tim z* € C sao cho g(z*,y) >0, Vy € C.

O day, T, S, F 1a cac anh xa tit H vao H. Céc tap Fiz(T), Fiz(S) la tap diém bat
dong cua T va S tuong ing.

Dé thay, néu dat f(z,y) := h(z,y)+ (pF(z) —z,y—2) thi song ham f théa man
diéu kién can bang f(r,y) = 0, Vo,y € H. Dong thoi bai toan (2.20) tré thanh

ban toan can bang sau

Tim z* € Q sao cho f(z*,y) >0, Vy € Q.

2.2.1 Thuat toan
Chung to6i gia thiét dat len cidc song ham va anh xa gia nhu sau:
(B1) Tap nghiém ctia bai toan (2.20) khac rong;
(Bs) Anh xa T : H — H tiém can khong gian;
(B3) Anh xa S:H — H la ¢(—gi4 co chit;

(B4) Song ham g gia don diéu, théa man diéu kién kiéu Lipschitz v6i cac hing
$0 c1,co. VOi mdi z € H, thi g(z,-) va h(x,-) 14161 va kha dudi vi phan trén
toan bo khong gian H, dong thoi g(-,x) lién tuc yéu tren Hi;
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(Bs) Anh xa da tri dyg(z,z) 1a L— lién tuc Lipschitz theo bién = € H;

(Bg) Néu o — & va w¥ € dag(2®, %), thi ton tai day con {whi} cta {w*} sao cho

whi — b € Dog(2,1);

(B7) Song ham h la a—don diéu manh, duh(x,z) lien tuc Lipschitz v6i hing
s6 7 > 0, compact véi méi « € H ¢b dinh va £ < 2. Dong thoi, néu

[0
{vF} C ph(x*, x*),vF — & va 2% — 2, thi (% 2%) — (0,2), trong d6 z* 1a

nghiém ctia Bai toan (2.20);

(Bs) Anh xa F: H — H 1a f—don dieu manh vd x—lién tuc Lipschitz sao cho
0 < 7:=1=/1-p(28—pr?), trong d6 p € (0,%5), v € (1,%) va § =
\/1 —v(2a —vn?).

Chon céc day tham s6 théa man

{ag} C (0, 1),]}im ap =0, a =00
—00

k=1
{ox} € [0,1], B > 0,7 > 0,8, > 0,
<Sup{g—i:k21}<oo,6k+7k+5k:1, (221)
lim & = 0, (4 + 6x)¢ < W,
k—o0

0< hmmf Br < limsup 5 < 1 hmlnfék > 0.

\ k—o0

Ta c6 cac diy sb6 o = m’ﬁk =01+ m,vk = 0,25(1 — Bg), 0 =
1—Br— v, 01 = 4k+9 thdéa man (2.21). Thuat giai cho bai toan (2.20) duge mo

ta nhu sau:
Thuat toan 2.3. (Thudt todn dudi dao ham tang cuong qudn tinh)

Khdi tao. Lay xg, 71 € H, e > 0 va cac tham s6 v € (0, +00),1 € (0,1), u € (0,1),
gan k := 0.

Budce 1. Dit w* = Trak + oy (TF2% — TF2%=1). Tinh
k : k 1 k2
y" = argmin  79(w ,y)+§lly—w |:yeCy,

v6i ¥ € Oog(wh, wh) va 7, = vI™ duge chon 1a s6 7 bé nhat thuoc {v, v, ~vI1%,---}

théa man 0 < 7, < £ < min{5- T 30, L1 va diéu kien kiéu Armijo

T W = Pog(yr gt k)H < pllw® — ¥ (2.22)
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Budc 2. Tinh
k : k 1 k2
u” = argmin {Tkg(y )+ lly —wtlP iy € Ok} ,
trong do
Cr == {:c eH: (w* —nwt —y* -y < 0}
va Wk € Gag(w”, y¥) sao cho C C Cy.
Buwéc 3. Tinh
F = apeh + (I — appF)THF,
6 day
&b =2k —veb va €F e Gph(at, 2F)
Budc 4. Tinh

2 = Bua® + v 4 6,928 (2.23)

Buéc 5. Néu ||zF! — 2F|| < € thi ding thuat toan. Ngudc lai, gdn k := &k + 1
va quay tré lai Budc 1.

2.2.2 Két qua hoi tu

Trude hét, ching toi c6 mot s6 bo lien quan sau day.
Bo dé 2.4. Gid st diéu kién (B4) dugc théa man. Khi do, vong ldp kiéu Armijo
(2.22) sé dumg, hon nita ta cé bat dang thic

min {'y, '%l} <7 <7, Vk>1. (2.24)

Chitng minh. Tu ¥* € dog(w”, w*) va O2g(x,x) lien tuc Lipschitz v6i hang s6 L

trén H, nén ta co

% [ = Poggyr ) (0°)|| = %d (v", 0ag(v*, "))

L (99wt ), dag(s*, o))

< %dH (Bag(w”, w"), gy, y¥))

< pllwt —y

IN

k
I

Suy ra
1
B 0%~ Py (01 < sl — o (2:25)
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M3t khac, v6i moi so tir nhién & khong am,
k : ko k 1 k2
= argmin 3t ut,g) + Sy — |y e .

Két hop (2.22) va (2.25), ta thay ring néu 7 =% < £ thi diéu kien (2.22) duge
thoa man. Ngudc lai, ]}Lngo yI¥ =0 v6i I € (0,1). Nhu vay, 7, hoan toan xac dinh.
D& thay, 7, = 7™ < . Néu 75, = v, thi bat dang thitc (2.24) ding. Vay ta chi can
xét truong hop 7, < v. Tt (2.25), 73 1 s6 16n nhat théa man (2.22) va 1 > 1, do

d6 B > 7 va

!W Py gy ) (W) > pllw® — F) = = W“’ Pongtyry) (M)l

trong d6 y* = argmin {7,g(w*,y) + 3lly — w*||* : y € C}. Diéu nay dan téi 7, > ul,
Vay chiing ta c6 bat dang thiic (2.24). [

Bo dé 2.5. [10, B6 dé 3.1] Gid st z* € Sol(C, g) va gid thiét (By) dugc théa man.
Khi dé,
[ = 2| < JJw® — 2P = (1 = 2men) " — 0| = (1 = 2mpea)l|u” — o*)1%.

Bo6 dé 2.6. Goi {zF},{y*} va {zF} la cdc day duoc tao ra tu Thudt todn 2.3 va
z* la mot diém trong Q. Khi dé, ton tai s6 nguyén duong ko sao cho
1% — |
< apdllet — 2|2 + (1= apr) (L + 8 [k — )12 = (1 — 2mcen) Iy — w2

— (1 = 27pc0)|Julf — yk||2] + 204 (€M) = pF (%), 28 — 2*),  VE > ko,
trong dé €& = x% — veh, €8 € Boh(ah, 2¥) va (€F)* = Py yoan(ae ) (EF).
Chiing minh. Theo Bo dé 2.2, ta c¢6

€% — (€5)[1 < dlla® — 27| (2.26)

Mat khac, st dung tinh chat tiem can khong gidn ctia 4nh xa T va Bo dé 1.10
v6i T := Id la anh xa don vi, p := p va A := «;, chiung ta thu dugc
|(1d = appF)T*u" — (Id — cyppF ) TF2*|| <(1 — yr) || THu” — TF27||
<(1—apr)(1+ 0l —a*].  (2.27)
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Két hop (2.26), (2.27) va bat dang thic |la + b||? < ||la||> + 2(b,a + b) v6i moi
a,b e H, ta co

1% — 2|2

= Hakfk + (Id — appF)T*u* — x*”2
= [Jente" = (€)) + [(1d — awpF)T " — (14— cypF)T "]
+ [Ozk({k)* + (Id — appF)T*z* — m*} ‘2

= [Jente" = (€)7) + [(1d = apP) T — (1d = cspF) T a"] + an [(€1)* = pF(a")] H2
}2

+ 200, ((€)" = pF(2%), 2% — %)

< Hak(gk — (€)) + [(1d — agpF)Truk — (Id — agpF) T 2*]

IN

i 2
apll€® = (€)1 + ||(1d — appF)THu" — (1d - aka)Tkx*H]

+ 200, ((€9)* — pF(27%), 2F — 2%)

. 2
< Jogalla® = o)) + (1 = ayr)(1 4+ 8) = o))+ 20e((€")" — pF(a*), 2 — 2.
(2.28)
Theo di¢u kien (2.21), suy ra
lim 02400 _ 0,
k—o0 Ozk(l — 5k)
va do d6, ton tai s6 nguyén duong ko sao cho
Qk(2 + Qk) T—90
< , Vk > ko.
ar(1=py) 2 0
Dan dén
apd + (1 — OékT)(l +9k) =1 —Ozk(T—é) -+ (1 —OékT)ek
§1—ak(7—5)+9k
<1- O"“(TQ_ %) (2.29)

Tir (2.28) va (2.29), ta ¢6

[Ear s

2
< Jawdlla® = @)l + (1= ) (1 + )l = 2|+ 24 ((€5)" = pF(a"), 2% — 2*)

< apdlfe® — "I 4 (1= ager) (L + 0l — 2|2 + 204, ((€8)" — pF(a”), 2% — 7)
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< agdl|a” — 2 * + (1 — apr) (1 + 6) [Hwk — 2| = (1 = 2mer) g — w)?
— (1= 2me0) [ — yk||2} + 200,((€F)* = pF (%), 2" — 2¥).
[

B 48 2.7. Néu |5 —a"+1] = 0, thi cdc day {«*}, {u"}, {2}, {wb}, [y}, (€5}, {54,
{T*u*} va {T*2*} bi chan.

Chitng minh. V6i mdi z* € Q, sit dung Bo dé 2.5, Ta* = =* va gia thiét (Bs), suy
ra
[uf — 2| < [Jw* — |
= ||Tk.:1:k + o (T*aF — TFgF1) — .CE*H
< || ok — || + o | TR — ThabY|
< (1400 (Jla* = o + opla® — 2*1))) (2.30)

= (U ) ([l = )+ e 28— ).

Két hop v6i sup {2 : k> 1} < oo va [a% — 2"t — 0, suy ra ton tai hang so

M; > 0 sao cho

Tk |12k — 21 < My, Yk > 1.
ay
Do do,
[uf — ¥ < [l — 2% < (14 0) (2" — 2*|| + apM1), Yk > 1. (2.31)

Tt Thuat todn 2.3, (2.26), B6 dé 1.10, (2.31) va (%) = P _opn(e 0 (EF), suy

ra, v6i moi k > ko, ta co

[

= ||awt" + (Id — aypF)THu" — 2|
+ (€ = (€5 + [(1d - awp )T — (1d - awpF)T0"] + an [(€5)" = pF(a")] |

< agllgh — (€)*)| + ||(Zd = apF)TFuF — (1d — cppF )T 2™ || + o || ()" — pF (2¥) |

< agla® — 2| + (1 = agpr) (1 + 6;) [u” — 2™ + ]| (€") = pF (")

< apdlla® = " + (1= apr)(1+6)(1+63) (I — 2" + gy

+ag||(€")" = pF(2")
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< [Ozk(s +1—apm+ Qk(2 + Qk)} (ka — || + Oék;Ml) + OékH(fk)* — pF(QJ*)H

(2.32)
Do k11_>1£10 zzgt%’;)) = 0, dan tdi, ton tai s6 nguyén duong ko > 0 sao cho
00(2 4 0) < %(T — S)ar(1— ), VE > ko,
St dung bat dang thic tren va (2.32), ta c6
12 — 2| < (1 - M) <Hl’k e %M1> +ag || (€)= pF (") ||
< (1 - @) |2 — 2| + a <M1 + 1€y = pP (") ) Wk > ko.

Ap dung B dé 1.12 ciing ciing véi didu kien (v, + 0;)¢ < 4, dan t6i, véi moi
k > ko, ta co

ka+1 —

"Il

= (|80 —2*) gl — 2t) (55— )|
< Blla® — a¥|| + ||y (2 — 2%) + 61 (S2F — Sa*) ||
< Brlle® — ™| + (e + ) [|* = 27

= Blla" — 2*| 4+ (1 = By) ||z" — 27|

kyx _ r*
[ 0] ey el =) 280 Y o)

S { W 2(My + [|(€9)* — pF (z*)])) } |

T—90

Tt (£%)* = Py _youh(ar o) (€F) va tinh compact clia dph(z*, %), suy ra, ching ta c6
thé gid sit rang ton tai M > 0 sao cho

2(M; + [|(€9)* = pF(a*)]))

<M, Vk > k.
T—20

Suy ra,

|zF — 2*|| < max {||zx, — 2*||, M}, Vk > ko.
Nhut vay, day {z*} bi chan, dan dén cac day {ut}, (b}, (g}, (€5}, (S5, {Thuk)
va {T*z*} cling bi chan. |
Bo dé 2.8. Cho cic day {w"}, {z*}, {y*} va {z*} duoc sinh ra tu Thudt todn 2.3.
Néu | T*xF — TFHak|| — 0,]|2% — 2| — 0, |w* — 2| — 0,|w® — 2*|| — 0 va

FHwki} ¢ {w*} sao cho wh — » € H, thi z € Q.
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Ching minh. Ttu Thuat toan 2.3, ta co
T 2" — ¥ < flw® = a¥|[ + (14 6p) ||l2* — 1.
Stt dung cac gia thiét ||z* — zF 1| = 0, ||w* — 2F|| — 0, chiing ta thu dugc
lim o — T*2*|| = 0. (2.33)
k—o0
Két hop cac gia thiét ||w* — 2% — 0 va ||w® — 2¥|| — 0 suy ra
2% — 2| < [Jw® = 2F|| + ||w* — 2% = 0 (khi k — o0).
Dé ¥ rang, véi mdi z* € ), ta c6
Jwh —z*|? = ||Tkzvk — 2 + o (TFF — Tkxk_l)H2
2
< (”Tkxk _TRe*| + oy | T — Tkxk—1||>
2
< (400" - 2" + oy (1 + 03 2 - 1))
= Jla* = o)+ B+ 02+ 0) (I — 2| + B ).
trong d6 =y, = og||z* — F1| (2||xk — 2| + ok — xk_1||).
Stt dung Bd dé 2.6 va (2.29), khi d6 véi moi k > ko, ta c6
(1 —ap)(1+ k) [(1 = 2ne1)[ly* — wF [P + (1 = 2me0) u* — yk||2]
< (1= ar) (14 0p)[lw® — 2% + agdll” — 27| — [|2* — 27|
+ 200,((€")" = pF(2*), 2" — 2¥)
< (1= apr)(1+ 80) [l = "2+ Ze+ 642 + 04) (e — 271 + Z)|
+opdllat — 2 |? = (125 — 2 + 200 || (€5)" = pF (%) || 12 — 2|
= [(1 = oyer) (1 4 05) + agd][|2* — 2% + (1 — axr) (1 + 61 [Elﬁ
+ k(2 + 0) (Jla* — 27||* + Ek)] — (1P = 21?4 20| (€9)" = pF (2")]].|12" — 2|
< Hl'k _ x*HQ _ sz _ m*HQ + (1 — Osz)(l + Qk) |:Ek + Gk(2 + Gk)(HQ;k _ x*HQ + Ek)}
+ 200 || (€7)" = pF () || 12" — |
<l = 2K (fla® — 2|+ |28 = 2*)]) + (1 + 6p) {Ek + 0,24 0p) (2" — =¥ + Ek)]

+ 204 (65)7 — pF(a*)||-[12* — 271
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Tit o — 0,60, — 0, [2F — ¥ 1| = 0, B8 d& 2.7 (tinh bi chan ctia {z*}, {5}),

l2*F — 2% = 0 va 0 < 7 < &€ < min{z-, 5=}, ching ta thay ring

lim Z;, =0, lim [w* —¢¥|| =0 v lim |[u"—y*| =0.
k—oo k—o0 k—o00
Suy ra,

lw® — | < fJw® =y + lly* =) = 0 va fla® — || < [l2* — WP + [lw® —u*]) = 0.

Theo dinh nghia 2**1, ta c6
ulS=F — M = a*H = ok (1= ) (oF — )| < [l — b+l —
Ma ||z% — 25| — 0, ]|2% — 2F|| — 0 va lilzn inf 0, > 0, suy ra
—00

lim ||2% — S2F|| = 0. (2.34)

k—o0
T y* = argmin {rg(w",y) + |y — w¥|* : y € C}, ap dung Bo dé 1.4, dan dén

0 € mdag(w®,y*) +y* — w* + Ne(y"),

hay
(kaﬁk + oy —wFx —yk) >0, Ve e C.

Theo dinh nghia Cy, ta c6 C' c Cy. Do do,

i(wk —F e —yF) < (@F, -y, Vo eC. (2.35)
Tk

Sit dung BS dé 2.4, wh — y* - 0 va (2.35), chiing ta c6 7 > min {7, 4 | va

1 e~

lim —(w® — ¥ z —y*) = 0 = liminf(0*, z — y*) > 0, Yz € C. (2.36)

k—oo Tk k—o0
Mit khéc, tit @ € dag(wk, y¥) suy ra

g(wF z) — g(wk y*) > (@", x —y*), Yz e C. (2.37)
Stt dung dinh nghia ctia p% € dag(wh, whi), ta c6
g(wh,y) = g(wh,y") — g(w®, wh) = P,y —wh),
trong d6 {w*'} théa man w* — » € H. Tu gid thiét (Bg), suy ra ton tai diy con
{p"n} sao cho pFin — p € dag(z, 2). Ap dung dinh 1y Banach - Steinhaus, ta c6
{p¥n} bi chan. Két hgp dieu nay véi klim |y* — w*|| = 0, ching ta thu dugc
—00

lim inf g(w®n, y%n) > liminf (pFin, yFin —wkin) = 0, (2.38)

h—o0 h—o0
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Tir (2.36), (2.37) va (2.38), ta c6

lim inf g(w*,2) > liminf [g(wbn, yon) + (@F

) ks
Jh x€r — Jh
h—o0 h—o00 ’ 4 ﬂ

> liminf g(w®n  y%n) + lim inf (WP | 2 — yFn)
h—o0 h—00

> liminf g(w®n y%n) + liminf(0F, z — y¥)
h—o00 k—o0

>0, Ve e,

va do do

lim inf g(w®n, z) > 0.
h—00

ki — z, chung ta ¢

Ap dung gia thiét lien tuc yéu trong (By) clia g(-,z) va w
g(z,2) > 0 v6i moi x € C. Mt khac, tit wh — 2z va wk —y¥ = 0 | suy ra y% — 2.
T {y*} c C va C dong, ching ta c6 z € C va do d6 z € Sol(C,g). T tinh tiem

can khong gian cta T, suy ra
HT.CEk _ [Bk” < HTxk . T]H—lka + HTk—H.Tk . Tkka 4 ”Tk.iljk _ ka
< (24 00) ek — THGH| + | THHE - ThgH|,

T (2.33) va gid thiét |7+ 1ak — Tk2F|| — 0, kéo theo

lim || T2* — 2*|| = 0.

k—00
Tiép theo, 4p dung Bo6 dé 1.11 cho day {z%} ching ta thu dugc 2% — 2 vi
(I = T)z = 0. Nhu vay, » € Fix(T). Gia thiét w* — 2*¥ — 0 va wh — 2 dan dén

2k~ 2 Két hop (2.34), 2% — Sk — 0 va Bo dé 1.9, ta thay (I —S)z =0 va do
do6 z € Fix(S). Bdi vay,

z € Fix(T) N Fix(S) N Sol(g,C) = Q.

Dinh 1y 2.3. Néu Thz% — TF+1gk 5 0, thi

b — 2kl 50

2F — 2* khi va chi khi
zk — yk — 0,

trong dé, x* € Q la mot nghiém cia bai todn (2.20).
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Chiing minh. V6i mdi =,y € H, ap dung bat dang thic tam gidc clia khoang cach
Hausdorff, tinh co ctia &nh xa da tri p(z) := x — vdh(z,2) (B6 dé 2.2) va 4p dung
Bé dé 1.10 cho T := 1, :=1, u:= p, chiing ta c6
dn (p(ﬂf) + 2= pF(z),p(y) +y— pF(y))
< du(pla) + o pF(). ply) + 7 — pF () )
+dH< (y) +y—pF(y). p(y) +w—pF($))
<dp (p(l’),p(y)> + H (y—pF(y)) = (z — pF(x H
= du (p(2). p(9) ) +||(7d = pF)(w) = (1d = pF)()
< llz = yll + /1 = p(28 — pr?) ||z — y|
= (54 V1= 025 = p®) ) I — .

trong d6 ¢ := /1 —v(2a —vn?) va v € (0,23). Dudi cic gid thiét (Bs), ta co
5+ /1 —p(28 —pr2) < 1. Nghia la anh xa (p + Id — pF) co v6i hing sb (6 +
V/1—p(28 — pr?)). Dé thiy réng dnh xa Po(p + Id — pF) ciing co. Theo dinh ly
diém bat dong ctia Nadler [19, Theorem 8.21], anh xa Po(p + Id — pF) c¢6 mot

diém bat dong. Gia sit diem bat dong do 1a 2* € H. Suy ra ton tai w* € doh(z*, 2*)
sao cho &* = 2* —vw* € p(2*). Khi d6, a* = Po[¢* + 2* — pF(2*)]. Nghia la

<pF(:c*) — " +vw iy — x*> = <pF(x*) — &y — SL’*>
>0, Vy e Q. (2.39)
Tu w* € dh(z*, x*), suy ra
vh(z*,y) = v[h(z*, y) — h(z*, 2)] > (vw*,y — 2%), Vy € Q.
Cong bat dang thitc tren véi (2.39), ta ¢
vh(a*,y) + (pF(z*) — 2%,y — %) > 0, Vy € Q.

Nhu vay, ton tai z* € © 1a nghiém clia bai toan (2.20).
Bay gio, ta gid st ¥ — 2* € Q. Khi d6, 2* = T2*,2* = Sz* va 2* € Sol(C, g). St

dung tinh chat khong gian ctia 4nh xa T, ta c6

|w* — 2*|| = HTk:Uk — Tz + oy (TF2F — Tkxk_l)H
S ||Tkxk _ TkI*H + O'kHTka . Tkxk_lH
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< (1+ Hk)(||xk — ¥ + op||2® — xk_lﬂ) — 0 (khi & — o0).
T B6 dé 2.5, ta c6
= 2*|? < flw® —a*? = (1 = 27pen)lly* — w*) = (1 = 2mpe2) [ — "1,
val<m <é< min{%, ﬁ}, suy ra

lim [[uf — 2% =0, lim ||y* —o®| =0, lim [[u* —y*| =0.
k—oo k—o0 k—o0

Do do,
0 < [la* = "Il < ¥ = 2*|| + 2" — w"|| + |Jw® = y*| = 0.
Nhu vay, ta co6

l2* — 2 < Jl2® — 2| + (|2 = 2] = 0 (k = o0).

Chiéu thuan ctia dinh 1y dugc chiing minh.
Dé chitng minh chiéu nguge lai, ching ta can chiing minh céc khing dinh sau

day:
Khing dinh 2.4. Ton tai hing s6 M; > 0 sao cho, v6i moi k > ko, ta c6

(1= am) (L= Be) (L + ) [(1 = 2eam) [w® — o> + (1 = 2e1m) Ju® — *1?]

(2.40)
< ka _x*HQ . ka—i—l _ x*HZ _|_04le'
That vay, tit tinh 16i ctia || - [|? vA By + % + 0 = 1, suy ra
2 — 2 ||? = || Bra® — Bra® + 2" — a4 0pS2" — G|
2
* 1 . i}
= ‘ Br(a* —a )+<1—Bk)1_6k[%(zk—$ ) + 6x (52" — )]
1 2
< Bellat — 2|2 + (1 - By) ‘1 (e ) 4 (57— 5]
= Blla* -z ||2+1_6k [ (2% — %)+ 6,(S2F = S27) || (2.41)

Két hop (2.41) va BS dé 1.12 v6i gid thiét (v, + 6;)¢ < yp, dan dén
1

1 =By

% (2

< Bella® —27|1* + (1= ) [ — 2"

* * * * 2
ka—kl . HQ < ﬁkak — 7 ”2 + nyk(zk - ) + (5k(Szk — Sz )H
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Tu Bo dé 2.6, ta thay ring ton tai s6 tu nhién kg > 0 sao cho

4 — a2 < Bt = I (1= 1) |

< Bylla® — =¥ + (1 = B
— (1= apm) (14 0)[(1 = 2comi) Jw® — yF|12 + (1 = 2c1m) [ — ¥
+ 20, (e(F)* — pF(a*), 25 — m}, Yk > ko, (2.42)

E

{awdlla® = "2+ (1 = ayr) (1 + ) — o

)
)

Tit tinh bi chan ctia {(¢%)*} trong Bo dé 2.6, {z*} trong Bo dé 2.7, suy ra ton tai
s6 duong M, sao cho

sup 2 [[| (€)= pF(a*)||||2" — 2*|[]] = Ma < +o0.
k>ko

Két hop (2.42) va bat dang thitc Cauchy-Schwarz, véi moi k > ko, ta c6
2"+ — 2|2
< Bella® =2 * + (1 - ﬁk){ak5||$k — 2P+ (1= apr) (1 + ) 0" — 2*|?
— (1= 7)1+ 0)[(1 = 2camp) [w” — "> + (1 = 2e1m) [ — *||?]
+20,1(6")" = pF () 12* ~ a*) }
< Byl — |+ (1 - Bk){ak5||$k — 2P+ (1= apr) (1 + 6p) 0" — 2*|?
— (L= aym) (14 65)[(1 = 2comy) w® — ¥
(1= 2em)|ld* — oF 2] + akMg}. (2.43)
Mt khac, (2.31) suy ra, v6i moi k > 1, ta c6
lw® — 2| (2.44)
< (14 61)2 (2" — 2%|| + agMy)?
= [1 4002+ 0] [Il2" — 2*|* + ar(2Mi ||z — 2¥|| + . M7)]

* 0 * *
= fla* =2+ an{ FE@F Bl — a2+ (14 6)? (220 F — o+ 7).

Do tinh bi chiin ciia {zF} trong Bo dé 2.7 va lim % =0, dan dén ton tai s6 thuc

k—o0
M;3 > 0 sao cho

0
sup {Q—’“<2 +0)llak — 272 + (1 + 0,)2(2My [l — 7 + akM%>} = My < +o,
k>1 k

va do do

|w? — %2 < ||zF — 2*||® + o Ms. (2.45)
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Két hop (2.43) va (2.45), dé § ring axd + (1 —agri) (146;) < 1— 202 < 1 trong
(2.29), ching ta suy ra

2"+ — 2|2
< Bell® — =¥ + (1 - ﬁk){ak5\|xk — 2P+ (1= apr) (1 + 6p) 0" — 2*|?
— (1= apm) (1 + 0k)[(1 = 2c2m) 0" — ¥ [P + (1 = 2e1m) [[u® — y"|%] + akMQ}
< Bell=® — =¥ + (1 - /3/«){0%5||33k — 2|2+ (1= agr) (1 + 6k) (||2* — 21> + o Ms)
— (1= o) (1 + 0k)[(1 = 227 [w* = y*|* + (1 = 2c1mp )| — o*|17] + akM2}
= Bulle® = 21+ (1= 8){ [and + (1 = awr)(1+ Bl — 271 + (1= ) (1 + o M
— (1= apm) (1 + 66)[(1 = 227 [w* = ¥ > + (1 = 2camp ) [[u* — %] + akMz}
< Bell® — ¥ 4+ (1= Be) [ll=" — 2*|* + M3 + g M)
— (1= B (1 = agr) (14 61) [(1 = 2c0m) [w® — "> + (1 = 2e1m) [[u — ¥

= ||lz% — 2*)|® + (1 = Bp) (M3 + Ma) — (1 — B) (1 — ap7) (1 + 6;) [(1 — 2com) ||k — ¥
+ (1= 2c1m) u? — F|1%].

Dat My := My + M3 va stt dung B € (0,1), Ching ta suy ra két luan (2.40).

Khing dinh 2.5. Ton tai s6 thuc duong Mg sao cho

ka+1 _1’*"2 <|1- ak(l — /82/6)(7— — 6)] ka _x*H2

ak(l—ﬂk)(7—5)|: 1 kyx *Y Lk ok
+ 2 —((€") = pF ("), 2" —a7)
2
n 4M0%ka_xk_1”+4./\/loﬁ . Yk > k.

T—0qp T—0qy

That vay, tir (2.30), ta 6 ||w® —2*|| < (1+60;)(||2* —2*|| + op||2* — 2%71|). Suy ra,

lw® — 2™ < (14 6)° (2" — 2™ + opla® — 2*H))?
= Jla® = 2*? + opla® — (202" — 2| + opl|l2® — 2]

+0,(2 + 0) (l2% — 2| + oplja® — 2F7H)?, VE> 1. (2.46)

Do tinh bi chan ctia cac day {6} and {z*}, nén V& > 1, ton tai s6 duong My sao
cho

sup(2 + Gk)(ka — &*|| 4 op]|z* — xk_lH) = My < +o0.
k>1
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Tu (2.46) suy ra
Hwk — x*H2 < H:Ek — :ic*H2 + JkHl‘k — xk_lHMo + Gk./\/l%. (2.47)

V6i mdi & > ko, két hop (2.42) va (2.47) dan dén
ka—H _x*HQ
< Blle® — 272 + (1= ) {ndlla® — oI + (1 = ) (1 + 03 o — 7|
— (1= am) (1 + 65)[(1 = 2c27") " — 4" [1* + (1 = 2c17) [ — "]
+200((6)" = pP(a), 2~ 27) |
< Bllz® — 2*|1* + (1 — Br) { b ||2® — 2*||* + (1 — ayer) (1 + ) [||]2* — 2*||
+ogllz® — 5[ Mo + Op MG 4 205 ((€F)* = pF(a*), 2 — %)}
< Bulle® — 2|12+ (1 = Bi)[owd + (1 — agr) (1 + 6;)]| 2" — 272
+ (1= Bp)loplla® — 2" Mo + 0 MB] + 200 (1 — B )((€F)" — pF(2*), 2% — o).

Khi d6, theo (2.29), ching ta thay rang

e

_1 _ Oék;(l - Bk)(T - 5)_

< : la# = 72 + (1 = B) (onlla* — 21 [2Mo + 20, M3)

+ 205 (1 = Br)((€")" — pF(a7), 2% — a%)

- ! ok — 2|
ak(l—ﬁk)(7—5)[ 4 ks o ks
— oF _
ol (€ — o). =)
4 2
—|—4M02ka—$k71”—|— MO ek .
T —0 Qg T—0 Qg

Khang dinh 2.5 dugc chitng minh.
Khing dinh 2.6. Day {z"} hoi tu manh vé nghiém z* ctia bai toan (2.20).

That vay, do Khéng dinh 2.5, nén ton tai s6 thuc duong My va sé nguyen kg > 0

sao cho

2

Ozk(l —ﬂk)(7—5)|: 4
T—20

kaJrl - $*||2 <|1-— ak(l _Bk‘)(T — 5Y| ||l’k - x*HQ

+ (€)= pF(a*), 2" —a¥)
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4M0 O _ 4M2 Hk
+——— " — 2"+
T— 0y 5a

} vk > ko,

Theo B6 1.8, ta can chi ra rang limsup((&*)* — pF(2*), 2% — 2*) < 0. St dung
k—o00
Khang dinh 2.4, 2% — 251 - 0,0, — 0,6, — 0 va 0 < limsup B, < 1, ching ta thu
k—o0
dugc

limsup(1 — ag7)(1 = ) (1 +6) [(1 = 22 [[w® — ¥ + (1 = 2e1m) u® — 4]

k—o00

< timsup ([l — ¥ — |51 = 2*[2 + aMy)
k—o0

= limsup[(||z* — o*|| + "' = 2*|)) (2" — 2| = 2" = 2%) + M ]
k—o00

< limsup([|l2* — 2*[| + 2" = 27|))[|2* — 2"
k—o0

=0.

Trong dé bat déng thiic cudi cling dude suy ra tit Bo dé 2.7. Do do,
lim ||w® —¢*| =0, lim ||u* —*| = 0. (2.48)
k—o0 k—o0
Dé thay, gia thiét ||2* — ¢*| — 0 cung véi (2.48), suy ra
0 < [l —a*[| < — ¥ + [ly* — =" — 0.
Do do,

Tk — b)| = — 2 — oy (TR — THak )|

(2.49)
< lw® = 2F| 4 o (1 + ;) || 2* — 21| — 0.

Tt 2% = apeF+(I—appF)TFu¥, (2.48), (2.49) va tinh bi chan ctia {o*}, {T*2*}, {€F},

ching ta co

2% —a¥|

= [lowg" — appF(T*u) + Ta* — 2|

< ag[l|€F | + pllF(TFu") )] + | TFuF — 2*)

arlIlEM] + [l pF (TR )] + |70k — TRyF 4 ThyR — TFak 4+ Tk — ok
< ag 15 + llpF (TFuR) ] 4+ (14 0) (1 = | + [ly* = 2| + | 7F2F = 2|)
— 0.
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Diéu nay kéo theo ||w* — 2F|| < ||w* — 2¥|| + ||z¥ — 2¥|| — 0. Béi tinh bi chin ctia

{2*}, do vay, ton tai day con {z%} clia {z*} sao cho ¥ — »* va

limsup((€¥)* — pF(z*), 2% — 2*) = lim ((%)* — pF(z*), 2 — 2*), (2.50)

k—o00 J—r00

trong do (§%)* = Pr_yo,n(0 1) (€F). Sit dung 2F — 2% — 0 va w* — 2 — 0, ching
ta cling co
whi = 2 gk
Ap dung B6 dé (2.8), ta c6 z* € Q.
Lai c6 day &5 € % — vdoh(2F, 2%) chita day €8 — &, € 2* — vihh(2*, 2*) va day

(fk)* = Pw*—uagh(w*7m*)<€k) chiia (gk])* - E* = m*—v@gh(w*,x*)(é*)' Neén ta co6

limsup((€)* — pF(s*), 2* — %) = &, — pF ("), 2" %), (2.51)

k—oo

Chon &* € x* — vdoh(z*, x*), trong do6 a* = Po[¢* + 2* — pF(2*)]. Khi d6

(€, — pF(x%), 2" —x*) = (€, — &, 2" — 2™) + (& — pF(2¥), 2% — 2¥). (2.52)
Dé ¥ ring
£, =2 —vw", wW* € hh(F, )
& =x* —vw*, w* e hh(z* z").
Suy ra
(€, — €, 2" —a*) = (&* —vT* — 2* +vw*, 2 — %)
=" —a" 2" ="y —vw — w2t — ")
< |lz* = 2P = vl wt||[|]2F — 2
< |l2* = a*|? = vallzt — a*]|]2" — |
= (1 -va)llz" — 2"
<0

Két hop dieu nay véi (2.52), ta ¢

lim sup((€¥)* — pF(z*), 2 — 2*) = (&* — pF (%), 2* — 2*) < 0. (2.53)

k—00

Chu ¥ ring

{ﬂk} C [a’ b] C (0’1)’ {ak(l _52k)<7—_ 6)} C [0, 1]7i Oék(l _ﬁ;)(T_(S) — o,
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N

va

Mo Tk

lim sup
T—20 (672

k—o00 T—0

()" = pF(a%), 2" —a) +
(2.54)

Ap dung Bé dé 1.8, ching ta thu dugc kIEEO |z* — 2*|| = 0, hay ¥ — 2* € Q.
Nhu vay, tit cac Khang dinh 2.4, 2.5 va Khang dinh 2.6, suy ra Dinh Iy 2.3
hoan toan dugc ching minh. |

2.3 Mt s6 tinh toan minh hoa

Trong muc nay, ching to6i 4p dung Thuat toan 2.1 cho 16p bai toan can bang
hai cAp BEP(C, g, f), trong d6 C 1a mot tap 16i da dién duge cho béi
(
e RS
1 +x9>15

1+ 2o+ a3+ 204 +25>5

\3x1 + 229 + 23 + 314 + 425 < 12,
song ham f: R% x R® — R dugc gi6i thicu trong [75] c6 dang
fla.y) =(G(z) + Qy+q.y — 2),

véi A 1a ma tran 5 x 5, B 14 ma tran phan déi xting 5 x 5, D 1a ma tran duong
chéo 5 x 5 va ma tran Q = AAT + B + D nhu trong [9] va ¢ 1a véc to thuoe R®,
Chon n > 1+ ||Q]| va anh xa G dugc cho bdi

G(x) = (nz1 + nre + sin(z1), —nx1 + nwe + sin(xg), (n — Vs, (n — 1)ag, (n — 1)x5).

Tru6e hét, ching ta sé chi ra G lién tuc Lipschitz trén C vé6i hing s6 L =
V2212 + 20+ 1). That vay, dé& dang thu dugce

)[nm + nxg +sin(w1)] — [ny1 +ny2 + Sin(yl)]‘

< nler — 1|+ nlea — yo| + | sin(zy) — sin(y1)]
< (4 Dz —yi| +nle2 — yal. (2.55)

Mot cach tuong tu, ta ciing c6

[—n@1 +nws +sin(xg)] — [—ny1 +77y2+Sin(y2)]‘ < nley—y1|+ (n+1)|z2 —y2|. (2.56)
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Stt dung (2.55) va (2.56), ta c6

IG(@) — G = [frm -+ nes + sin(e)] = s -+ o -+ sinun)]|
+ ’[—77951 + nzo + sin(xg)] — [—ny1 + ny2 + sin(y2)] ‘2
+ (0= Vs — (n—Vys|* + |(n— Dza — (n — a”

—i—’ —1Das —(n—1) y5‘
< [(n+ 1)l =yl +nlwe — yz”2 + [y — 1l + (n + 1) |22 —yzl]
+ (= 1% — ys> + (0 = 1)%|za — val* + (n = 1)*[ar5 — s5/°

<2020 + 20+ 1)z — 9%,

trong d6 bat ding thiic cudi c6 duge nhs ap dung (a + b)? < 2(a? + b?) v6i moi
a,b € R. Do d6, G lien tuc Lipschitz v6i hiing s6 L := /2(2n2 + 2n + 1).

Tiép theo, ching toi sé chi ra G don diéu manh véi hdang s6 (n — 1) trén R>.
That vay, lay = = (21, ...,25)7 € R%, y = (y1,...,5)" € R bat ky. Khi do

(G(z) = G(y),z —y)
= [nx1 4 nee +sin(z1) —nyr — ny2 — sin(y1)] (21 — v1)
+ [=na1 + e + sin(za) +ny1 — ny2 — sin(y2)](x2 — y2)

+(n=1)(ys — 23)* + (n = D(ya — 24)* + (n = 1)(y5 — w5)”

=n(y1 — 1) + [sin(z1) — sin(y1)](e1 — y1)
+n(y2 — 22)* + [sin(z2) — sin(y2)] (22 — y2)

+ (= 1)(yz — 23)* + (= 1) (ya — 2)* + (n — 1) (5 — x5)?

> (n—=1)(y1 —21)* + (n = Dly2 — 22)* + (= 1)(y3 — 23)
+ (= 1)(ya — 2)® + (n = 1)(y5 — 5)°

=(n—1)|z -yl

Dé ¥ ring, trong bién ddi trén chiing toi sit dung dinh ly Lagrange: [sin(z;) —
sin(y1)](x1 —y1) = (z1 — y1)?cos(e1) > —(z1 — y1)? V6i ¢1 thudce gitta 21 va yy, va
[sin(x2) — sin(ya)](z2 — y2) > —(22 — y2)%. Nhu vay, G 1a (n — 1)-don di¢u manh
tren R°. Mt khac, tit Bo dé 6.1() trong [76], song ham f 1a don diéu manh véi
héng s6 (n — 1 —|Q])), trong d6 n > 1+ ||Q||.

Song ham ¢ duge cho bdi

g(x,y) = (D(x) + e,y — x),
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trong d6 D(z) = (diarctan(zy), ..., ds arctan(:c5))T,di(z' = 1,..,5) duge chon bdi
d = (1,3,5,7,2)T va e = (4.5,6,3,8,2)T. Song ham nay dugc dé xuat bdi A.
Bnouhachem va céc cong su trong [30], cac tac gia cing da chi ra tinh lién tuc
va gid don diéu cua g trén C.

Véi mdi z € R?,
Dog(z,2) = {D(x) - e}, Dof (z,x) = {F(x) + Qx —|—q}.

Khi d6, Thuat toan 2.1 dugc viét lai 1

(
el

wh = D(2%) +e

§ yF = 2F — apu® v6i oy =

uf = G(2*) + Qa* + ¢

o* = Pro(y® — mpu®).

Pk
max{py, [wF[}

\

Cac ma tran A, B, D va vec to ¢ dugc chon nhu sau

(-2 10 1 -1) (0 1 2 1 -1)
1 21 0 2 13 2 0 2
A=10 1 3 1 , B=1-2 -2 1 1 -3/,
013 1 0 10 -11 0
\2 01 -1 3) 1 -2 3 0 2
(50000\ [ 2
030 0 0 3
D=]0012 0 0], q=]|-4
00 0 15 0 1
\0 0 0 0 22 \ 5

Gia tri rieng nhé nhat ctia Q 1a 10.2313, chuan ctia Q 14 58.9677. Theo trén, G la
V/2(2n2 + 2+ 1)-lien tuc Lipschitz va (n — 1)-don digu manh, ta c6

e Oof(x,7) = {G(x) + Qz + ¢} don dieu manh v6i hing s6 8 :=n + 9.2313;

e Oyf(z,x) lien tuc Lipschitz v6i hing s6 L := 1/2(2n2 + 2n + 1) + 58.9677.

Cac tinh toan sau dugce thuyc hién béi Matlab R2013a chay trén Laptop In-
tel(R) Core(TM) i3-3110M CPU@2.40GHz 2.40GHz 4Gb RAM. Ching toi st

dung diéu kien ding max{|y* — 2%, |z* — 2|} <e.
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Iteration (k) 2% b ¥ ¥ k
0 1 1 1 1 0
1 0.0000 2.2316 0.0000 0.7074 1.3537
2 1.5000 0.0000 1.1489 1.1755 0.0000
3 0.0000 5.0000 0.0000 0.0000 0.0000
4 0.4886 1.0114 0.0000 1.7500 0.0000
5 0.0000 1.5000 1.2924 0.2471 1.7134
6 1.0559 0.4441 0.0000 1.7500 0.0000
7 0.0000 1.9503 0.7028 0.6722 1.0024
8 0.3073 1.1927 0.3952 1.5523 0.0002
9 0.2311 1.2689 0.4435 1.2536 0.5493
10 0.2906 1.2094 0.4603 1.3049 0.4299
11 0.2901 1.2099 0.4614 1.3018 0.4350
12 0.2903 1.2097 0.4618 1.3013 0.4356
13 0.2905 1.2095 0.4619 1.3012 0.4358
14 0.2906 1.2094 0.4620 1.3011 0.4358
15 0.2907 1.2093 0.4621 1.3010 0.4359

Bang 2.1: Két qua chay Thuat toan 2.1 véi Test 1.

Test 1. Lay n:= 5+ Q|| = 63.9677, n = wig, pr = 200, Bi = by, & = 70 =
e = 0 v6i moi k € N. Chon diém xuat phat 2° = (1,1,1,1,0)7 va e = 1073, Két
qua chay s6 ctia Thuat toan 2.1 duge ghi nhan trong Bang 2.1.
Thuat toan dimmg sau 15 bude lap va nghiem xap xi thu dudgc 1a

21 = (0.2907,1.2093,0.4621, 1.3010,0.4359)T .

Test 2. Chon diém xuat phat 2° = (1,1,1,1,0)T va e = 1073. Chay Thuat toan
2.1 v6i cac tham s6 khac nhau va két qua duge ghi nhan trong Bang 2.2.
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Test Prob.  Tj; B Pk No. Tterations ~ CPU-Times/sec
1 o == 200 15 1.3281
2 = e 350 12 0.9688
3 = e 490 12 0.9688
4 e gy 450 11 0.8906
5 g w100 28 3.4844
6 == == 200 15 1.2031
T B g 2004k 35 3.7031
8 s = 3004k 45 5.8438
9 3 g 450+2k 11 0.9688

Bang 2.2: Két qua chay Thuat toan 2.1 véi Test 2.

Test 3. Trong vi du nay, chting t6i so sanh toc do hoi tu ctia Thuat toan 2.1 véi
thuat toan dudi dao ham tang cudng SEA (trong [10]). Tham s6 va dit lieu cta

cac thuat toan duge chon nhu sau:

o Thuat toan SEA: { = 58,7 =¢&—1— QI A\ = 5=—ts007 Bk = % va
diéu kien ding: max{[jy* — 2%, ||#¥T! — 4|} <e. Khi d6, cac diéu kién ctia

Dinh 1y 3.7 trong [10] dugc thdéa man.

e Thuat toan 2.1: n := 5+ Q|| = 63.9677, ny = =45, pr = 200, By =

7k_1+1> & =1 = ¢, = 0. Didu kién dung: ||zF! — 2F| <.
e Chon ¢ = 1073.

Tt két qua tinh toan s6 ghi nhan dude tit cdc bang, ching ta thay riang toc do
va thoi gian xit Iy ctia Thuat toan 2.1 phu thuoc vao viéc chon cac day tham sb

{&:}, {8k} va Ay, ciing nhu chon diém xuat phat Y.



70

Thuat toan 2.1  Thuat toan SEFA

PI"ObleInS Startlng pOlIlt Iterations CPU-Times/sec Iterations CPU-Times/sec

1 (0,2,0,1,1) 21 1.1250 9 1.2214
2 (0,1.5,0,2,0) 25 21094 23  2.9934
3 (1,1,0,1,1) 23 0.6719 16 3.6701
4 (1,2,1,1,0) 21 0.9917 19  1.0841
5 (1,2,0,1.5,0) 28 1.0755 21 1.7362
6 (2,0,1,1,0) 18 1.1956 15 1.1882
7 (2,0,0,2,1) 22 1.2225 29 3.2207
8 (0,1.5,2,1,0) 33  0.8798 26  2.6205
9 (1,1,0,1,1) 27 0.7181 35 3.0037
10 (0,1,2,1,1) 24 09904 20  2.0092

Bang 2.3: Két qua so sanh giita Thuat toan 2.1 va thuat toan SEA véi cac diém

xuat phat khac nhau.

Két luin Chuong 2

Sau day 14 mot s6 két qua chinh thu duge trong Chuong 2 nay.

(a)

()

Xay dung Thuat toan chiéu dudi dao xap xi cho bai toan can biang hai cap
BEP(C, f,g) trén khong gian Hilbert H, véi song ham gia cap thtt 2 don
diéu manh va song ham gia cap thi 1 gid don diéu. Trong Thuat toan ciia
chiing to6i, tai mdi vong lap chi can tinh cidc dudi dao ham ctia song ham
gia theo bién thit 2 va thuyc hien mot phép chiéu lén tap rang buoe C. Dudi
cac diéu kién thich hop chting toi da chi ra duge sit hoi tu manh ciia thuat
todn vé nghiém duy nhat clia bai toan BEP(C, g, f).

Dé xuat Thuat toan du6i dao ham tang cuong két hop vdi ki thuat quan
tinh cho bai toan can bang hén hgp véi rang buoc 14 giao cia tap nghiém
bai todn can bang va cac tap diém bat dong ctia anh xa tiem can khong
gian, 4nh xa gid co chit. Chitng minh sy hoi tu clia day lip vé nghiém cia
bai thong qua Dinh 1y 2.3.

Ap dung Thuat todn 2.1 cho bai todn can bing véi rang buoc 1a giao tap
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diém bat dong ctia a4nh xa khong gian v6i tap nghiém ctia mot bai toan can

bang. Két qua hoi tu duge chi ra trong Dinh 1y 2.2.

(d) Lay cac vi du s6 minh hoa cho Thuat toan 2.1 va so sanh két qua véi mot
so6 Thuat toan trude do. Két qua dude ghi nhan trong Bang 2.1, Bang 2.2
va Bang 2.3.
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Chuong 3

PHUONG PHAP PAO HAM TANG CUONG

Phuong phap dao ham tang cuong duge dé xuat bdi G.M. Korpelevich [56]
cho bai toan tim diém yén ngua, sau d6 ducc ap dung cho bai todn bat ding
thitc bién phan don di¢u va gid don dieu [39, 71]. Dén nam 2008, T.D. Qubc va
cac cong sy [76] dA md rong phuong phap nay cho bai toan can bang EP(C,g).
Trong céc vi du minh hoa s6 ctia minh cac téc gia ciing da chi ra dugc tinh wu
viéet ctia thuat toan dao ham tiang cudng so véi thuat toan diem gan ké. Sau nay
thuat toan tiép tuc duge céi tién bdi mot s6 tac gid [7, 10, 58].

Trong chuong nay, chiing téi nghién cttu mé rong phuong phap dao ham tang
cuong cho mot 16p bai todn can bang hai cip BEP(C, g, f, ®) ¢6 dang

Tim z € Sol(C, g, P) sao cho f(z,y) >0, Yy € Sol(C, g, D). (3.1)

Trong d6, f,g 1a cac song ham tit H x H vao R théa man diéu kién can bang
flz,7) = g(z,r) =0, Vo € H, ® : H — R 1a mot ham 16i va Sol(C, g, ®) 1a tap
nghiém ctia bai toan can bang EP(C, g, ®):

Tim z* € C sao cho g(z*,2) + (2) — P(2*) >0, Vz € C. (3.2)

Dé thay khi ® = 0, bai toan BEP(C, g, f,®) trd thanh bai toan can bang hai
cap BEP(C, g, f). Khi f =0 va ¢ =0, n6 tré thanh bai toan OP(C, ®).

Trong thuat toan ma ching toi dé xuat, tai moéi bude lap ching toi thic hién
giai ba bai toan toi wu 16i manh. T z¥ da biét ching toi giai bai todn thit nhat
duge nghiem duy nhat va gan cho y*. Sau khi c6 y* chiing toi thic hién gidi bai
toan thit hai va gan nghiém cho 2*. Sau khi c6 2* bai toan thit ba duge giai va
nghiem duge gan cho z¥*!. Ching t6i stt dung diéu kieén ditng 1 [|2*+! — 2| < ¢
v6i € > 0 cho trude. Noi dung chinh ctia Chuong 3 duge duge viét dya trén két
qua trong cong trinh [CT?2].
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3.1 Thuat toan

Thuat giai dao ham tang cuong gidi bai toan BEP(C, g, f, ®) vdi cac gia thiét
dudi day.

(C1) Sol(C,g,P) # 0;

(C3) Song ham g la don diéu, théa man diéu kién kiéu Lipschitz véi cic hing
sO c1,co va lién tuc yéu theo day, tic 1a: 2F — 2 va y* — § = g(aF,o%) —
9(2,9);

(C3) Ham @ chinh thudng, 161 va nita lien tuc dudi;

(Cy4) Song ham f 1a n-don diéu manh va lién tuc yéu theo day;

(Cs5) Ton tai cac anh xa f;: C x C —Hva f; : € — H véi mdi i € {1,...,m} sao
cho fi(z,y) + fily,x) = 0, [|fi(z, )| < Lille =yl v& | fi(z) = fiw)|l < Lillz -yl
v61 moi x,y € C va

m

Flay) + 1) = f@.2) + Y (flaw). fily=2)), a2 eC

=1
Cht § 3.1.

(a) Khi song ham f théa man diéu kien (Cs), thi f cling théa méan diéu kién
m —_— A
kiéu Lipschitz v6i cac hing s6 ¢1 = co = 357 L; L;.

1=

—

(b) Cho anh xa F : C — C lién tuc Lipschitz v6i hang s6 L. Khi d6 song ham
f(z,y) = (F(z),y — z) cling théa man diéu kien (Cj).

(c) Lay H = R", f dugc cho bdi
fla,y) = (G(z) + Az + by — 2) + O(y) — B(2),

trong d6 G : C — R" la anh xa L-lién tuc Lipschitz, A € R"*" b € R" va
®: C — R. Khi do,

fay) + fly, 2) = fz,2) =(G(x) + Ay + by — ) + (G(y) + Az + b,z —y)
—(G(x)+ Az + b,z — )
=(A(y — 2),y —2) + (G(y) — G(x),z — y).
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ChOH m = 2,f1(rlr,y) =Yy —x, f_Q(xvy) - G(y) - G(.ﬁlﬁ'),fl(fl?) - Ax?
fole) = —2,L1 =1, Ly = L, L1 = ||A|| vd Ly = 1. Nhu vay, f théa man diéu

(d) Dat S := > L;L;. Chon cac tham s6 A\, (k > 0), 8 sao cho
i=1

(
M} € (a,b) < (0.min {57, 575 }) , lim A =2 >0,

N B\ 0,28 — B7S% < 1, (3.3)

1 2n—=27 2n
70682725 G2

0 <7 <min{n, S}, 0 < B < min {
\

Ta c6 6 = \/1 —28kn+ B25% € (0,1). Hon nita { = 61,7 = ¢ — 57,9677,5 =
\/2(252 =+ 25 + 1) =+ 58,9677, Cl — Cp — 57A]€ = m,ﬁk = % théa man
(3.3). Thuat toan ciia chiing t6i duge mo ta chi tiét nhu sau.

Thuat toan 3.1. (Thudt todn dao ham tang cuong)
Khdi tao. Lay 2° € C bat ky, e > 0 gan k := 0.
Buoc 1. Tinh
y* = argmin {\[g(a¥, y) + @(y)] + 3lly — 2F[* 1y € C}
2P = argmin {\i[g(vF, 2) + @(2)] + )z — 2F|?: 2 € C}.
Budc 2. Tinh

21 = argmin {ka(zk,t) ol P 0} -

Buéde 8. Néu ||z*t! — zF|| < e thi ditng thuat toan. Ngudc lai, gan k:=k+1
va quay vé Bwéc 1.

Nhan xét 3.1. Trong [68, Thuat todn 3.1], cdic tac gid da de zuat thudt toan dao
ham tang cuong két hop vdi kij thudt qudn tinh dé gidi bai toan BEP(C,g, f, ®).
So sdnh thudt todn nay vdi Thudt todn 3.1, dieu khdc biét co ban ¢ day la:

- Han ché trén cdc tham so. Tic la, cach chon tham so trong hai thudt todn

khac nhau;
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- Heé s6 don diéu manh n cia song ham f trong Thudt todn [68, Thudt todn
3.1] n > 0 phdi théa man diéu kién n > max{ey,l1}. Trong Thudt todn 3.1;
hé so don diéu manh n > 0 bat ky. Do vay, l6p ham trong hai thudt todn la

khac nhau;

- Cac budc ching minh su hoi tu cia hai thudt toan nay hoan toan khdc nhau

bdi tiep can day so va tiep can song ham.

3.2 Su héi tu caa Thuat toan

Bo6 dé 3.1. Néu yF = 2 thi 2% la mot nghiem ciia bai todn EP(C, g, ®), nghia la
ta c6 2¥ € Sol(C, g, P).

Chaing minh. Tit gid thiét y* = 2, suy ra 2* 1a nghiém duy nhét ctia bai toan 16i
manh sau:

. 1
min {)\kg(a:k,y) + M\ ®P(z) + §|Iy — 2%y e C} .
Theo Bo dé 1.4, suy ra
0 € M\pOag(z®, 2%) + X\p0® (%) + N (o).

Khi do, ton tai w* € dog(a®, 2%) va vF € 0®(2F) sao cho —\ywh — Mo € Neo(aF).

Theo dinh nghia dudi vi phan va nén phap tuyén ngoad, suy ra véi moi z € C, ta

pe

CcO

)\k(wk +oF z— xk> >0,
ok, 2) — gk, a¥) > (ko - o),

O(z) — ®(2F) > (WF, 2z — 2F).

Cong ba bat dang thiic trén (vé theo vé) két hop véi g(2*,2*) = 0, chiing ta thu
duge g(zF, 2) + ®(x) — ®(2¥) > 0 v6i moi = € C. Suy ra z* € Sol(C, g, D). [

Bo dé 3.2. Goi & € Sol(C,g,®). Khi do,
2% = 2% < Jl2* — 21> — (1 = 2Xecr) ly* — PP = (1 = 2Akea) [[2* — ¥,

Chang minh. Khi ® = 0, trong [8, Bé dé 3.1] da chiing minh. Vay ta chi can xét
truong hop @ # 0. Tu

. 1
2¥ = argmin {)\kg(yk,z) + M\ P(2) + §|\z —zF|?:z € C} :
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ap dung Bo6 dé 1.4 suy ra ton tai uf € dag(y¥, 2F) va u¥F € 99 (2*) sao cho
)\kuk + )\kﬂk + ka2 e —Nc(zk),

hay,
<)\kuk + T 42—k — zk> >0, VreC. (3.4)

Mat khéc, theo dinh nghia duéi vi phan suy ra véi méi z € C, ta ¢é

Mlg(v*, x) = g(y", 2] > (i, 2 — 2F)
M@ (z) — D(2F)] >N (@, — 2F).

cong hai bat dang thiic cudi va (3.4), chiing ta thu duge
Melg(VF,2) — g, 28) + @ (z) — D) 4+ (2F — 2k z — 2Ky >0, vee C. (3.5)
Thay z bdi z € Sol(C, g, ®) trong (3.5), ta co
Mlg(y*.7) = g(y* 2") + @(T) — @(F)] = (8 —aF, 2 — 7). (3.6)

Do song ham ¢ théa man diéu kién kieu Lipschitz véi cdc hang s6 ¢, c2, suy ra

g(y*, 2*) = gla, 2%) — 92", y*) — erllz® — y¥[I* — 2| 2F — y|?, hay

Aelg(a® y7) + g(yF 2%) = (2%, 25)] = —Meer |2 = P = Meeally® = 2P (3.7)
Thuec hién mot cach tuong tu véi

y" = argmin {Akg(ka,y) + M@ (y) + %Hy —af|?:ye C} :
ching ta cling thu dugc
Melg(a®y) = g(@®,4F) + (y) — D(y*)] = (F — 2 " —y), e
Thay y = 2* € C, ta c6
Alg(a®, 28) = g(a®, o) + @(F) — @(yF)] = (vF — b,y = 2F). (3.8)

Cong ba bat dang thitc (3.6), (3.7) va (3.8) (vé theo vé) , ta dudc

Melg(yF,7) + @(yF) — B(2)] > (25 — 2P, 2F —7) + (yF — 2P yF - 2P

— Ager[|2F = yF |2 = Apeally® — 252
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Tiép theo, ap dung dang thic 2(z,y) = ||z||> + |jy[|* — ||z — y||* v6i moi z,y € C,
dong thoi stt dung z € Sol(C, g, ®),y* € C va tinh don diéu clia song ham g, ching
ta thu ducc

0> 2\[—g(z,5") — D(y*) + ©(2)]
> 2\eg (v, 7) — @(yF) + ©(7)]

> 2028 — 2P 3 420k — 2Py — 2P — 2 er||aF — oF)1? = 20 eyt — 2K

k = k = k k k k k k
= [l2% — 2|2 + |I2F — 2® — 2* — 2P — [|* — 2P+ - 2P+ 112 - )
k||2

— 2zer|lz® — yF|2 = 20peallyF — 2
Bé6 dé 3.3. Vdi méiz € C, ta cé
2"t — z||? < |28 — 22— 2P = 2P 4 28, f (2R, @) — (R 2]

Chitng minh. Do 2%t = argmin{pf(z*,t) + &||t — 2| : t € C}, nén ton tai

wh € Oaf (2%, 2FF1) sao cho
0 € Bpw® 4 2P — 2F 4 No (o).

Hay
Bk + 28—k e N (ah L),

T dinh nghia nén phap tuyén ngoai va dudi vi phan, suy ra

<6kwk +oahtt 2k — xk+1> >0, Ve e

Brlf (25, x) — F(F, 2] > (B, 2 — ), Ve e C.

Cong hai bat dang thtc cudi, ching ta thu duge
26k[f (2%, ) — F(2F P 4 20T — 2K g — 2Ty >0, Ve e C. (3.9)
Ap dung déng thitc 2(a,b) = ||a + b||2 — |ja]|® — ||b]|? v6i moi a,b € H, ta c6
2BLF(F, ) — F(F, )] 4 2% — ]2 — ]k — 2FJ2 = o — )2 2 0, Va € C.
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Bo dé 3.4. Gid st z* la mot nghiém ciia bai todn BEP(C, g, f,®). Khi do,

2t — g < Oplle® — ) < (1= 78 12" — 2™,

trong do,
1
Yt = argmin {@ff(a:*,v) + §Hv — x*||2 T E C} ,
m
S = ZEiLi,
i=1

i = /1 - 2B+ 252

0 <7 <min{n, S},

0<ﬁk<mm{1 ?92 27}.

Chiing minh. Ta dat y*™' = argmin {8 f(z*,v) + §|lv — 2*||? : v € C}. Béng céch
tuong tu nhu trong chiing minh cia (3.9), ching ta ciing thu duge

Brlf(a*,z) — f(z*, ¥ D)+ @t — 2z —yf Y >0, vzec (3.10)
Thay thé x béi y**! € C trong (3.9), » bdi ¥+ € C trong (3.10), ta c6

Bl f (27, ) = f(F 2P )] 4 (P = 2F it — ah T

Bl f(a*, e T) — fa*, yF )] + (yf T — a*, 2P — gt

7

Vv

0,
0

v

Cong hai bat dang thiic cudi, va sit dung dang thitc 2(z, y) = ||z+y|>—||z||* = ||ly||?,
dan dén

0 < 28,[f (", yi*h) — f(5, PN 4 fa*, 2™ — fa*, )]
+ 2<xk+1 _ Lk k+1 i ,yf“ k+1>
— QBk[f( 7yif-l-l) f(zk’xk-l-l) —f—f(ill'* xk—l—l) . f( *,yf+1)] 4 ”Z —SL'*HQ

e kB a2 R 2 (31)

Theo gid thiét (C5), ta thu duge

FER YD) — f(a ) < (R 2%) —

M-

(R file =),

=1

f(x*,xk+1) . f(Zk,xk'H) < f(:c*,zk) .

M

<fz(x*,zk),fl(zk _ mk+1)>.

i=1



Sf( ) + f(z¥, P in:<fz ), fi(x* k+1)>

—Z<ﬁ<x*,zk>,ﬁ<zk —at ).

Cling tit gia thiét (Cs), tinh don dieu ctia song ham f: f(z,y)+f(y, z) < —nllz—y|?

v6i moi x,y € C, ta co

f( ,yf"H) f(zk,xk+1) —l—f(w*,mk+1) _ f( *,yf"H)

<l — a2+ 30 (FE ), R - ) i )
=1

< —nllF = 2P 4+ DDA IR = 2t = file = )
=1

m
< =il = ot S0 Lkl — a7l — R0 4 g

= —nf|eF —a*|P + S|P —at|F =M = P (3.12)
Két hop (3.11) va (3.12), ta thu duge

0< (1 —28m)l=" —2*|* + 28,5 2" — 2| 2" — 2™ —a* 4 i+

— a2 g g a2

= (1= 282" — 2*|* = (l2"*" = 2% — gf*! + 2% = BS|2" — 2*))?
S L E L Pl &
< (1 =28+ BpS?) 127 — 2| — ||la"+ — 1%,
T gid thiét
1 2n — 27’
0 <7 <min{n, S}, 0< fr < min gy (¢
suyra0§5k:\/1—25;€77+B,%S2<1—Tﬁk. [

B6 dé 3.5. Cadc day {«"}, {y*} va {z*} bj chan.

Chitng minh. Theo gid thiét song ham f don diéu manh, nén bai toan can bang
EP(C, f) c6 nghiem duy nhat. Ta goi nghiem d6 1a . Khi d6, v6i mdi g > 0, ta

pe

CcO

i = argmin{ﬁkf(fc,v) + %Hv—iHQ Lo € C}.
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Mat khac
1
y"*! = argmin {ﬁkf(:z:*,v) + §Hv —z?ve C’} :
Bing cach tuong tu nhu trong chitng minh Bé dé 3.4, ching ta thu duge
it = &) < Oxlla* — || < [la* — &)
Suy ra, day {y**'} bi chan. Do f lién tuc trén C, nén ton tai hing s6 (phu thuoc
x*) M(x*) > 0 sao cho
[F(" ] < M(2%), vk > 0.
Thay thé = bdi 2* trong (3.10) va st dung f(z*,2*) = 0, ching ta thu dugc

—Brf (@ ) + (T et -y > 0,

va do do6, ||yFt — 2*||2 < BpM(2*) < Bpp1 M (2z*) v6i moi k > 0. Ap dung BS dé 3.2
va Bo dé 3.4, ta ¢
12—y < (1= 78) |12 — 27|
< (1= 7B 2" — 2|
< (L=7B)lla™ — ol + (1= 78 [lyf — ¥

T

< (1= 780" — vl + 7y
]\7[ *
Smax{uxk—yfn,ﬂ}
:

Smax{uxl—yimM}.
:

Nhu vay, {z*} bi chan. Tit B6 dé 3.2, kéo theo ||2F — z|| < ||2¥ — z|| vA 0 <

Iy — 2¥2 < =t (lF — 22— [|2% — £[2). Do 6, {y*} v {z*} ciing bi chan. W

=0 va

Bo dé 3.6. Gid st day con {z"} C {z*} hoi tu yéu tdi &, lim ||yP — 2k
1— 00

lim [|z¥i+! — 2ki|| = 0. Khi dé, & € Sol(C, g, P).

1—00

Chaing minh. Do {z*} c C, 2% — & vA C déng yéu, kéo theo z € C.

ks Fil =0, suy ra y* — 7 va 2 — 7.

T lim [|z% — % = lim [jy% — 2
1— 00 71— 00

Lai ¢6 g thoa man dieu kién kieu Lipschitz v6i cac hang so ¢y, co, tiic la ta c6 bat

ding thec:

ka2, (3.13)

g(a® y*) + gy, 25) > g(ah, 2M) — er||2h — oM — oy - 2
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Nhan (3.13) v6i A, > 0 va sit dung (3.5), ching ta thu duge

Mo g (U, 25 = Ay, [=g (2™, g + g(a®, 27)] = Agealla® — ¥ (1 = A eally®™ — 252,
va
Me[g(y%, 2) + ®(x) — D(2F)] > A g(yFe, M) + (2K — 2k 2R —2)) Ve e
Két hop hai bat dang thic cudi, suy ra, v6i moi = € C ta c6
Melg(y¥, 2) + @(x) — ©(27)] > M g(yh, 2F) + (b — M o — 2F)
> N lg(ah, 25) — g(a®, g + (@b = 2N — 2P
— 1 g 2 — g7 = o Iyt — 2P

=0, {z¥} bi chan va tinh

Lai ¢6 lim Ay = A > 0, lim [|z% — o/
71— 00

= lim ||ykl — zki
k—o0 1—00

lien tuc yéu ciia g, cho qua gi6i han, ching ta thu duge
Mg(2,2) + ®(x) — ®(2)] >0, Vrel.

Do dé, & € Sol(C, g, D). |
Tiép theo, chiing t6i phéat biéu va ching minh dinh 1y hoi tu ctia Thuat toan
3.1.

Dinh 1y 3.1. Gid st rang cdc gid thiét (Cy) — (Cs) dugc théa man va cac tham
s6 théa man (3.3). Khi dé, cic day {z*}, {y*} va {z*} sinh ra t& Thuat todn 3.1
hoi tu manh téi nghiém duy nhat «* cia bai toan BEP(C, g, f, ®).

Chitng minh. Dt a; = ||z* — 2*||2. Ap dung cac B6 dé 3.2, 3.3 va 3.5, ching ta
thu dugce

2" — 2| < (2% = 2 = [l = 2R 28, f (2R, 2) — ()]
<l = a2 = (1= 2Men) [l = 2F(P = (1 = 22pe2) |27 — 2"
— |2F T = 2|2 4 28, [f (25, 27) — F(2R 2FTD] (3.14)
<la® = a2 = (1= 2Men)[ly" — 2¥[P = (1 = 22pe2) |27 — 2"

— ||l*Tt = 2F)? 4 28K, (3.15)

trong d6 K = sup,{f(z*, 2*) — f(2¥, 251} < +o0.
Ta xét hai truong hgp sau.
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Truong hop 1. Ton tai s6 nguyén duong kg sao cho ay,1 < aj v6i moi k > ko. Khi

a6, lim a = A < +oo. Tit (3.15) va ditu kien {N} € (a.0) € (0, min{gh, 55}),
suy ra

lim [|2% —2*|2 = A, lim ||y* —2%|| = lim ||2F —*|| = lim [|z"*1 —2%]| = 0. (3.16)
k—00 k—o00 k—o00 k—o00

Do {z*} bi chian, nén ton tai diy con {z*} ctia {¥} hoi tu yéu t6i z € C va thoa

méan déng thic

lipinf [£(2°, %) ~ 74, 24)] = lim [7(a",24) = f(H, 2],

k— o0 1—00

Két hop v6i (3.16), ta ciing c6 2%t — 2z, 2% — 7z va y% — 7. Ap dung B6 dé 3.6,
suy ra z € Sol(C, g, ) va

lim inf [f(m*,zk) - f(zk,xkﬂ)} = f(z%,2) > 0. (3.17)

k—o0

T gid thiét f don diéu manh véi hang s6 7, ta cé

liminf [f(z*, %) + f(F,2%)] < lim inf(—n||2* — 2*|?) = —nA. (3.18)
—00

k—o0

Két hop (3.16), (3.17) va (3.18), ching ta thu duge

lim inf [f(zk,x*) — f(zk,xkﬂ)} < —nA.

k— 00 -
Tiép theo, chiing toi sé chi ra rang A = 0.

That vay, giad sit A > 0. Khi d6, ton tai s nguyén duong kg > 0 sao cho

F(F 27y — f(F ) < _%, vk > ko, (3.19)

Thay = = z* trong B6 dé 3.3 va ap dung Bo dé 3.2, v6i moi k > ko, chiing ta thu
dugc

ka—l—l i x*HQ < “Zk o x*HQ N ||J,’k+1 . Zk||2 + 25k[f(2’k7$*) N f(Zk,Jfk+1)]

< [|l2* —a* | = BrnA.

Tic la, véi moi k > kg, ta co

k
a — ap, < —nA Z B;. (3.20)

Jj=ko
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Ma 37 By = +o0, két hop véi (3.20), ching ta suy ra duge liminf a, = —oo, dieu

— k— 00
nay ]{I:I_l;u thuan véi tinh bi chan cia {a;}. Nhu vay, ta c6 A =0, hay kh_g)lo ap =0,
ttic 1a {2} hoi tu vé nghiém duy nhat z* € Q clia bai toan BEP(C, g, f, ®).
Truong hop 2. Khong ton tai s6 nguyén duong kg sao cho ap.i < aj v6i moi
k > ko. No6i cac khac, ton tai sd nguyén duong kg sao cho ay, < ag,.1. Theo B

de 1.3 [60], Maingé de xuat day con {a, )} clia {a;} dugc xac dinh nhu sau
T(k) :max{z' eN:k<i<ka < aiH}.
Khi dé,
T(k) /‘ ~+00, 0< ar < Ar (k)41 Ar (k) < Ar(k)+1> Vk > k. (32]—)
Tt tinh khong gidm ctia {a, )} va Bo dé 3.5, dan dén ton tai gii han limy_,. a () =
M < +oo. T (3.15) va limy_, o, B = 0, suy ra

lim ||z7®F — 270 = Tim [|z7®) — " ®)|| = lim [|y7® — 7R =0.  (3.22)
k—o0 k—o0 k—o00

Lai c6 {z*} bi chan, béi vay ton tai day con ctia né hoi tu yéu vé z. Khong mat
tinh tong quat, ching ta gia st rang z™*) — z. Khi d6, 27®+1 — z. Thay k béi
7(k) trong (3.14) va két hop diéu kién (3.3) ching ta thu duge

26,y [f (270, &™) — f (270, 2%)] (3.23)

< ary — aryr — [l T2

— (1= 2hgyen) [y — 7O - (1= 20 gea) 270 — 272

<0.

Suy ra
FTR) gmRFL) _ p(m(R) 1) <0, (3.24)

Tt tinh don diéu manh ctia f véi hing s6 n trén C, ta co
nllz™® —a*|? < — (270, 2%) — f(ar,2TW). (3.25)
Két hop (3.24), (3.25), gia thiét (Cy) va Bo dé 3.6: € Sol(C, g, ®), chiing ta c6
plimsup [|27® — %2 < limsup | —f(z7®), z7®F1) — f(z*, 27#)
k—o0 k—o0
=—f(z,z) — f(2*,7)

<0.
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Nhu vay, limsupy_,.. [|27® — z*|| = 0. Mat khéc, tit (3.22) dan dén

0. Jim g = Jim o7 — ) < Tim [+ - o704 74 02 ] =0,
—00 k—00 k—o0

T d6, suy ra klim arky = 0. Ma theo (3.21) ta c6 0 < ag < argy41 — 0 khi k — oo,
—00

Vay dinh 1y dugc chiing minh. [ |

3.3 Ung dung cho mo hinh can bang kinh té Nash-Cournot

Ta c6, néu [jy* — 2| = 0 thi ¥ € Sol(C,g,®). Xét H = R" va song ham
f:R" x R" —» R, dugc gi6i thiu lan dau trong [75], ¢6 dang

f(z,y) = (F(z) + Qu+q,y — x), (3.26)

trong d6, A 1a ma tran n x n, B 1a ma tran phan ddi xing n x n, D 1a ma tran
duong chéo n x n v ma tran Q = AAT + B + D dugce cho trong [9] va ¢ 1a mot
vec to trong R”, € > 1+ |Q||. Anh xa F dudc cho béi

F(z) = (Ex1 + Exg + sin(zy), —€x1 + Exg + sin(z), (€ — Vs, ..., (€ — 1)zy,).

Cac ma tran P, P dudc chon sao cho P d6i xting, nita xac dinh duong va P — P

ntta xac dinh am. Song ham gia thi hai ¢ va tap chap nhan duge C duge cho bdi
g(z,y) = (Px+Py+py—=x), C={zeR": -1<x <1, Vi=1,.,n} (3.27)

Chon ham 161 ®(z) = (Ez,z) + (b, x), trong d6 E € R™ ™ la ma tran nita xac dinh

duong va b € R™. Anh xa F vA cac song ham f, g c6 cac tinh chit sau:
e Trong [75], cac tac gid da chi ra song ham ¢ don diéu va lién tuc, v6i mdi
z € R, g(x,-) 16i v& kha dudi vi phan trén R”, théa méan diéu kién kiéu

Lipschitz v6i cdc hing s6 ¢; = cp = §||P — P|.

e F lien tuc Lipschitz trén R” véi hiing s6 1/2(2¢2 + 2¢ + 1), don diéu manh
v6i hing s6 (¢ — 1) (trong [14]). Diéu nay suy ra hing s6 don di¢u manh

ciia f 1a & — 1 - QI

Bay gig, ching toi sé chi ra f thoa man diéu kién (Cs). That vay, tir (3.26) suy ra

fla,y) + fy.z) = f(z,2)
:<F(I)+Qy+q,y—x>+<F(y)+@z+q,z—y>—<F(m)—|—Qz—|—q,z—x>
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= (F(y) = Fla).2 =) + (z = 4.Q(= ~ )
= (Aile.). fily =) + (Blay). foly = 2)),

trong do,

file,y) = Fy) — F(z), pola,y) =2 —y, fily —2) =2 —y, oy — 2) = Q(z — y).

Khi d6, fi(z,y) + fi(y,2) =0 Va,y € R, L1 = \/2(22+2¢+ 1), Ly =1, L1 =
1, Ly =[|Q] v& § = /2(28 + 26+ 1) + [|Q||.

Cac tinh toan sau duge thuc hién bsi Matlab R2014b chay trén Laptop In-
tel(R) Core(TM) i5-3110M CPU@2.40GHz 2.40GHz 4Gb RAM.

Vi du 3.2. Xét trong R®. Tap rang buoc C, cic song ham f va ¢g duge cho theo
(3.26)-(3.27), trong d6 I 1a ma tran don vi, P = 2P + I, cdc ma tran A, B, D, P

va véc to ¢, b duge chon mot cach ngau nhién

(210 1 -1) [0 1 2 1 1) (2 [0)
1 21 0 2 -1 3 2 0 2 3
A=lo 13 1 2|, B=|=2 2 1 1 =3|.q=|-4|b=]5
0 13 1 0 10 -11 0 1 7
\2 01 -1 3) \1 -2 3 0 5 ) ~2)
500 0 0) (1000 0)
030 0 0 0300 0
p=10012 0 0|.E=|0050 0|,
00 0 15 0 0007 0
\0 0 0 0 22 \000010
(1200 0) 7))
2400 0 1.5
p= 070 1|, P=2P+Ip=]| 2
0009 0 -5
\0 0 10 55) 9

Gia tri rieng nho nhat ctia Q 1a 10.2313, chuan clia Q la 58.9677. Ching toi chay
Thuat toan 3.1 v6i e = 1073, cac tham s6 &€ = 61,np = & — 1 —||Q|, Vk > 0. Két
qué tinh todn dugde thé hién trong Bang 3.1



Bang 3.1: Thuat toan 3.1 vdi diém xuat phat 20 = (

khac nhau.
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teipeob. & P Mk No.lisr.  CPU-Times/ssc
1 56 SQ(I?H) S ITR 4 0.8281
2 o0 52(/z;7+2) e TITIOR 3] 1.2813
3 89 52(221372+2) Ter v 6 1.4291
4 61 52(2133+20) e TL00TE 14 2.8125
5 & SQ(kg i]Hoo) serisorsE 20 3.7813
6 80 SQ(kgj—l?u?,) eTI0TE 23 4.4219
[ SQ(kgilE)O) ST I00TR 15 2.6875

) Y Y )

Test Prob.

Start. point

No. Iter.

CPU-Times/sec

N O Ot = W N

(0,0,0,0,0) 26
(1,0,0,0,0) 13
(0,0,0,0,1) 8
(1,0,0,0,1) 13
(0,1,1,1,0) 15
(0.8,1,1,1,0) 14
(0.8,0.5,0,1,0) 11

3.7500
2.6406
1.7656
2.8594
3.1719
2.6250
1.7813

1,1,1,1,1

) va cac tham sb

Bang 3.2: Thuat toan 3.1 v6i cac diém xudt phat khac nhau, véi tham s6 A\, =

1 _
2¢14+200° B =

2n

52 (k24150) -
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Vi du 3.3. Xét bai toan BEP(C, g, f,®), trong d6 & = 0, tap rang buoc C va cac
song ham gia f, g duge cho béi (3.26)-(3.27). Trong vi du nay, ching t6i so sénh
Thuat toan 2.1 véi Thuat toan ESA (trong [18]). V6i mdi A, B, P, ¢ va p dugc tao
ra mot cdch ngau nhién véi gia tri thuoc (—3,3), chon ¢ = 58, Ma tran dudng
chéo D duge tao ra ngau nhien tur (0,1), P = 3P + I trong d6 I 1a ma tran don
vi. Cac ham dugce sit dung trong Matlab:

A =6x*rand(k,k) — 3; B = skewdec(k,1), D = diag(1 : k);
Q = Axtranspose(A) + B + D; P = symdec(k,1); 1 = eye(k); P =3% P+ 1.

Két qua so sanh dugc ghi nhan trong Bang 3.1.
Tham s va dit lieu trong mdi thuat toan dude chon nhu sau:

dimg [lz**1 — 2¥]| < ¢;

— Thuat toan ESA: n = 5+ ||Q|, & = kQ;HO,)\k = 200, 8, = ﬁ v6i moi
ke N. Khi d6, u* € daof(y*, ") = {F(y*) + Qy* + ¢}, 0" € dag(a*,2") =
{(P+ P)a* + p}, va diéu kién dimg ||zFT! — 2F|| <e.

Trong ca hai thuat toan, ching ta déu sit dung diém xuét phat giéng nhau la
2% = (1,1,...,1) nhung ta chon s6 chiéu n khac nhau. Két qua so sanh dugc thé
hién trong Bang 3.3. Ching ta thay rang trong vi du nay s6 vong lap va thoi gian

tinh toan ctia Thuat toan ESA 16n hon so véi Thuat toan ching toi dé xuat.

Két luin Chuong 3

Trong chuwong nay, ching t6i ap dung phuong phap dao ham tang cuong cho
bai toan can bang hai cap BEP(C, g, f, ®) v6i mién rang buoc can bang hon hop.
Cac két qua chinh thu duge nhu sau:

(a) Dé xuat thuat toan dao ham ting cudng cho bai toan BEP(C, g, f, ®) trén
khong gian Hilbert H, tai mdi bude lip ctia thuat toan, ching toi chi can

gidi ba bai toan toi wu 16i manh.

(b) Chting minh sy hoi tu ctia day 1ip sinh ra bdi Thuat toan 3.1 vé nghiem
duy nhat ctia bai toan BEP(C, g, f®) dudi cac diéu kien thich hop.
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Thuat toan 3.1 Thuat toan ESA

PI"ObleIn Dlm NO No. Iter. CPU-Times/sec No. Iter. CPU-Times/sec

1 k=25 27 4.7500 14 1.4688
2 k=35 46 7.7656 12 1.3906
3 k=10 64 12.2813 148  20.2969
4 k=10 52 9.6875 36 3.7969
5 k=15 75 15.2031 76 9.1875
6 k=15 70 14.3125 113 17.2188
7 k=20 80 175938 360  56.4844
8 k=20 76 16.8125 281  43.9688
9 k=25 79 19.1094 126  20.3281
10 k=25 78 18.9063 409  54.6601

Bang 3.3: Két qua so sanh ciia cidc Thuat toan 3.1 va Thuat toan ESA véi
e=1073.

(¢) Ung dung thuat toan cho mo hinh can bing kinh té Nash - Cournot vi so

sanh két qua v6i mot sd thuat toan trude do.
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Chuong 4

NGUYEN LY BAI TOAN PHU DC

Nguyén ly bai toan phu duge dé xuat lan dau tien bdi Cohen [36] cho bai
toan toi wu. Sau d6, tac gid [37] md rong cho bai toan bat dang thiic bién phan
va né da tré thanh mot cong cu hitu hiéu cho viéc phan tich, phat trién cac thuat
giai cho céc bai toan téi wu noéi chung va bai toan bat dang thic bién phan néi
rieng [15, 16, 36, 37, 39, 49, 81]. Gan day, G. Mastroeni [63] da st dung nguyéen

Iy nay cho bai todn can bang don diéu manh:

Ve Ok =0;

2" = argmin{\ f (2%, y) + 3|ly — 2F|? : y € C}.

Tuy nhién, cac day lip trong thuat toan nay co thé khong hoi tu, khi 4nh xa gia
don diéu hosic gid don diéu. Dé khic phuc diéu nay, T.D. Qubc va cong su [75]
mé rong phuong phap dao ham tang cuong ctia G.M. Korpelevich [54] giai bai

toan can bang don diéu. Day lip c6 dang sau:

2V eC k=0
y* = argmin{\ f(z*,y) + 3lly — 2*|?> : y € C}

2F 1 = argmin{\ f(y*,y) + 3|ly — 2¥||2 1 y € C}.

Tai mdi budce lap, thuat toan gidi hai bai to6i uu 161 manh.

Trong chuong nay, véi viec két hop nguyén 1y bai toan phu néi trén véi ki
thuat phan tich DC cho viéc tim nghiém ctia bai toan bat dang thic bién phan
affine. Ching t6i giéi thiéu phuong phap nguyén 1y bai toan phu DC, giai bai
toan can bing trén tap nghieém bai toan bat déng thiic bién phan affine. Noi dung
chinh ctia chuong nay duge viét dya trén bai bao [CT3] trong danh muc céc cong

trinh lien quan dén Luan an.
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4.1 Nguyeén ly bai toan phu DC

Cho C 1a mot tap con 16i déng khac rong ctia khong gian R”, f: C x C — R
& mot song ham gia thoéa man diéu kién can bang f(x,2) = 0 v6i moi z € C, va
G 1a mot toan tit tit C vao R”. Bai toan can bing véi rang budc bat dang thiic
bién phan dugce dinh nghia nhu sau:

Tim z* € Sol(C, @) sao cho f(z*,z) >0, Vz € Sol(C, G), (4.1)

trong do,
Sol(C,G) :={z € C: (G(z),y—x) >0, VyeC}, (4.2)
voi G : C — R" la anh xa affine cho béi G(z) = Qz + ¢, C = {z € R" : Az > b},
v6i ma tran Q € R™ ™ d6i xitng, ma tran A € R™*" v cac véc to ¢ € R", b € R™.
Khi ¢ = 0, trong [44], cac tac gid da chi ra rang ma tran @ 1a ma tran gia don
diéu trén C tuong duong v6i G la gia don diéu trén C.
Xét bai toan quy hoach toan phuong sau day

N —

min {fo(a:) == (Qx,x) + (¢, x) 1z € C} : (4.3)

Dinh nghia 4.1. Mot phan t& 7 € R” duge goi 1a mot diém KKT (Karush-
Kuhn-Tucker point) ctia bai toan (4.3) néu va chi néu ton tai véc to A € R™ sao
cho

QT +q—A'A=0, Az>b, >0, (A7 —b)"A=0. (4.4)

Nghiém clia clia bai toan bat dang thitc bién phan Affine VI(C,G) c6 lien
quan mat thiét véi diém KKT ctia bai toan quy hoach toan phuong thong qua

2 X
bo dé sau.

BO dé 4.1. [45, tr. 834] Mot phan i & € C la nghiem ciia bai todn VI(G,C) néu

va chi néu né la diem KKT cia bai todn (4.3).

Mit khac bai toan (4.3) lai ¢6 the phan tich nhu sau
min {fo(x) = %(Qx,:@ +{g,x):x € C’}
= min {g(z) — h(z) : 2 € R*},

trong do,

g(x) =5((pI + Q)x,z) + (g, ) + dc();

N —
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1 »
h(w) =gpllzl* p >0 v6i p > —m1(Q).

Do d6, chiing ta cé thé sit dung ki thuat phan tich DC vao tim nghiém cho Bai
toan bat déng thic bién phan affine. D6 ciing 1a co sé dé ching t6i xay dung
thuat toan st dung nguyén ly bai toan phu DC cho bai toan (4.1). Thuat toan

ching toi dé xuat véi mot s6 gia thiét dat ra nhu sau:
(D1) Anh xa G gia don diéu, song ham f 1a don diéu manh véi hing s6 8 > 0;

(D2) Song ham f théa man dieu kién Lipschitz ([64]) v6i hang s6 k := Y., L; K;,
trong d6 x > B3, nghia la, ton tai cidc hing s6 L; > 0 va K; > 0, cic anh xa

a:CxC—Cvaaq;:C— Csaocho, véi moi x,y,z € C,ie{l,...,r},

fxy) + fly,2) > f(z,2) + Z@(%y)?@i(fy —2)),

ai(z,y) +ai(y.z) =0, |ai(z,y)| < Lillz -y,
léi(z) — as(y)|| < Kil|z — y;

(D3) Ham f(x,-) 16i v6i mdi x € C. Moi day {y*} ¢ C théa man y* — d, ta co

f(dy")]

lim sup =]

k—o0

< +00;

(D4) Chon céc tham s6 théa man

2 _ 24,2
n>max{—671(Q),u,K HQQH, 27'1(@)(25 K )}’ (4.5)
p B
. 2(8—1)
0<71< mln{ﬁ, \/5/4/}, 0<ap< m, (46)
Z ap = +oo, lim ap =0, (4.7)
k—o0
k=1
Q + nl 1a ma tran xac dinh duong . (4.8)
Cho ma tran
(9 1 —20 ... 0 —10)
1 -5 7 0 -7
-2 7 6 0 0

0O 0 0 0 ..6 3
\_10—70

o
w
|
©

nxn
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v6i n = 10, ta c6 cac tham s6 x = 3,9226,5 = 0,1409,n = 210, oy, = 2k+30 thoa
man cac dieu kién (Dy).

Thuat toan ctia ching t6i dé xuat dude mo ta nhu sau:
Thuat toan 4.1. (Thudt todn nguyén ly bai toan phu DC)
Khdi tao. Lay diem z° € C bat ky, e > 0, gan k := 0

Buode 1. Tinh

1
y¥ = argmin {§(Qx,x) + (q,x) + ng — )2z e C’} . (4.9)

Bwvoe 2. Tinh

. 1
" = argmin {akf(yk,y) +5ly—y"* v e C} : (4.10)

Bude 8. Néu ||2F*! — 2F|| < € thi thuat toan ding. Ngugc lai, gdn k := &k + 1
va quay tré lai Budc 1.

Chii y 4.1. (4.9) c6 thé duge viét lai nhu sau:

y —argmm{% Qr,x) + m)+g|]a:—xk\|2:x60}
= argmin {% Qz,z) + (q,x) + g(HxHZ — 20z ) + kaHQ) tx € C’}
—argm1n{%< Q + nl)x, x>—|— q, n(xk,x>—|—ngk|\2 xEC}
_argmm{%< Q+nl)z,x) + (g, 2) + dc(x) — [n(xk,x—xk> + 727||xk|| ]}
—argmm g(x) — [(wk r—x )—i—h(a;k)}}, (4.11)

trong d6 wh € oh(a*), g(x) = 3((Q +nl)z,z) + (x,q) + dc(x), h(z) = Fnlz|?
I € R™" Ja ma tran don vi, n # 0 va n > —7(Q).

D@ thay, (4.11) chinh la thuat toan DC trong [5] cho bai toan
mgn{l(x) = g(z) — h(x)}.

Day ciing chinh 1a 1y do ma thuat toan ching toi dé xuat trén dudc goi 1a k¥
thuat bai toan phu DC.
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4.2 Dinh Iy hoi tu

Trong muc nay ching toi sé phat biéu v ching minh dinh 1y hoi tu cta

Thuat toan 4.1 vé nghiém ctia bai toan (4.1) dudi nhitng gi& thiét thich hop.

Dinh 1y 4.1. Gid st cac diéu kién tw (D1) dén (D4) dugc théa man. Khi dé, cdc
day {2*} va {y*} sinh ra tw Thuat todn 4.1 hoi tu tdi nghiem duy nhdt cia bai
toan (4.1).

Chiing minh. Dinh 1y duge chiing minh thong qua cac khang dinh sau.
Khang dinh 4.1. Goi z* 1a nghiém ctia bai toan (4.1). Khi do,
Iy = 2 < o — 27| = 1" - ¥

That vay, véi modi n > —271(Q) > 0, tir y* 1a nghiém duy nhat ctia bai toan 16i
manh (4.9), theo diéu kién can va du cho diém t6i wu clia bai toan quy hoach 16i
[79, Dinh 1y 27.4], ta c¢6

—Qy* — q—ny" +nz* € No(y").
Theo dinh nghia ctia nén phap tuyén ngoai, suy ra y* théa man bat dang thic
Qv +q+ny —na® 2 —y*) >0, vzeC. (4.12)

Do z* 1a nghiém duy nhat ctia bai toan (4.1), suy ra (Qz* + ¢,y — z*) > 0 v6i moi
y € C, G don dieu trén C, lai c6 y* € C, nén ta c6 (Qy* + ¢,y* — z*) > 0. Thay
thé z bdi z* € C trong (4.12), ching ta thu duge

n(y" —2F yF —2*) <(QvF + ¢, 2" —yF) <0
Két hop diéu nay va dang thic
(a,b) = %(IICLH2 + oI = lla—bl*), Va,beR",
dan dén
n(yt =ty =2t = 2 (IlF = M2+ Iyt — a2 - ot - 2)?) <0,
Theo gia thiét n > 0, suy ra
ly* — 2| < fla* —27|* = ||y* — 2*|%.

Vay Khang dinh 4.1 dugc chiing minh.
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Khang dinh 4.2. V6i z* 1a nghiém ctia bai toan (4.1), ta c6

k %12 n k 12 Ui k k2
— ') < ———2" = 2| - ——————||2" — :
It =[P < g et =~ et o
va
(2P — b P ) < [f(yk,x) - f(yk,xkﬂ)} , Vo e C. (4.13)

That vay, tit z* 1a nghém duy nhét ctia bai toan (4.1), nén ta co cac bat dang
thtc

f(z*,2) >0, Vz € Sol(C,G) va (Qz* + ¢,y —2*) > 0, Vy € C. (4.14)

Do y* € C va 2* € Sol(C, G), suy ra (Qz* + ¢,y* — 2*) > 0. Thay z bdi z* € C
trong (4.12), ching ta thu duge

(QuF + g+ ny* — na®, 2" — ) = (QUF — 2%), 2" — ¢F)
+(Qz* + g, 2" —y") +nly* — 2, 2% —yF) > 0.
Két hop diéu nay véi (4.14), ta c6
(Q+nD) (" — %), 2" — &) +nlly* — 2*||> + n(y* — 2%, 2* — ) > 0. (4.15)

T gid thiét (Dy), ta c6 (Q +nI) la ma tran xac dinh duong , nghia la, ((Q +
nl)x,x) > M|z|? véi moi z € R™. D& thay A =+ 7(Q).
Ap dung déng thitc

1
(@5 = & (la=+ b2 = all* = [b]?) . Va,be R, (416)
cho a := y* — 2% b:= 2* — y* trong (4.15), ta thu dugc
20 = Mly" = 21 + 0 (12" — 21 = [ly* — 2> = Iy* — ")) > 0.

Do do6, két hop véi A =7+ 71(Q), ta c6

* n * n
ly* — 2% < 2/\—_H~’Uk— H2—2>\—_Hl‘k—3/k||2
n * n
= n+2—ﬁ(Q)HfL’k—x Hz—mﬂxk—kaQ- (4-17)

Ap dung Dinh ly 27.4 trong [79], ching ta thay réing %! 1a nghiém ctia bai toan
quy hoach 16i (4.10) khi va chi khi

1
0€d|arf(y*,)+ CLE —y |7+ 0c () | (),
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trong d6 6¢ 1a ham chi cta tap C. Khi do, ton tai wh € of(y*,-)(aF+1) va o €
Ne(2%+1) sao cho

0 = apw® 4+ 21 — ¥ 4ok, (4.18)

Theo dinh nghia ctia nén phap tuyén Ng, suy ra
(W* -2y <0, VYred.

Két hop diéu nay véi (4.18), ta thu dugce

(yk — agw® — 2P — mk+1> <0, VxecC.
T wh € of (v, ) (1), ta co
ak[f(yk,:c) - f(yijk—kl)] > ak<wk,x . xk+1> > <yk o :I:‘k+1,:c . xk—H). (4.19)

T do, ching ta thu duge
<xk+1 - ykaxk—i—l - (L’> < Qg [f(yka $) - f(ykaxk—i—l)] .
Khang dinh 4.2 dugc chitng minh.

Khing dinh 4.3. V6i mdi k € N, ching ta dinh nghia anh xa S, : ¢ — C nhu
sau
. 1
Sk(z) := argmin {akf(:zf,y) + §Hy —z|*:y e C} , Vo e C.

Khi do, S; la anh xa co, nghia la ta c6

15k (=) = Sk < Apllz = yll, Va,y € C,

trong d6 Ay = /1 — ax(28 — agk?) < 1 — 7oy,
That vay, tit f thoa man diéu kien lién tuc kiéu Lipschitz, suy ra
£ (v, Sk()) + £ (Sk(y), z)
> 1)+ 3 (s S0)), (i) — )
=1

> fly,z) — Z |<54i(y7 Sk(y)), ai(Sk(y) — x)>|

> f(y,x) - Z @iy, Sk)|| ||@i(Sk(y) — )|
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> f(y,0) = 32 Lk [ly = Se)]| | Sk(w) <

> f(y,x) - (% ZLiKz) |y — Sk(?/)H2 - (% ZLiKi> Sk (y) — $H2
= fx) = 5 [l = S = 5 1Sk(w) — =",

trong do k := 22:1 L;K;. St dung tinh don diéu manh cua song ham f, chung ta
thu dugce

Fly,z) = f(y. Sk(y))
< J(Sk(v). 1)+ Slly = SeWIP + 515k () - al?

< (@, Sk() = BISk(y) = 2l” + Slly = Se@)IP + 315k w) - I

Bing cach két hop dicu nay véi (4.13) va sit dung dang thiic (4.16), chiing ta thu
dugc

156(y) = =% + 1Sk (y) = > = ly - =|*
= 2(Sk(y) — v, Sk(y) — x)
< 20y [ f(2, Sk(y)) + slly — Se() I + (5 — B) 1Sk (y) — «l|?] -

Twong duong véi

[+ 204(8 = w)][1Sk(y) = 2l* < lly — 2/* = (1 = 20p)lly — Sk ()||* = 200.f (x, Su(y))-
(4.20)
Ly luan tuong tu trong (4.13), ta co

(Sk(y) =y, Sk(y) — Sk()) < o [f(y, Su(@)) = f(y, ()]

(Sk(z) =z, Sk(2) — Sk(y)) < ar [f(z, Sk(y)) — f(x, Sk(2))]-

Cong hai bat dang thiic cudi (vé theo vé), chiing ta thu dugc

(Sk(y) —y — Sk(x) + 2, Sk(y) — Sk(x)) < o [f(y, Sk(x)) — f(y, Sk(v))

Do do,

15k (y) = Sk(@)II” < (y — , Sk(y) — Sk()) + ar [f(y, Sk(x)) — £y, Sk(y))
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T f Si(y)) — £l Sy(@))]
= 2 (ly =21 +154() — Se(@)IP ~ Iy — = — Selv) + Se()|)

+ oy [f(y. Sk(2)) — f(y, Sk(y)) + f (2. Sk(y)) — flz, Sk(x))].
(4.21)

Do f théa méan dieu kien kiéu Lipschitz, nén ta cé
i=1

va

e, Sk(x) = fy, Se(2)) = = f(y,2) + Z(O‘zi(y, ©), di(w = Sk(z)))-

St dung tinh f—don diéu manh ciia f va cong hai bat ding thiic cudi véi nhau,

ching ta thu dugce

F(y: Sk(y)) = £, Sk(y)) + f(z, Se(@)) = f(y, Sk(w))

> —fle.y) = fly2) + Y (@i(r,y), @iy — Si(y)) — dile = Sp(2))))

i=1

> Blly — 2l =Y llai(@, v)[a:(y — Sk(y)) — dilw — Si(x))]]

=1

> Blly — 2l =Y LiKilly — z]llly — Sk(y) — = + Sk(z)]|
i=1

= Blly — =|I> — lly — zlllly — Sk(y) — = + Sk(2)]]. (4.22)
Béng cach két hop (4.21) va (4.22), ta ¢
ly — =1 > 1Sk (y) — Sk(@)I* + 1Sk(y) — Sk(z) —y + |
+ 204, (Blly — 2 — &lly — 2|llly — Sk(y) — = + Si(2)|])
> [1Sk(y) = Se(@) 1> + (ly — Sk(y) =z + Se(2)]| — arklly — 2|)?

+ (28 — apw®)|ly — =||?
> [|Sk(y) = Sk(2) 1> + k(28 — arn®)ly — .

T do suy ra,

15k (y) = Sk(@)[* < [1 — (28 — axs®)]lly — ||
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va do do
15k (y) = Sk(@)Il < Aplly — 2l < (1 = 7an)lly —=ll, o,y eC.
Bat dang thiic cudi duge suy ra tit didu kien (4.7). Vay ta c6 Khang dinh 4.3.

Khing dinh 4.4. Ton tai s6 thuc (phu thudc vao z*) M(z*) > 0 va s tu nhien
duong kg sao cho

[o*4! — | < (1= ray) [la* = "> = [lo* —o*IP] + ZE8(2")?, Yk = ho.
That vay, 4p dung Bo6 dé 1.5 cho cac dit lieu sau:
X:=C,Y:=C, Gx):=C, Vz e C,
y =y, W(z,y)=—apf(z",2) - %H%’ — "%,
ching ta thu dugce
M(ay) = argmax{W(z, o) : x € C'}
= argmin {akf(x*,x) + %Hx —z*|? iz e C}
= {Sk(=")}.

Khi d6, M lién tuc va klirgo Sk(z*) = 2*. Do f lién tuc trén C, béi vay klirgo f(z*, Sp(z*)) =
f(z*,2*) = 0. Theo gid thiét (Ds), ton tai hang s6 M (z*) > 0 va s6 nguyen duong
ko sao cho

(2", Sp(a"))| < M(2")|[Sk(2") — 2™[|, Yk > ko.

Bing cach tuong tu nhu (4.13) vé6i oF1 := Si(2*), v* := 2* vA 1= z*, ching ta
cting thu dugc

—apf(z", Sk(z™)) + (Sk(z™) — 2™, 2" = Si(z™)) >0, k> ko,
trong d6 f(z*,z*) =0, va do do
1Sk(2*) = 2*)1* < ag[—f (2", Sp(a*))] < el (%) S (2*) — 2*||,  Vk > ko.

Kéo theo
|Sk(z*) — 2*|| < apM(2*), Vk > ko.
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Tiép theo, stt dung tinh co ctia Sj, va bat dang thic tam gidc, véi mdi k > ko ta

pe

CcO

2"+ — &) = 1Sk (y*) — =¥
= [1Sk(y*) = Sk(*) + [Sk(z*) — 27|
< 1Sk (y*) = Sk(@)|| + 1Sk (") — 2*|
< (1= rog) o — '] + 0 (). (1.23)

Két hop diéu nay véi Khang dinh 4.1, dan dén
2" — ¥ < [(1 = 7an) 9" — 2| + M ()]

2
1 -
=|(1- TOék)Hyk — || + Tay ;M(:r;*))]

IN

(1= rag) |y — | + =20 (a")?

* Qg = *
< (1 —7ap) [[la* — a7 |P = |l — 7] + (7).
Vay Khang dinh 4.4 dugc chitng minh.

Khang dinh 4.5. Néu ton tai giéi han A = Jim |zF — 2% < oo, thi ta c6 cac
— 00
khang dinh sau :
(4.5a) lim 2% — y¥|| = 0;
k—o0
(4.5b) Hai day {z*} v& {y*} cting hoi tu vé diem z € Sol(C, G).

That vay, tit Khang dinh 4.4, suy ra
ly* — 2¥|2 < [k — 2% = 25 — 272 + ZEhr(a")2.
T

Do lim a; =0 vd A= lim ||z — 2*||2 < o0, kéo theo
k—o00 k—o00

lim ||z* — 4*| = 0.
k—o00

Khang dinh (4.5a) duge chitng minh. Mt khéc, tit (4.14), y* 13 nghiem duy nhat
ctia bai toan bat ding thic bién phan véi anh xa gia don dieu manh xac dinh
béi: x — (Q+nl)x +q—nz* trong d6 I 1a 4nh xa don vi, suy ra y* ciing 14 diém
bat dong duy nhat ctia 4nh xa chiéu Po {x — 3@+ nD)z+q - nxk]} Dudi cac

dieu kién n > 0 va n > —71(Q) v6i moi k > 0, ching ta c6

y* = Po {yk — % [(Q +nI)y* + q —na"] } - (4.24)
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Tu (4.24), suy ra
1
1y — || = HPC {yk—H - [(Q D)y g — nxkﬂ]}

~ P {y’“—% [(Q+n1)yk+q—nx’“}} H

IN

1
o . [(Q Fpl)yf g nxk—l—l} _

[(Q+nI)y" + ¢ — na*]

dlr—t

QI
e i el LA |

Do do,
k+1_ k

yrll <
HQH
Dé y rang, tit dicu kieén (4.5) va x > £ clia (Dy), suy ra n > ’QQEQQH > [|Q||. St
dung Khang dinh 4.3, 2% € C va 2" = Po[y* — pap F(y*)], chiing ta thu dugc
2% = Po(2F) va

ly l* = . (4.25)

|2 — ¥ = || Poly* — poarF (y*)] = Po(2")]]
< |lv* = nanF(y*) — ||
< ||y = ¥ + parl F ")

Cho qua gi6i han v6i k — oo, stt dung tinh bi chan ctia {¢*} va Khang dinh (4.5a),

dan dén
Mgk =0

lim ||z

k— o0
Theo (4.25), ching ta cing c¢6

lim [jy"*! = y¥|| = 0.

k—00

Két hop (4.24) va tinh khong gian ctia Pg, ta c6

1
y* — Po lyk - E(ka + Q)] H

= lly* — 2. (4.26)

Pc {yk—% [(Q+nf)yk+q—77xk}} ~feo lyk_l(ka+q)} H

1
yk—;[(@+n1)yk+q—nw}—y += (Qy +4q)
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T klim ly* — 2%|| = 0 v& (4.26), suy ra
—00

) 1
lim ||y* — Po[y — =(Qy* + ¢)] | =0.
k—oo n
V6i mdi e > 0, ton tai s6 kg € N* := {1,2,...} sao cho
k PR Yo"
y" — Fo ly —E(Qy +Q)} <€, Vk > ko.

Theo B6 dé 1.6, ton tai [ > 0 sao cho

d(y*,Sol(C, @) < 1||y* — Pe [y’“ —~ %(ka + q)] H . k> ko

< lly* — "

— 0 khi £ — oo.

Trong d6 bat dang thiic cudi c6 duge tit (4.26). Do Sol(C, @) 1a tap dong, khac
réng, nén ton tai diém z¥ € Sol(C, @) sao cho d(y*,Sol(C,G)) = ||y* — 2*||. Didu
nay dan t6i klim |y* — 2F| = 0. Sit dung (4.24), tinh khong gian ctia Po va

— 00

S — P {yk+1 B %[(Q D)yt g — mkﬂ]} ,
ching ta thu dugce
12550 = 2R < 22— M M =+ T - 2
N HPC {yk+1 B %[(Q T nkarl]}
~ P {y’“ —% [(Q+n1)yk+q—nxk}} H +ly* = 27|
<[] — B Hyk—i—l _ % [(Q ol g — m:k+1} _
+% [(Q+nD)y" + ¢ — na"] H + |ly* = 2|
= I = | = QU = ) + (@ - )|+ - S
e B P e PR
— 0 khi &k — oo.

O d6 bét déng thic cudi c6 dugde tir tinh bi chan ciia {y*F} va {z*}, klim |y — k|| =
—00

lim Hyk — zkH =0 va lim kaﬂ — ka =0.
k—oo k—o0
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Do G gid don di¢u nén tap nghiem Sol(C,G) chi bao gom mot thanh phan lien
thong chinh 1a Sol(C, G). Két hop Bo dé 1.7 va klim |28+ — k|| = 0, dan dén ton
—00

tai s6 ko > 0 v hang s6 ¢ sao cho
2 € Sol(C, Q) va fo(2F) = ¢, Yk > ko, (4.27)

trong d6 ham s6 fy dugc cho trong (4.3). St dung lim |y* —2%|| = lim ||y* —2F|| =
k—o0 k—o0
0 va (4.27), suy ra ton tai s6 thyc f. 1a cyc tiéu ctia bai toan min{fo(z) : z € C}
thda man klim fo(z%) = f.. Tt sy hoi tu ctia {z¥}, dAn dén ton tai 7 € Sol(C, G)
—00
v klim |z* — Z|| = 0. Do d6, c& hai day {z*} v {*} hoi tu vé cling mot diem
—00

z € Sol(C, @). Nhu vay, Khang dinh (4.5b) ciing dugc chitng minh.

Khang dinh 4.6. Céc day {z*} va {y*} ciing hoi tu vé nghiém z* ctia bai toan
(4.1).

That vay, ta dat a = [|2¥ — 2*||? v& xét hai truong hop sau:

Truong hop 1. Ton tai kg € N sao cho a1 < aj, v6i moi k > ky. Trong truong hop
ndy, gidi han ctia day {||z* —z*||?} ton tai va kh_}rgo |z¥ —2*||> = A < co. Theo Khang
dinh 4.5, ta c6 kh_}Igo 2% — || = 0, {z¥} va {y*} cing hoi tu vé z € Sol(C,G). Tu
tinh don diéu manh clia f, ta c6 f(z*, 1) + Blla*+t — 2|2 < —f(2+1 2¥). Didu
nay ciing v6i Khang dinh 4.4 suy ra

lim f(z*, 2" = f(z*,2) >0

k—o00
va do do,

lim [—f (21, 2*)] > BA.

k—o0

Mat khéc, tit chitng minh ctia klim |2*+1 — y¥|| = 0, ching ta thu dugc
—00

lim [ f(y*, 2*)] = lim [- (%, 2*) + f(y",2""1)] > BA.

k—o0 k—o0

Bay gi¢ ta sé chi ra A = 0. Dé y ring A > 0. Gia st riing ta chi c6 A > 0. Khi do,

ton tai k; > ko sao cho
—f(y"2") + fyF M) >
V6i méi k > ki, tit Khing dinh 4.1 vd Khang dinh 4.2 suy ra

BAay, < 20y, [~ f(yF, 2) + f(yF, 2]
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S —2<ZL‘k+1 . yk,$k+1 . ZL'*>

k 2 k 2 k_ o k+1y2
= [ly* = &"||* = 2" — 2" = fly" — 2"

< ka‘ - x*HQ . ka—kl . x*”Q

Do do

k
BAD i < [la™ — 27| — M — 27| <00, VE > hy.

i=k1

o
Diéu nay mau thuan véi gia thiét > a; = +oo. Nhu vay, ching ta c6 A = 0. Ma

i=1

]}1_{20 |y* — || = 0, nén cac day {z*} va {y*} cting hoi tu vé nghiém z* ctia bai

toan (4.1).

Truong hop 2. Gia st rang v6i moi s6 ti nhién m, ton tai s6 ty nhién k& sao cho

k> m va a < agyr. Theo B dé 1.3, ton tai day khong giam {r(k)} ctia N sao

cho lim 7(k) = oo va théa man
k—o00

ar(k) < Gr(k)+1, Ak < Ar(gyy1,  VE > m.

Theo Khang dinh 4.2 va (4.16), ta c6

(4.28)

f(yk,xk+1) o f<yk’$*) < a_k<xk+l o yk,$k+1 . .T*)
1 ]
= 5— | Iv* =27 = " — 27| — g — 2" (4.29)
k

Tt tinh don diéu manh cua f, suy ra

PP a) + fa*y*) < —Blly* — 2.
Cong (4.29) va (4.30), ching ta thu duge

ag+1 — ||9U]€Jrl - $*||2

IN

Két hop dieu nay véi (4.28), ta ¢

(1= 2axB)ly" — 2*||? — 20y [f(y", ") + (27, 47)]
< (1=2apB)[|2" — 2*||? = 2ay, [f(¥*, 2"T1) + f (2%, 9")] -

(4.30)

ar(y1 < (1= 20,4 8) 27 — 2% = 207 [f (y7®) 2B+ 4 p (o, yT(k))}

< (1= 2009 Margga = 207 [T a0 1))
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va do do,
a1 < — [f (y™) g1y f(a:*,yT““))] . (4.31)

Tt Khéng dinh 4.4, ta c6

A —
" = 2| < (1= 7o) [lla® — 27 = fly* = 28] + =0 (")

M([L‘*)Z

< (1= rag) 2 = |2 + rep =5

M(QZ*)Z
k
SmaX{HZL‘ _I*HQ’ -2 }

M *\2
Smax{ux()—x*u%%}.

(4.32)

suy ra day {z*} bi chan. Do {a,(} khong gidm két hop véi tinh bi chin ciia {2}
dan dén ton tai gi6i han

B =li :
ra 70 S oo

Ciing tit Khang dinh 4.4, ching ta c6 klim |27®) — 7 ®)|| = 0 va {y"*)} ciing hoi
—00

tu vé z. Theo Khang dinh 4.5, klim |z7®#)+1 —y7(B)|| = 0, ching ta ciling c6
—00
lim |2 ™+ —z| =0 va lim f(y"®, 270 = f(z.7) = 0.
k—o00 k—o0

Cho qua gi6i han trong (4.31) va st dung f(z*,z) > 0, ching ta thu dugc
lim a1 = 0. Ma 0 < ap < apgp)4q (theo (4.28)), suy ra lim a; = 0.
k—o00 k—o0

Dinh 1y 4.1 dugc chitng minh xong. |

4.3 Sai s6 thuit toan

Trong trudng hop f 1a song ham va tap C tong quat, bai toan (4.10) bao gom
nhiéu loai bai toan tdéi wu c6 dién trong thuc té, ching han nhu: Bai toan t6i uu
trén tap do thi, téi uu mang, quy hoach nén, quy hoach hinh hoc, quy hoach 16i
don diéu, diéu khién du doan mo hinh ... Hién nay, c6 nhiéu phuong phap téi uu
da dugc 4p dung cho bai toan (4.10) nhu: Phuong phap diém trong, phuong phap
huéng gidm va huéng gidm nhanh, phuong phap gidm c6 dieu kién, phuong phap
tach, phuong phap toa do gbc va phuong phap kiéu huéng giam ngau nhién. Tuy
nhién, viéc giai bai toan phu (4.10) dé tim nghiém chinh x4c 1a mot viéc khong

dé. Chinh vi vay, mot s6 phuong phap xap xi gidi bai todn phu trén véi nhitng
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cai tién hop 1y da duge dé xuét [6, 29, 46, 54, 82, 92]. Didu kien dimg cho Thuat

toan 4.1 nhu sau:

y¥ — argmin {%(Qx,@ + (¢, x) + ng — )2z e C’} <, (4.33)
va
A argmin {ozf(yk,y) T T c} <o (43

V6i moi y > 0, ky hiéu x—tap nghiém ctia bai toan (4.1) 1a Sol,. Khi d6, Sol, =
{a¥  |a* ! — ¥ < x}. Dat

T :aurgmin{%(Q:z:,:lc)—I—(q,a:)—I—%Hx—ackH2 :mEC}

#FH = argmin {af (5*,y) + 3|y — §*|* 1y € C} .

Muc dich chinh ctia chting t6i trong muc nay la nghién citu sy hoéi tu cua céc

day lap xap xi (4.33)-(4.34). Gi& st ring, ton tai o > 0 va § > 0 sao cho
C C B(z*,0), f(C,C):={f(x,y):z,ycC}C B(0,5). (4.35)
Ta chon cac tham s6 thoa méan diéu kién (4.5) va
O<e<ée €>2a(0+ko)+e2(1+A)?

L &2 ZTl(Q)02
Iy, = n+gT1(Q) + o) 20(6 + ko) — (1 +A)? > 0.

(4.36)

Dé y rang lim T, = & — 2a(6 + ro) — (1 + A)? > 0, bdi vay, ton tai tham s6
7—00
n > 0 sao cho diéu kién (4.36) dugc thoa man.

Ta ¢6 dinh 1y sau:

Dinh 1y 4.2. Gid st rang cac dieu kien (D1) — (Ds), (4.5)-(4.8), (4.35) va (4.36)

duogc théa man. Cung vdi cdc gid thiét sau

(i) ad <€,

(i) ton tai s6 nguyén duong K sao cho K > %,

(iii) cdc day {z*} va {y*} dugc dinh nghia bdi (4.33)-(4.34).
Khi dé, ton tai s nguyén j € [0, K] sao cho

(a) |lo7 — || < 2€;
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(b) ||lz* — 4| > 2€ vdi moi i =0,1,...,5—1;

(c) 27 € Sol, trong dé e := 2€ + 3e.
Chatng minh. V6i moi chi s6 i > 0, ta dit

z! = argmin {af(yi,y) + %Ily ~ylPye C} :
Theo Khang dinh 4.3 trong chiing minh Dinh 1y 4.1, ching ta c6
127 =2 < Al - )| < Ae.
Két hop diéu nay véi (4.34), ching ta thu dugce
2 — L < (2L — F ) 4 |7 — 2| < e(1 4 A).

Béi (4.35) va f théa man diéu kién kiéu Lipschitz, ta c6

PG %) = FF 37 < F@EH ) 4 rlg = 32 4l -
<6+ w||g" — 22 4 ko,
Tu (4.16) va (4.13), suy ra
2<£,i+1 _ontosatl Z‘*> ”Az—l-l T H2 4 ”Az—i-l @’LHZ . HZ;Z . x*”2

y,r
<20 [f(g,2*) = f(g', 2]

Nhu trong (4.17), ching ta cting c6

Ui

2 ~7 112

lo* — 2™ ~

@

Tit bat dang thiic trén, (4.39), (4.38) va 2’ € C C B(z*,0), ta c6

HAH-l x*HZ

<" — 2 |* = 12 = 5P+ 20 f (5, 2) — £ )]

n i *112 Ui i A2 Nl ~i2
<——z 27| — ———= |7 —
) LAl i o L A G

+ QQ[f(g)i,x*) - f@z":%i—&-l)]
i * 27—1 i * n i ~j i

R e e N R R e

+2a[f(§,2*) — f(§, &)
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>|<H2 + _27—1(62)0- Ui

) 2
<l = ) T en0)

o = 712 = (1= 2am))j&™* - |

+ 2a(§ + ko)

i *)2 —QTl(Q)U2_ n

Tiép theo, st dung (4.37), ta thu dugc

ot — )12 +2a(5 + 5o).

HmH—l . x*HQ < H$i+1 - i’i—HHQ 4 QHxi—l—l AH-lHHNH-l x H 4 H ~i+1 x*HZ

<E147)2+2e(1 + 7)o + |2 — 2*)?

i )2 —271(62)02 B n i a2
+2a(5 + ko) + (1 +A)2 +2¢(1+ A)o.  (4.40)

Bay gio, ching toi sé chi ra rang ton tai j € [0, K] sao cho |27 — 37| < 2€.
Gia st ngugc lai:
|zt — 4| > 26, Vi=0,1,....K
Tu (4.36), ching ta c6
e<2e—e<|2' =yl = 9" =o'l < 5" — 2|l
Ap dung (4.40) suy ra

o+ — o

i _27—1 (Q)O-Z T]E2 ) )
< ot — 2|12 — 2 14+ A 2¢(1 + A
< |z xH‘+n+%ﬂQ) n+%ﬂQy%a@+nﬂ+f(—P)—+e(+ Jo
< ||zt — z*||* = T, (4.41)

Khi 2* € C C B(¢*,0), (4.41) dan t6i

(||a: — 2| + X —a:*||)2

K
> ([[a° = 2*[| + 12" = 2* ) ([la° = 2*]| = [« = 2*])
= [l2° = 2*|* = [l=" - 2*|?
K-1
= (Il = 2| = 2" = 2*|*) > KT,
i=0

Diéu nay suy ra rang K < 4‘7 , ta thady mau thuan véi gia thiét (ii). Nhu vay, ton
tai s6 nguyéen j € [0, K| sao cho (a) va (b) ding. Bang cach 1y luan tuong tu nhu
trong (4.19), ching ta ciing c6 bat dang thiic sau

(7 — ajid — L g — Y <0, Veed,
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trong d6 @’ € 9f(y7,-)(27*!). Bang cach thay z := ¢/ € C, stt dung f(7/,47) =0
va dinh nghia ctia dué6i vi phan @7, chting ta thu dugdc

|57 = 7 < @, 57 - 7)< alf (i §7) - £, )

= —af(y, 27 < ad < €.
Do (4.33) va két luan (a), ta c6

157 = | <1157 = o7 + NIy’ — 27| < e+ 2€,

va do do
27 — 27| < |7 — 2| + |7 — 27
<@ = ) 4 157 — 27| + |27 — 27T
< 3e+ 2e.
Nhu vay, 2/ 1a mot e— nghiém ciia bai toan (4.1). Tc 14, 27 € Sol,. [ |

4.4 Mot s6 tinh toan s6 minh hoa

Vidu 4.1. Lay H=1?> = {{z} CR: > 27 < oo} v4i tich vo hudng
k=1

oo
<xay> - Z$kyk7vx,y e H.
k=1

Xét song ham f: H x H — R dugc xac dinh bdi

fla,y) = (U(x),y — ),

trong d6 U la anh xa dong nhat tit H vao H. Dé thay U la 4nh xa don diéu manh
va lién tuc Lipschitz tréen H (xem [12]). Do d6 song ham f cting don diéu manh

va lién tuc Lipschitz.

Tiép theo 1a cac vi du minh hoa s6 cho Thuat toan 4.1, dong thoi so sanh
két qua v6i mot s6 thuat toan truée do. Cac tinh toan duge thue hien béi Matlab
R2021b chay trén Laptop Intel(R) Core(TM) i5-3110M CPU@2.40GHz 2.40GHz
4Gb RAM.
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ham f: R" x R" — R dugc cho trong [88, Vi du 3] nhu sau:

trong do,
F(z) = (arctan(z1), arctan(za), .. ., arctan(z,)) + Ex + e,
va
(5 -1 0 0 0 ) 21
15 -1 0 4-1
0 -1 5 0 61
E = e= e R".
5 1 n_ 9
_ 3n
0 0 0 1 5) \ &

f(l',y) - <F($)7y - 5L‘>,

Theo dinh 1y gia tri trung binh c6 dién va V arctan(t) = HLtQ v6i moi ¢t € R, dan
dén ton tai ¢; € (z,%) C (ali),b()) sao cho

1
‘ arctan(z;) — arctan(yi)’ = m!xz — i
i
1

<
~ 1+ max{p?(i):i=1,2,...

zi — yil.

;n}

T do suy ra

1 () = Fy)ll < Llly — =[],

trong do L := ||E|| + Hlﬁ = 3.9226.

Lai c6

Vr,y € R",

fle,y) + [y 2) = fw,2) = (F(z),y —2) + (Fy), 2 —y) = (F(2), 2 = x)

trong d6 a(z,y) := F(z) — F(y) va a(y — z) := y — 2, v6i moi z,y € R", dé thay
a(z,y) +aly,z) =0, [la(zy)ll = [F(z) — F(y)l < Lllz -yl va ||a(z) —a(y)l <
|z —y||. Do d6, f thda man diéu kién lien tuc kiéu Lipschitz véi cac hing s6 L va
K :=1.
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Goi C={z€eR":a<z<b}vaG:R" = R" duge cho béi G(z) = Qx + ¢, trong
do

a=(1,2,3,3.7,4.8,12.7,6.9,82,7,2)" € R,
b=(57,11,7,5.5,158.8,9.0,102,17)" € R,

ma tran @ va véc to ¢ dugc chon mot cach ngau nhién nhu sau:

Ne
—_
|
[\
(e}
(e}

~10) (%)
57 0 7 n
2 7 6 0.0 0 n
Q= , q=] 7| eR"
0 0 0 0 ..6 3 n

w

-9

[y
=

\—10 -7 0 0

/

Khi d6, gia tri rieng nhé nhat va 16n nhat cla Q, E 1a 71(Q) = —9.5777, n(Q) =
10.1999 va 71 (E) = 3.0810, 72(E) = 6.9190, tuong ting. Do V arctan(t) = 14z voi
moi t € R, tit d6 dé dang suy ra dugc F la don dieu manh trén C v6i hing s6
B=0.0810 + ko = 0.1400,

Ching ta 1y aj = 5255, n = 210. Khi d6, cac diéu kién ap len tham s6 (4.5)

nxn

duge théa man. V6i do chinh xac e = 1073, chiing t6i thu duge két qua tinh toan
trong Hinh 4.1 va Bang 4.1.
Nghiem xap xi thu duge sau 25 bude lap la:

2% = (1.0391, 2.0000, 3.0000, 3.7000, 4.8000, 12.7000, 6.9000, 8.2000, 7.0000, 2.0000) .

Vi du 4.3. Xét song ham f : R” x R” — R clia mo hinh can bang Nash-Cournot
trong [75]
fz,y) = (F(z) + Py +p,y — ), (4.42)

trong d6 A 1a ma tran n x n , B 1a ma tran phan déi xing n x n , D 13 ma tran
duong chéo n x n, ma tran P = AAT + B+ D (trong [47]) va p 1a mot véc to thuoc
R™.

Chon ¢ > 1+ ||P|| va anh xa F dudc cho bdi

Fx) = (€01 + Exz +sin(a1), —€x1 + €z + sin(z2), (€ — Dag, ..., (€ — Dg)
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-
ra
T

'y
=
T

s}
T

% E-5-8 8 8 & 85809808 8 6 & 888

_*_.‘l':["}
—H—*2)
—Fx'(3)
+x"[4}
_*_xi[E}
—%= x'(B)
G )
= x(8)
e e K<[g}
—+ {10}

R e 2 A PR

.. e e i '
L i e e e e S S T

5 10 20

25

30

Hinh 4.1: Sy hoi tu ctia day {z*} trong Vi du 4.2

, ma tran @ va vécto ¢

e R".

_122

Layn =17, C = [a,b], a = (0,0,...,0)", b= (1,2,...,n)"
dugce cho nhu sau
(0 0 0 \ 2n2—51
n+
0 2n242
Q=100 0 Cog=| "
. N n
\0 0 0 1+ (1)
Khi do,
1F () — F(y)|?
= [¢(z1 — y1) + &(2 — y2) + (sinzy —sinyp)]*+
+ [€(y1 — 21) + &(w2 — y2) + (sinzp — sinyy)]
< [(€+ D)zt — 1] + Elwz — gol]” + [Elzr — ya] + (€ + D]z — ol])* +

< (262 4+ 26+ 1) (4

—91)

2

2+ (282 426+ 1) (z2 —y2)® + (€ - 1)?

.

n

:3
n

1=3

(i —
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Test Prob. 7] Oék No. Iter. CPU-Times/sec
1 200 ﬁ 25 2.7031
2 200 gz 27 2.9688
3 250 s 24 27031
4 250 = 29 3.0313
5 350 =ty 40 4.4063
6 400 gt 39 3.6563
7 500 gis5 55 5.5313
8 600 =15 67  7.3594
9 700 F= 60 57344

[a—
@]
—

750 om; SO 8.2031

Bang 4.1: Vi du 4.2 véi cac tham s6 khac nhau.

< (26 426+ e -yl
va do vay

flzy) + fly, 2) = f(z,2)

= (F(z)+ Py+py—a)+(F(y) + Pz+p,z—y) — (F(z) + Pz +p,z — )
= (F(z) = F(y),y — 2) + (y — 2, P(y — 2))
= {

&1(I>y)7&1(y - Z)) + <&2($7y)7&2(y - Z)>a

trong d6 ai(z,y) := F(x)—F(y), ai1(y—=2) :=y—2, as(z,y) :=y—zvada(y—2z) :=
P(y— z). Dat

Li=+28242+1, Ly=1,K, =1, Ky =]|P]|.

Khi do, song ham f lién tuc kiéu Lipschitz véi hang s6 M = L1 K + Ly K5 va don
diéu manh véi hing s6 8 = ¢ — 1 — ||Q||, G don di¢u tréen R" véi 71(Q) = 0 va
T (Q) = 2.

Bay gio, chung t6i so sanh sy hoi tu cia Thuat toan 4.1 v6i cdc Thuat toan
SPA [17] va SEA [10], trong d6 4nh xa gia G phai yéu cau tinh chat don diéu, hay
Q 1a mita xac dinh duong. A, B, p dugc tao ra ngau nhién tur (—3,3) va £ = 7+|Q||,
D dugc tao ra ngau nhién tu (0,1), Ching t6i sit dung cac lénh trong Matlab
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Toolbox dé tao nhu sau:
A =6=+rand(n,n) —3, B =skewdec(n,1),

D =diag(1:n), @ = Axtranspose(4)+ B+ D.

a+b

Bén canh d6, chiing toi chon diém xuat phéat 20 = 42 sai s6 ¢ = 1073, cac tham

s6 va dit lieu cho mdi thuat toan nhu sau:
Thuat toan 4.1:
— Cac tham s6: n = 200, v = ==7555

— Diéu kién dung: ||z — 2F|| <e.

Thuat toan SEA:

— Dit liew: ¢1 = c2 = $(L1K1 + LaK>) = 3( \/2 262426+ 1)+ Q) S = 2¢,
g(z,y) = (Qz + q,y — z) for all z,y € R?, w* = Qz* + ¢.

— Tham s6: Ay = 0.01 + 4=, B = 5 va pu=0.011;

3k+2

k+1

— Diéu kien dimg: max{[|zFt1 — y¥||, ||[y* — 2F||} <.

Thuat toan SPA:

— Dit lieu: g := f don diéu manh v théa man diéu kién kiéu Lipschitz, F don

diéu va lién tuc Lipschitz;

— Tham sé: Ak:m,A:0.75,ak:m,a:%vau:5;

— Diéu kien dimg: |lz*+! — 2F|| <.

Két qua so sanh ctia ba thuat toan dugc cho trong Bang 4.2 vé6i 10 dit lieu ngau

nhién khac nhau.
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Thuat toan 4.1 SPA SEA
Prob. o iter. CPU-Times/sec  No.Tter. CPU-Times/sec  No. Iter.  CPU-Times/sec
1 21 2.6563 139 7.6406 1302 114.9844
2 23 2.8438 100 5.5313 392 35.9844
3 27 3.3906 179 9.7813 382  37.4688
4 6 0.5938 147 7.9375 309  30.8750
5 28 3.6094 205 11.2344 915  80.7031
6 22 2.7031 127 7.3281 169  16.9375
7 8 0.8281 155 8.1406 337 33.4844
8 22 2.9844 133 7.0469 124 12.7656
9 60 8.8594 284  16.6406 1038  90.4531
10 7 0.7188 306  17.5156 593  54.0625

Béang 4.2: Két qua so sanh ctia Thuat toan 4.1 véi (SPA) va (SEA).

Tt két qué chay s6 ctia hai vi du trén, ching to6i rat ra mot s6 két luan sau
e T6c do hoi tu ciia Thuat toan 4.1 1a kha nhay véi cac tham sé n va a;

e Thai gian x1t Iy ctia CPU va s6 vong lap ctia thuat toan ching toi dé xuat
la it hon so v6i cac Thuat toan SPA va SEA. Mot diem dang chi ¥ nita
trong thuat toan clia ching toi dé xuat 1a tai moi bude lap ching toi chi
can gidi mot bai toan t6i uwu 16i vA mot bai todn quy hoach toan phuong,

diéu nay gitp cho viéc chay s6 dé dang hon.

Két luan Chuong 4

Véi su két hop gitta nguyen 1y bai toan phu cho bai todn can bang va ki
thuat phan tich DC cho bai toan bat ding thitc bién phan affine, trong chuong
nay, chiing toi dé xuat mot thuat toan mdi giai bai toan can bang vdi rang buoc
bat dang thic bién phan affine. Két qua cu thé thu dude trong chuong nay nhu

Sau:

(a) Xay dung thuat toan nguyéen ly bai toan phu DC cho bai todn can bang
v6i tap rang buoc la tap nghiém ctia bai toan bat dang thic affine. Dudi
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cac dicu kien phit hop ching to6i ciing chi ra dugce sy hoi tu ctia day lap ve

nghiém ctia bai toan (4.1).

Chiing toi ciing chi ra duge rang cac day xap xi véi do chinh xac e cho truée
sinh ra tit thuat toan ciing hoi tu vé mot diém thudc tap y-nghiem nao dé

thong qua Dinh 1y 4.2.

Lay cac vi du minh hoa s6 cho thuat toan chiung toi dé xuat. Vi du thu
nhat cho két qua nghiém xap xi sau 25 vong liap, vi du thit hai ching toi
so sanh véi cdc Thuat toan SPA va Thuat toan SEA. Két qua trong bang
4.2 cho thay thuat toan ching to6i dé xuat hiéu qua hon vé s6 vong lap va

thoi gian tinh toan.
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KET LUAN

Luan an tap trung nghién cttu dé xuat cic thuat toan méi gidi cac 16p bai
toan can bang hai cap. Cac thuat toin méi dude nghién citu dua trén céc phuong
phap chiéu tdng quat, chiéu dusi dao ham, nguyen 1y bai toan phu va céc ki
thuat trong Ly thuyét t6i wu.

1. Nhitng két qua chinh da dat dudc trong luin an:

e Thuat toan chiéu dudi dao ham xap xi cho bai toan can bang don diéu
manh véi rang buoc can bang gid don dicu (thuong duge goi la bai toan
can bang hai cip don diéu). Thuat toan nay dudc ching toi phat trién tir
thuat toan chiéu ctia P. Santos va cong sit trong [82] cho bai toan can bang
gia don dieu. Uu diém clia thuat toan chinh 1a su don gian trong tinh toan

tai mdi bude lap. Két qua nay duge thé hién trong cong trinh [CT1].

e Thuat toan dudi dao ham tang cudng két hop véi ki thuat kiéu quan tinh
cho bai toan can bang véi rang budc 1a giao clia tap nghiém bai toan can
bang gia don diéu véi tap diém bat dong clia cac anh xa tiém can khong
gian va gia co chat. Bing viec st dung ki thuat kiéu quan tinh cac két qua
thit nghiém s6 da chi ra rang téc do hoi tu ciia thuat toan dugc cai thien

dang ké. Két qua nay duge thé hién trong cong trinh [CT4].

e Thuat toan dao ham tang cudng cho bai toan can bang véi rang budc can
bang héon hop. Thuat toan nay con duge goi l1a thuat toan chiéu hai lan
tong quat dugc phét trién tit phuong phap dao ham tang cuong ciia G.M.
Korpelevich [56] cho bai toan tim diém yén ngua. Tinh hitu hiéu ctia né da
duoc ching minh trong ca 1y thuyét 1an cac vi du s6. Két qua nay duge thé
hién trong cong trinh [CT2].

e Thuat toan nguyén ly bai toan phu DC cho bai toan can bang véi rang buoc
bat dang thic bién phan affine. Nhu ching ta da biét, ki thuat phan tich
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hiéu hai ham 16i dugc st dung rat hieu qua cho bai toan quy hoach khong
16i n6i chung va bai toan quy hoach toan phuong néi rieng. Dya vao moi
lien hé gitta bai todn bat dang thic bién phan affine va bai toan quy hoach
toan phuong, ching toi ap dung ki thuat phan tich DC két hop v6i nguyén
Iy bai toan phu va thu dugc mot thuat gidi rat hitu hiéu cho bai toin can

biang hai cip. Két qua nay dugce thé hien trong cong trinh [CT3].

e Mot s6 tinh toan minh hoa cho thuat toan dé xuat trén, 4p dung cho mo
hinh can bang kinh té Nash-Cournot. So sanh két qué véi cac thuat toan

da duge de xuat truée do.

2. Mot s6 huéng nghién citu tiép theo
Sau day 1a cdc huéng ma chiing toi sé tiép tuc nghién cttu sau khi hoan thanh

luan an nay.

e Cai thien téc do cling nhu thai gian tinh toan ciia cac thuat toan da dugc
dé xuat bang cach két hop v6i mot s6 ky thuat nhu ki thuat quan tinh, lap
Halpern, 1ap Mann, .. ..

e Nghién cttu danh gia tdéc do hoi tu clia thuat toan, cach chon tham s6 dé

c6 dudce su hoi tu tot hon.

e Nghién cttu cic thuat toan nhiam gidm nhe cac diéu kién ap lén cac song
ham gia, dac biét 1a song ham gia 6 cap thi hai ciing nhu gidm s6 phép

chiéu lén tap rang buoc C tai moi budc lip cia thuat toan.

e M4 rong nghién citu phuong phap gidi cho bai toan can bang nhiéu cap hon
nhu ba cap, bon cap, ...
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