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MG DAU

1. Ly do chon dé tai

Giai tich hinh hoc 14 mot 1i thuyét toan hoc dep dé lien két hinh hoc, giai
tich va to6 po, trong dé giai tich 1a cong cu chinh dé nghién ctu hinh hoc va to
po ciia cac da tap Riemann. Chtung ta da biét rang nhom dong dicu ki di trén
mot da tap tron, compact c6 thé dude nghién ctu thong qua li thuyét phan tich
Hodge va nhém dé6i dong diéu De Rham trén cic dang vi phan. Day la mot két
qua ndi tiéng trong té po va giai tich. Hon nita, dinh 1i tach c¢o dién ctia Cheeger
— Gromoll khang dinh ring néu mot da tap day du M véi do cong Ricci khong
am c6 chita mot duong thang trac dia thi né dang cu v6i mot hinh tru N x R
trong d6 N la mot da tap Riemann v6i do cong Ricci khong am. Sau nay, P.
Li va J. Wang [52, 54] da tong quat hoa két qua ctia Cheeger-Gromoll lén céc
da tap vé6i do cong Ricci bi chan dudi. Két qua ctia Li-Wang (thuc chat 1a md
rong li thuyét clia Cheeger-Gromoll va X. D. Wang [84]) ndi rang néu gia tri
rieng thit nhat ciia toan ti Laplace dat gia tri cuc dai thi cac da tap nay hodc
lien thong tai vo han hodc cé tinh chat tach. Do dé, ta c6 thé sit dung i thuyét
tuyén tinh ciia toan tit Laplace, dic biét 1f thuyét dang vi phan diéu hoa dé tim
hiéu cac tinh chat hinh hoc va té po clia cac da tap.

Mot trong cac bai toan thi vi ctia hinh hoc va t6 po 1a di tim cac diéu kién



da trén mot da tap day du sao cho ta c6 thé thu dude cac dinh 1f triét tieu cho
cac dang vi phan diéu hoa hosic p-diéu hoa. Day 1a mot van dé tha vi bdi vi
nhu ching ta biét, khi M 1 da tap compact thi khong gian cac ¢-dang vi phan
diéu hoa dang cAu véi nhom déi dong déu De Rham thit ¢ ctia n6. Mic du, diéu
nay khong ding cho truong hop M khong compact nhung viéc nghién cttu cac
(-dang vi phan L? diéu hoa la quan trong (xem [17]). Vi gid st do cong Ricci bi
chan dudi, P. Li [49] da ching minh réng trén da tap compact, khong gian céc
(-dang vi phan diéu hoa c¢6 hitu han chiéu. P. Li va J. Wang [52] da chiing minh
ducc mot dinh i triet tieu ctia cac 1-dang vi phan L? dieu hoa néu do cong Ricci

bi chan dudi bdi s6 hang chita s6 chicu va gia tri riéng thi nhat nhu sau.

Dinh 1i 0.0.1 ([52]). Cho M la mot da tap Riemann day di. Gid st \(M) > 0
va Ric > — 20D + ¢, vdi mot hang 6 € > 0 nao dé. Khi dé, H>'(L*(M)) = {0}.

n—1
Gan day, H. Lin xét da tap Riemann véi do cong vo huéng khong am va thu
dugc trong bai bao [58] mot dinh Ii triét tiéu néu M thoéa man mot bat ding

thitc Poincaré ¢6 trong nhu sau.

Dinh 1i 0.0.2 ([58]). Cho (M™,g)(n > 4) la mot da tap Riemann khong compact,
day di, théa man bat dang thitc Poincaré cé trong (1.2) vdi ham trong duong
p(x) va do cong vo huéng R > 0. Gia su

(W(x) + ar El(x) < Cep(x)

vdi hing s6 0 < C; < Q(ng;*_{j*;‘”) en <0< n-20%#%) via =
2(n—1)|n—2¢|
(t—1)y/(n+1)(n—2)3
man liminf & [ |w|> =0 déu triét tieu. Dac biet, H>*(L2(M)) = {0}.
r—oo | By (1)

. Khi dé, moi (-dang vi phan déng va doi déng w trén M théa

Nhic lai rang, E va W lan lugt 1 tensor Ricci vét khong va tensor do cong Weyl
ctia M. Dé thay ro cac két qua theo huéng nghién citu nay, ching ta c6 thé tham
khao thém trong cac bai bao [9, 15, 51, 54, 55, 68, 76] va céc tai lieu tham khao
trong do.

Li thuyét vé cac dang vi phan L? diéu hoa da dudc phét trién nhiéu. Mot van
dé rat tu nhien 1a tim cac két qua tuong tu cho khong gian cac dang vi phan L9
p-diéu hoa. Déi v6i 1-dang vi phan p-diéu hoa, khi mot bat ding thic Poincaré
c6 trong dung trén M, Chang-Chen-Wei [18] thu duge mot vai dinh Ii triét tieu
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cho cac ham p-diéu hoa véi nang luong L¢ hitu han, trong d6 p > 1 va ¢ € R*.
Hon ntta, X. Zhang [96] thu duge mot dinh 1i triét tieu néu M c6 do cong Ricci

khong am nhu sau.

Dinh 1i 0.0.3 ([96]). Néu M la mot da tap khong compact, day di, vdi do cong
Ricci khong am thy khong cé 1-dang vi phan p-diéu hoa khdc khong trong LI(M),
trong do 0 < q < oo va p > 1.

Xuat phat tit két qua nay, Chang-Guo-Sung [19] tong quét héa két qua ctia X.
Zhang va thu dugc tinh compact cho bat ki tap hop bi chan clia cac 1-dang vi
phan p-diéu hoa. Y. B. Han, Q. Y. Zhang va M. H. Liang [41] thu dugc mot vai
dinh 1i vé tinh hitu han va tinh triet tieu dué6i gid thiét vé do cong vo huéng
va do cong Ricci. Bén canh d6, Sung-Wang [80] stt dung 1i thuyét vé cac ham
p-diéu hoa dé chi ra vai tinh chat ctia da tap Riemann véi p-pho 16n nhat. Nam
2017, N. T. Dung [28] chting minh dinh 1i triét tiéu cho céc ¢-dang vi phan L?

p-diéu hoa nhu sau.

Dinh 1i 0.0.4 ([28]). Gid st M la da tap Riemann théa man bat dang thic
Poincaré c6 trong vdi ham trong duong p. Néu todn ti do cong Weitzenbick
4(p—1)

2

Ky > —ap va a < =5~ thy moi (-dang vi phan p-dieu hoa (2 < ¢ <n—2) cé

chudn LP hitu han trén M déu triét tiéu.
Chiing ta c6 thé xem thém céc két qua trong cac bai bao [34, 40, 41, 60, 77, 78, 83]
va tai lieu tham khao trong dé dé thay thém sy phat trién clia huéng nghién
clitu nay.

Tt cac két qud trén, ching toi dat ra bai toan 1a xay dung cac dinh i triét
tieu cho dang vi phan p-diéu hoa trén cac da tap Riemann.

Mt khac, nhu ta da biét phuong trinh

Apu+h(u) =0

c6 chita nhicu 16p phuong trinh quan trong trong phuong trinh vi phan va vat
1i. Vi du, khi ham h(u) = bu + uP v6i hang s6 b < 0 va p > 1 va f = const thi
phuong trinh trén tré thanh moét phuong trinh loai Yamabe nhu sau

Au 4+ bu+uf = 0.

Bidaut-Véron va Véron [8] nghién citu phuong trinh nay trén da tap compact.

Véi mot vai dieu kien thém vao vé tensor Ricci, so6 chiéu va cac mién clia b, p,
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ho chi ra rang phuong trinh loai Yamabe & trén chi c6 nghiém tam thuong. Khi
da tap Riemann M la day da, khong compact, Brandolini-Rigoli-Setti [12] xét
phuong trinh loai Yamabe

Au+ a(z)u + A(z)uP = 0,

6 day a(z) va A(x) la cac ham lién tuc trén M va p > 1. Khi A(z) < 0 tai moi
noi, ho chitng minh ring phuong trinh trén khong c6 nghiém bi chian duong
théa méan cac diéu kien kha tich ndo d6. Dé xem them cac két qua vé bai toan
Yamabe, ta c6 thé xem thém trong [63] va céc tai lieu tham khéo trong do.
Téng quat hon ctia phuong trinh Yamabe la phuong trinh Lichnerowicz Einstein-

truong vo huéng, phuong trinh xuat hién tir phuong trinh rang buoc Halmiton
cho he Einstein-truong vo hudng trong thuyét tuong déi rong (xem [23, 27, 67]
va cac tai lieu tham khéo trong d6). Khi da tap M c6 sb chiéu n > 3, phuong

trinh Lichnerowicz Einstein-truong vo huéng c6 dang nhu sau
Au+bu+ AuP + Bu™? =0, (0.1)

G do b, A, B la cac ham tron, p = (n+2)/(n—2) va ¢ = —(3n—2)/(n—2). Trong khi
do, trén da tap 2 chiéu, phuong trinh Lichnerowicz Einstein-truong vo huéng cé
dang nhu sau (xem [24, 67])

Au+ Ae*™ + Be 2% + D = 0.

Mit khac, L. Ma va J. C. Wei [62] nghién citu tinh on dinh va nghiém boi
cua phuong trinh Lichnerowicz Einstein-truong vo huéng trén da tap Riemann
compact. Néu n > 5, ho chitng minh réng c6 it nhat hai nghiéem duong hoic
c6 mot nghiem duong duy nhat dua theo tinh chat cudng ciia mot dang toan
phuong xac dinh bdi nghiém nhé nhat thu duge bang phuong phap don diéu.
Y. Li va X. R. Zhu [56] ciing nghién ctu phuong trinh Lichnerowicz dang don
gidn va thu dugce uéc lugng gradient tuong tng. Mot két qua dang Liouville cho
nghiém duong clia mot phuong trinh tong quat hon phuong trinh (0.1) duge cho
§ trong [67, Muc 8]. Gan day, L. Zhao [100, 101] va Song-Zhao [79] xét phuong

trinh Lichnerowicz tong quat
Apu+bu+ AuP + Bu™? =0,

§ do6 b, A, B 1a cac ham tron trén khong gian do do metric tron (M, g, e~/ dv) va
p > 0,q > 0. Ho thu dugc mot vai uwée lugng gradient cho nghiém duong v va
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chiing minh mot vai bat dang thitc dang Harnack. Gan day, trong [32, 93], cic
tac gid xét phuong trinh nhiét tong quéat uy = A pu+bu+ AuP + Bu~? va thu dugce
cac udc luong gradient dang Souplet-Zhang va tinh chat Liouville cho nghiém
duong véi cac dieu kien do tang nao do.

Mat khac, véi trusng hop tong quét, phuong trinh Lichnerowicz p-Laplace
duge nghién citu trong [27] khi da tap la compact va sau d6 M. Benalili va Y.
Maliki [5] md rong cac két qua tuong ting cho da tap Riemann day du. Sy ton
tai nghiém ctia phuong trinh p-Laplace tong quat Ayv + h(v) = 0 duge nghién
citu bdi M. Troyanov va P. Tolksdorf trong [81, 82]. Ho chting minh réng néu
h bi chin thi ton tai mot Cllo’? nghiém. Sau d6, trong [39], V. Gol’dshtein va
M. Troyanov st dung khong gian d6i dong déu H7,. . dé nghien ciu tinh p-
parabolic ctia da tap day du va tinh chat giai duge ctia phuong trinh p-Laplace.
Déi v6i phuong trinh thuan nhét, B. Kotschwar va L. Ni [47] thiét 1ap duge mot
u6c luong gradient dia phuong cho cac ham p-diéu hoa vé6i gia thiét do cong
nhat cat bi chan dudi va ho két luan rang moi ham p-diéu hoa duong phai 1
hang néu da tap khong compact, day dua, c6 do cong nhéat cat khong am. Ho
ciing st dung né dé nghién ciu dong do cong trung binh ngude. Sau dé, X. D.
Wang va L. Zhang [90] nghién cttu cac ham p-diéu hoa, wéc lugng gradient dia
phuong va bat dang thic Harnack v6i hing s6 chi phu thuoc vao can dudi ciia
do cong Ricci, chiéu ctia da tap va ban kinh clia qua cau ma ham s6 xac dinh.
Ho ciing thu duge mot két qua nhu sau: Néu v 1a mot ham p-dieu hoa duong
bi chin trén hodc dudi tréen mot da tap Riemann day du véi tensor Ricci khong
am thi u 13 hang s6. Khac véi cac phuong phap thuong dung, phuong phap ciia
ho dyra trén mot ting dung ctia phép lip Moser.

Gan day, S. C. Chang, J. T. Chen va S. W. Wei [18] thu dugc mot dinh 1f
Liouville cho ham p-diéu hoa yéu véi p-nang luong hitu han trén mot da tap
khong compact day dd M ma théa man mot bat ding thiic Poincaré c6 trong
va diéu kién vé do cong. Sau d6, sit dung mot phuong phap khac, N. T. Ding
va cac tac gid da cai tién dinh Ii Liouville duge dua ra bdi S. C. Chang va céc
tac gia trong [33, 34]. Nam 2019, L. Zhao [99] xét cau héi tuong tu trén khong

gian do do metric tron va thu duge két qua sau.

Dinh 1i 0.0.5 ([99]). Cho (M™, g,du)(n > 2) la mot khong gian do do metric tron
khong compact n chiéu ma trén dé bat dang thic Poincaré fM p? < fM V|2
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ding va do cong Bakry—EmerZy thoa man Ricf' (M) > —ap, d day ¢ € WOLQ(M), 0<
a < min{2 4 4 Lo i p(x) 1o mot ham duong tren (M",g,dy). Gid
st rang v la mot nghiém duong cia phuong trinh p-Lichnerowicz c¢é trong

Ay v+ cv? =0,

b diy c < 0,m >n0<oc<p—1Iacic so thuc. Néu fM|Vv|p hiw han va
1<p< 27ty (n;*l)(m%) thi v la mot hang so.

T do, ching toi dat ra bai toan la nghién cttu dinh 1i Liouville cho phuong
trinh elliptic khong tuyén tinh trén da tap Riemann c6 trong.

Nhu ching ta biét uéc luong gradient 14 mot cong cu quan trong trong gidi
tich hinh hoc va dudc st dung dé thu dugc cac dinh Ii Liouville va céc bat dang
thitc Harnack cho nghiém duong ctia cAc phuong trinh khong tuyén tinh trén da
tap Riemann. Udc lugng gradient Cheng-Yau dia phuong khing dinh néu M la
mot da tap Riemann day dt n chiéu v6i Ric > —(n — 1)k v6i £ > 0 ndo d6 va
u: Bo(R) € M — R diéu hoa va duong thi ton tai mot hang s6 ¢, chi phu thuoc
vao n sao cho

[Vl _ 1+ VER

sup —— <
B,(R/2) U R

(0.2)
Sau d6, uéc lugng Cheng-Yau dudge md rong va tong quat bdi nhi¢u nha toan
hoc. Trong bai bao [29], N. T. Dang va N. D. Dat xét phuong trinh (0.3) véi
F(u) = AP~ v nghién cttu uéc lugng gradient cho p-ham riéng cé trong cua

toan tit A, r. Néu F(u) = cu” thi phuong trinh
Appu+ F(u) =0 (0.3)

14 mot phuong trinh loai Lichnerowicz. Trong bai béo [102], cac téc gid ching
minh cac u6c lugng gradient dia phuong cho nghiém duong ctia phuong trinh
nay va tit do, ho dua ra mot tinh chat Liouville va bat déng thic Harnack tuong
tng. Sau d6, L. F. Wang [86] uéc lugng gia tri riéng cia toan ti p-Laplace ¢6
trong. Y. Wang, J. Yang va W. Chen [91] thiét lap céc udc lugng gradient va
cac cong thic entropy cho phuong trinh p-nhiét c¢6 trong. Sau d6, N. T. Ding
va C. J. Sung [34] nghién cttu mot vai tinh chat Liouville cho ¢-dang vi phan
p-diéu hoa co6 trong trén khong gian do do metric tron véi cac bat déng thic

Poincaré va Sobolev. Gan day, trong bai bao [10], v6i cac diéu kién hinh hoc



trén khong gian do do metric tron cho trude, cac tac gia chi ra dinh 1i Liouville
ding cho céac ham p-diéu hoa nang lugng hitu han va tua cuc tiéu héa. Dé tim
hiéu thém vé cac két qua clia chit dé nay, ching ta c6 thé xem thém trong cac
bai bao [10, 44, 47, 65, 66, 73, 90, 91] va cac tai lieu tham khéo trong do.

Trong huéng nghién citu khac, cac uée lugng gradient dude tong quat hoa len
da tap véi diéu kien do cong Ricci tich phan. Truée khi phat biéu cac két qua,
ching ta hay dua ra mot s6 ki hieu. V6i moéi 2 € M, ki hieu p(x) 1a gia tri rieng
nhé nhét clia tensor Ricei Bakry-Emery m chiéu Ricf' : T,M — T, M va véi sO
c6 dinh bat ki K, dat

(Ric?) X (2) = ((n = K — p(x))+ = max{0, (n — 1)K — p(x)}.

q
IRl = sup | [ (micp)®)

zeM
Bz (1)
Dé& dang thay |[Ric®|ls, = 0 néu va chi néu Ric} > (n — 1)K. Ching ta ciing
thudng xuyén lam viec véi lugng do cong bat bién ti 1¢ sau day (véi K = 0)

q

k(z,q,7) =1r* ]{ i k(g,r) = sup k(z,q,7),
") xEM
(7

éw(r)(.) - m /Bz(r)<.)

B,(r)| 1a thé tich ctia B,(r). Chiing

ta ciing luu ¥ rang diéu kien do cong tich phan bi chin 1a tu nhién v yéu hon

6 day ki hiéu

biéu dién tich phan trung binh trén B, (r) va

nhiéu so véi diéu kien do cong Ricci bi chan dudi. N6 c¢6 lien quan gan giii dén cac
mit ciia t6 pd va hinh hoc ctia da tap, chiing ta c6 thé xem trong [3, 38, 71, 72]
va cac tai lieu tham khao trong d6. Gan day, diéu kién do cong Ricci tich phan
duge stt dung dé thu dude cac ude lugng gradient cho nghiém duong ciia phuong
trinh nhiét. Dac biét, trong [75], C. Rose nghién cttu chan trén ctia nhan nhiét
trén da tap Riemann véi tich phan do cong Ricci bi chin déu dia phuong. Trong
bai bao [69], X. R. Olivé st dung do cong Ricci tich phan dé chi ra uéc lugng

gradient Li-Yau trén mot da tap Riemann compact v6i diéu kién bién Neumann.
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Ching ta cling luu ¥ rang cac udc luong gradient Li-Yau cho phuong trinh nhiét
tuyén tinh trén da tap khong compact day du duge chi ra bdi Q. S. Zhang va
M. Zhu [97, 98]. Sau d6, cac két qua nay duge tong quat bdi W. Wang [88] cho
phuong trinh nhiét khong tuyén tinh. Hon nita, xuat phat tit phuong phap trong
[29], W. Wang thu dugc mot uée lugng gradient dang Hamilton cho mot phuong
trinh nhigt khong tuyén tinh trong [87].

Do vay, ching t6i dat ra bai toan nghién citu cac uéc lugng gradient cho
phuong trinh p-Laplace c6 trong trén cac da tap Riemann.

Tt nhitng 1f do nhu trén, ching toi lya chon dé tai “ Mot vai khia canh cia
todn ti p-Laplace trén cdc da tap Riemann” dé tap trung nghién citu vao
cac dinh 1i triét tieu cho dang vi phan p-diéu hoa, cling nhu dinh i Liouville cho
phuong trinh elliptic khong tuyén tinh v nghién citu uéc lugng gradient cho
phuong trinh p-Laplace c¢6 trong trén da tap Riemann.

2. Muc dich nghién citu

Muc dich dau tién ctia luan an 1a khao sat cac tinh chat triét tieu ctia khong
gian céc dang vi phan p-diéu hoa véi nang luong L9 hitu han. Cu thé, luan an
sé dua ra cac dieu kién du vé do cong clia da tap Riemann M sao cho cic dang
vi phan p-diéu hoa trén M 1a triet tieu.

Tiép theo, luan an nghién cttu dinh i Liouville cho phuong trinh elliptic trén
khong gian do do metric tron. Cu thé, luan an sé dua ra dinh 1i Liouville cho
phuong trinh sau

Ap v+ h(v) =0

trén khong gian do do metric tron, 6 d6 h(v) la mot ham kha vi trén R va thoa
man h'(v) <O0.

Cubi cuing, luan an dua ra uéc lugng gradient cho phuong trinh p-Laplace c6
trong trén da tap Riemann. Cu thé, luan an dua ra cac uéc luong gradient dia

phuong cho nghiém duong ctia phuong trinh sau
Apdcu + F(u) =0

trén khong gian do do metric tron khong compact, trong dé F 1a mot ham kha vi
trén R thoa man F(u) > 0 khi v > 0. Tu d6, luan an dua ra cac dinh 1i Liouville

va cac ude luong gradient dia phuong cho mot sé phuong trinh dac biét.



3. Dbi tuong va pham vi nghién citu

D6i tuong nghién cu clia luan an la tinh triét tiéu ctia cac dang vi phan
p-diéu hoa trén cac da tap Riemann, dinh 1 Liouville v& uéc lugng gradient cho

phuong trinh p-Laplace ¢6 trong.
4. Phuong phap nghién ctu

Chiing to6i dung cac phuong phap cia giai tich hinh hoc, phuong trinh dao
ham rieng, giai tich phtic va giai tich ham dé gidi quyét cac bai toan dit ra trong
luan an. Dic biét, chiing t6i sit dung cac bat ding thiic Sobolev, bat dang thiic
Poincaré va ki thuat Bochner dé wéc lugng mot vai dai luong giai tich lien quan
dén cac dang vi phan p-diéu hoa. Hon nita, mot vai két qua trong hinh hoc vi
phan ciing rat hitu dung trong céc khéo sat. Cu thé, ching to6i sé sit dung céc

ki thuat sau:

e St dung ki thuat Bochner dé uéc lugng cac dao ham bac cao cia cac ham
p-dieu hoa c6 trong, cac dang vi phan p-diéu hoa c6 trong theo cac dao ham
cap thap hon. Sau dé, ching t6i chuyén cac diéu kien hinh hoc lién quan
dén do cong Ricci, Bakry-Emery thanh cac diéu kien giai tich v dai s6 dé

stt dung cong cu gidi tich wdc lugng, gidi quyét bai toan.

e Sit dung bat dang thiic Sobolev, bat dang thitc Poincaré va cac uéc lugng

do cong da biét dé nghien cttu tinh chat ciia cac dang vi phan p-diéu hoa.

e Nghién cttu va ching minh cac uéc lugng do cong mdi, sit dung phuong
phéap lip Moser dé chitng minh cac wéc lugng dia phuong va toan cuc cho
nghiém duwong cuia phuong trinh p-Laplace ¢6 trong.

5.Y nghia khoa hoc va thuc tién

Luan an dua ra dugc nhitng két qua méi vé tinh triet tiéu cia cac dang vi
phan p-diéu hoa trén da tap Riemann, dua ra dinh 1i Liouville cho phuong trinh
elliptic trén da tap Riemann va dua ra uéc lugng gradient cho phuong trinh
p-Laplace c¢6 trong trén da tap Riemann.

Luan an ciing la tai lieu tham khao httu ich cho sinh vién, hoc vién cao hoc

va nghién cttu sinh theo huéng nghién citu nay.

6. Cau tric luan an



Céu tric clia luan an bao gom bén chuong. Chuong 1 trinh bay tong quan
cac két qua da co truée doé va gidi thieu cac két qua dat dude ciia luan an. Ba
chuong con lai trinh bay chi tiét cho cac két qua mdi ctia luan an.

Chuong 1. Tong quan.

Chuong 2. Tinh triét tiéu ctia cac dang vi phan p-dieu hoa trén céc da tap
Riemann.

Chuong 3. Dinh i Liouville cho phuong trinh elliptic trén cac da tap Rie-
mann.

Chuong 4. Uéc luong gradient cho phuong trinh p-Laplace c6 trong trén cac
da tap Riemann.

Luan an dugc viét dya trén 04 bai bao da dude dang.
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TONG QUAN

Nhu da trinh bay & trén, truéc hét luan an sé dua ra cac dieu kien du dé
cac dang vi phan p-diéu hoa la triet tiéu. Tiép theo, luan an nghién cttu dinh 1i
Liouville cho phuong trinh elliptic trén cac khong gian do do metric tron. Cudi
cung, luan an dua ra cac udc lugng gradient cho phuong trinh p-Laplace ¢6 trong
trén cac da tap Riemann.

Trong chuong nay, chiing toi sé tom tat mot vai két qua trude doé va cac két

qua mdéi ma chung t6i thu duge & ting bai toan.

1.1 Tinh triét tiéu ctia cic dang vi phan p-diéu hoa trén cac
da tap Riemann

Trude hét, ching toi nhic lai khai niéem dang vi phan diéu hoa va dang vi
phan p-diéu hoa trén da tap Riemann. Cho d 1a toan tit vi phan ngoai trén mot
da tap Riemann n chiéu M, toan tit d6i ngdu d* (tac dong len (-dang vi phan)
ctia n6 dude cho bdi cong thitc d* = (—1)*+ 1« dx, § d6 * ki hieu cho toan tit
sao Hodge. Toan tt Hodge-Laplace-Beltrami A tac dong trén khong gian cac
(-dang vi phan tron QY(M) dudc cho bdi A = —(d*d 4 dd*).

Dinh nghia 1.1.1. Mt (-dang vi phan tron w trén M dudc goi la dieu hoa néu
Aw = 0.

Mot két qua noi tiéng da chi ra rang trén da tap compact M, mot dang vi
phan w 1a diéu hoa khi va chi khi dw = 0 va d*w = 0. Do d6, véi bat ki p > 1,

mot cach tu nhién, ta c¢6 dinh nghia dang vi phan p-diéu hoa nhu sau.
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Dinh nghia 1.1.2. Mot (-dang vi phin w € Q((M) dugc goi la (-dang vi phan

p-diéu hoa néu

dw =0
d*(|JwlP~2w) =0.

Ching ta Itu ¥, khi p = 2 v M compact, mot ¢-dang vi phan p-diéu hoa ciing 1
mot (-dang vi phan diéu hoa. Khi » 1a mot ham p-diéu hoa thi du 14 mot dang
vi phan p-diéu hoa.

Trong bai bao [59], tac gia da st dung tinh compact ctia da tap dé chiing

minh dinh 11 sau.

Dinh 1i 1.1.1 ([59]). Cho (M™, g), n > 4, la mot da tap Riemann compact, dugc
dinh huong, vdi do cong vo hudng R > 0. Gia s do cong vo hudng R va do cong
concircular Z thoa man

2_p-—2

1z <2 R?,

nZ—n
tai moi diém thuoc M va bat déng thite trén chdt tai mot diém trong M. Khi do,

moi (-dang vi phan dieu hoa trén M deéu triét tieu (voi2 <0 <n—2).

Nhiéc lai réing do cong concircular Z = (Z;jgm) clia g dude cho béi

R
m(gikgjm — Yim3jk);

Zijkm = Rijkm —
trong d6 Rjjkm, 1a cac thanh phan clia do cong Riemann ctia M. Mot cau hoi tu
nhién duge dit ra la: C6 mot két qua tuong tir nhu trén cho dang vi phan p-diéu
hoa trong truong hop M la da tap khong compact hay khong? Ching t6i dua ra
duge mot két qua tong quat hon cho dang vi phan p-diéu hoa trong trusng hop
M 1a da tap khong compact ma khong kém theo diéu kien do cong vo hudng
duong nhu sau.

Dinh 1i 1.1.2. Cho (M™,g)(n > 4) la mot da tap Riemann dugc dinh hudng,
khong compact, day du, théa man mot bat dang thic Poincaré cé trong vdi ham

trong duong p(z). Gia su

n2—n-—2 n:—n-—2
__ " "R« 1.1
V12l - SR < Cpla) (1.1)
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vdi hing 56 C = C(p,n,(,Q) € (0,2@VERCI) 0 < p<n-2Q2p22),

Khi dé, moi (-dang vi phan p-diéu hoa w trén M théa man liminf 5 [ |w]|? =0
Bay(r)
deu co chudn la hdng. Ddc biet, HP*(LR(M)) = {0}, vdi

HPHLO(M)) = {ﬁ-dang vi phan p-dieu hoa w sao cho / w|? < oo} .
M

0 day, R ki hieu do cong vé hudng ciia M va hding s6 B, zudt hién trong bat
dang thic Kato ¢ Bo dé 2.2.2.

Nhic lai ring: Ta noéi da tap Riemann M théa man mot bat dang thic Poincaré

c6 trong v6i ham trong p(z) néu
[ s < [ 1) (12)
M M

dang cho moi ham tron ¢ € C§°(M) c6 gia compact trong M, & d6 p(z) dude gia
st 14 mot ham khong am khac tam thuong trén M.

Nhan xét 1.1.3. Ching ta nhan thay diéu kién vée do cong trong dinh i trén la
tong quat hon diéu kién vé do cong trong két qud trude dé cia H. Lin trong bai

bio [59].

Nhan xét 1.1.4. Trong dinh li trén néu thay p = 2 thi ching ta sé cé ngay mot

két qud triét tiéu cho dang vi phan diéu hoa.

Nhan xét 1.1.5. Néu gid tri riéng thi nhat A\ (M) > 0 thi bing cdch thay ham
p(x) = A\ (M), ching ta thu duge mot két qud triét tieu cho dang vi phan p-dieu

hoa.

Tiép theo ching t6i nhic lai khai niem vé da tap phang bao giac dia phuong.
Cho hai da tap Riemann (M, g) va (]\?,f]), mot vi phoi ¢ : M — M duge goi 1a
mot vi phoi bao giac (hofic mot phép bién déi bao gidc) néu noé kéo lui g thanh
mot metric bao giac véi g, tic la ¢*g = fg v6i ham duong nao d6 f € C*(M).
Hai da tap Riemann dudgc goi 1a tuong duong bao giac néu c6 mot vi phoi bao
giac gitta chung.

Dinh nghia 1.1.6. Da tap Riemann (M,g) dugc goi la phing bio gidc dia
phuong néu moi diém ciia M ¢é mot lan can ma tuong duong bio gide vdi mot

tap con md cua (R™,g), ¢ do g la metric Fuclid trén R™.
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Khi da tap M la phing bao gidc dia phuong, c6 nhiéu két qua triét tiéu cho
cac (-dang vi phan diéu hoa va (-dang vi phan p-diéu hoa (chang han, xem [57]
va cdc tai ligu tham khao trong d6). Cu the, H. Lin [57] da chiing minh céc dinh
Ii triet tieu va hitu han cho cac 1-dang vi phan L? diéu hoa trén mot da tap
Riemann phang bao gidc dia phuong néu né théa man diéu kién tich phan cia

tensor Ricci vét khong. Chtng to6i néu lai mot két qua nhu sau.

Dinh 1i 1.1.3 ([57]). Cho (M™",g) (n > 3) la mot da tap Riemann ddy di, phding
bio gidc dia phuong va don lién. Gid s do cong vo hudng R va tensor Ricci vét

/|R|g<oo vd/ |E|> < .
M M
< 00

khong E thoa man

Khi dé, dim H>(L?*(M))

O day, ching toi nhic lai: Tensor Ricci vét khong E = (E;;) clia g duge xac dinh
nhu sau
R
Eij = Rij — —9ij.
trong d6 R;; ki hiéu cho do cong Ricci trén M. Két qua tiép theo clia luan an 1a
mot dinh 1f triét tieu trén da tap Riemann phing bao gi4c dia phuong véi dieu

kién do cong tai tung diém.

Dinh Ii 1.1.4. Cho (M™,g)(n > 4) la mot da tap Riemann phdng bio gidc dia
phuong, khong compact, day di, vdi do cong vo hudng R > 0. Gid si M théa
man bat dang thiic Poincaré cé trong (1.2) véi ham trong duong p(z). Gid sit
rang

% (IE]> = 1 R?) < Cp(x) (1.3)

vdi himg 6 C = Clp,n,{,Q) € (o,% [Q—1+Bp(p—1)2}) 2<l<n-—21(+

N —1)(n—20) _ U(n—t Coas , .
2Q>p>2)via=" 2(31(?2)2 Lob= (nf?)|7?72£|\/ 0 Khi dé, moi (-dang vi
phan p-diéu hoa w trén M théa man liminf & [ |w|? =0 déu ¢d chuan hing.
—00
Bay(r)

Ddc biet, HPY(LR(M)) = {0}.

Nhan xét 1.1.7. Trong dinh li trén néu thay p = 2 thi ching ta sé cé ngay mot

két qua triét tieu cho dang vi phan diéu hoa.
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Nhan xét 1.1.8. Bdng cich thay p(z) trong dinh i trén bang gid tri riéng thi
nhat A\ (M) > 0, ching ta thu dugc mot hé qud vé tinh triét tiéu cho dang vi
phan p-dieu hoa.

Chiing ta dé y trong bai bao [58], tac gia chiing minh mot két qua triet tieu
cho ¢-dang vi phan diéu hoa trén mot da tap Riemann khong compact, day du

véi diéu kién ctia tensor Ricci vét khong E va tensor do cong Weyl W nhu sau.

Dinh 1i 1.1.5 ([58]). Cho (M",g)(n > 4) la mot da tap Riemann khong compact,
day di, théa mén bat dang thitc Poincaré cé trong (1.2) vdi ham trong duong
p(z) va do cong vo hudng R > 0. Gia si

(W(2) + a E|(z) < Cpp(x) (1.4)

1
vdi hing s6 0 < Cp < Q(H;(‘;X_{i';”) wen < 0<n-20%#"2) via =
2(n—1)|n—2¢
((=1)4/(n+1)(n—2)3
man liminf & [ |w|> =0 déu triét tieu. Dac biet, H>*(L2(M)) = {0}.
r—00 Bmo(r)

. Khi dé, moi (-dang vi phan dong va doi dong w trén M thda

Mot cau hoéi tu nhien 1a: Két qua nay con ding cho ¢-dang vi phan p-diéu hoa

hay khong? Dinh 1i tiép theo sé cho chiing ta cau tra 1oi.

Dinh 1i 1.1.6. Cho (M™, g)(n > 4) la mot da tap Riemann khong compact, day
di, théa man bat dang thitc Poincaré cé trong (1.2) vdi ham trong duong p(zx)
va do cong vo hudng R > 0. Gid su

(W(x) + a E|(z) < Cpp(x) (1.5)

vdi hang s6 0 < Cy < 8(p7;(;_3f)(£;1)2)\/ . G d62<0<n—2,(#£% p>2
2(n—1)|n—2¢|
(t=1)4/(n+1)(n—2)
man liminf L [ |w|P =0 déu triét tiu. Dac biet, HP(LP(M)) = {0}.

T—00 Bay (1)

va ay = —. Khi do, moi £-dang vi phan p-diéu hoa w trén M théa

Nhan xét 1.1.9. Dinh li nay sé quay vé két qud cia H. Lin & trén khi p = 2.

Trong trudng hop n = 2m va ¢ = % = m, ching t6i thu dugc mot két qua
tuong tu nhu sau.

Dinh 1i 1.1.7. Cho (M*™,g)(m > 2) la mét da tap Riemann khong compact,
day di, théa man bat dang thiic Poincaré cé trong (1.2) vdi ham trong duong
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p(x) va do cong vo hudng R > 0. Gia su
[W|(2) < Cp()

vdi hang so

0<Cpy <

8(p—1+Bp(p—1)2)\/ mem=1) s

m(m — 1)p? (2m+1)(m —1)

Khi dé, moi m-dang vi phan p-diéu hoa w trén M théa man liminf 5 [ |w[P =0
— 00
By (r)
la m-dang vi phan song song. Ddac biét, HP™(LP(M)) = {0}.
Nhan xét 1.1.10. Khi p = 2, dinh li trén cho ta mot két qud triét tieu cho dang
vi phan dieu hoa, giong nhu trong bai bao [58].

Dé gidi thieu két qua tiép theo, ching to6i nhic lai khai niéem vé do cong

(-khong am va khai niem da tap c6 tensor do cong thuan tiy nhu sau.

Dinh nghia 1.1.11. Mot da tap Riemann M dugc goi la co do cong ¢-khong am
néu vdi moi x € M va vdi bat ki (€ + 1) véc to truc chuan {eg,e1,...,es} C TpM,
ta co

¢

Z<R(607 ei)ei, eo) > 0.

=1

Dinh nghia 1.1.12. Da tap Riemann M™ dugc goi la cé tensor do cong thuan
tiy néu vdi moi x € M, ton tai mot co sd truc chuan {e1,...,en} ctia T,M sao
cho (R(e;,ej)ex, eq) = 0 khi tap hop {i,j,k, €} c6 chita nhiéu hon hai phan ti (zem

[7])-

Khi d6, bang cach thay thé diéu kién do cong bdi diéu kién do cong ¢-khong am,
trong bai bao [58], H. Lin thu dugc mot dinh 1i nhu sau.

Dinh 1i 1.1.8 ([58]). Cho (M™,g)(n > 3) la mot da tap Riemann khong compact,
day du, vdi tensor do cong thuan tiy va do cong (-khong am, 1 < ¢ < n—1. Khi dé,

moi (-dang vi phan déng va doi déng w trén M théa man lim infri2 [ |wlt=0
Bay (1)
. ; X - 2 > £ .2 2, N . . l q _
(q > 1 max{e,n—z}) déu c6 chuan hang. Neu gia su them hrrggjlf " j;r) |w| 0
zQ
thi w triét tieu. Ddc biet, H>(LI(M)) = {0}.
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Tong quat két qua trén cho dang vi phan p-diéu hoa, ching té6i thu dugc mot
két qud nhu sau.

Dinh 1i 1.1.9. Cho (M™,g)(n > 3) la mot da tap Riemann khong compact, day
dii, vdi tensor do cong thuan tiy va do cong (-khong am, 1 < ¢ < n—1. Khi

do, moi (-dang vi phan p-dieu hoa w trén M théa man liminf 5 [ |w|? =0
r—00
Bay(r)

(¢ >p>2) déu cé chuan hang. Néu gid s thém lim inf 1 [ |w|f=0 thiw triet

T—00
Bgs0 (r)
tieu. Dic biet, HPY(LY(M)) = {0}.
Nhan xét 1.1.13. Khi p =2 thi tu dinh li trén ching ta thu dugec mot két qud
veé tinh triét tiéu ciua dang vi phan dieu hoa tuong tu nhu két qud trén cia H.
Lin.

Ngoai ra, khi M c6 do cong vo huéng khong am va bat bién Yamabe Q(M, g)
duong, H. Lin [58] da chiing minh mot két qua triét tieu cho (-dang vi phan L?
diéu hoa. Truéc hét, ching toi nhic lai vé bat bién Yamabe Q(M, g).

Dinh nghia 1.1.14. Cho da tap Riemann (M",g),n > 3, bat bién Yamabe ciia
M duoc dinh nghia bdi

f (\W\? + )Ru2>

- 0#ueCye (M
)

Néu Q(M, g) > 0 thi ta c6 bat dang thitc sau

Q(M, g) (M/m = /(\Vu|2—|—4g;__21)Ru2> (1.6)
M

v6i bat ki u € C5°(M). Khi M 1a khong compact va day di, theo Bo dé 4.2 [11],
dicu kien | Y |R|z < oo dan dén bat dang thitc Sobolev dang Euclid nhu sau

/|f\f"2 < c/wfl2 (1.7)
M

v6i moi f € C§°(M) va hang s6 C' > 0 nao d6. Khi d6, két qué cta H. Lin trong

bai bao [58] duge phat biéu nhu sau.
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Dinh 1i 1.1.10 ([58]). Cho (M",g)(n > 4) la mot da tap Riemann khong com-
pact, day di, véi R >0 va Q(M,g) > 0. Gid su

/ Wit | +a / B} <o)

2 n?—n 1 40(n — 1)
= i 1 2<l<n-—2
“ 00—1) n2—n—2mm{ +max{€,n—€}’ n2—2n}( stsn=2)

V4
2(n—1)|n —2¢|
((=1)y/(n+1)(n—2)3

Khi do, moi (-dang vi phan déng va doi dong w trén M théa man liminf 5 [ |w|? =
r—00
Bay(r)

0 déu triet tieu. Ddc biet, H>*(L*(M)) = {0}.

Tu d6, chiing t6i tap trung nghién citu /-dang vi phan L? p-diéu hoa va thu
duoc két qua mé rong nhu sau.

Dinh 1i 1.1.11. Cho (M™, g)(n > 4) la mot da tap Riemann khong compact, day
di, vdi R >0 va Q(M,g) > 0. Gid su

/ WiE | +a / B} <o) (1.8)

2
G d6 e = gy [y min { 1RO MO 0 < v <n-2,02p22)

2(n—1)|n—2¢|
(t—1)y/(n+1)(n—2)3
man liminf & [ |w|% =0 déu triét tiéu. Dac biet, HP (L9 (M)) = {0}.
r—00
Bay (1)
Nhan xét 1.1.15. Khi Q = p = 2 thi dinh li nay quay vé két qud trén cia H.

Lin.

va ay = . Khi dé, moi (-dang vi phan p-diéu hoa w trén M théa

1.2 Tinh triét tiéu ctia 1-dang vi phan p-diéu hoa trén cac da
tap con thuc hoan toan trong dang khong gian phic

Trong phan nay, chiing t6i xét truong hgp da tap con thiyc hoan toan trong
dang khong gian phitc. Trude hét, ching toi nhac lai vé da tap con thuc hoan
toan trong dang khong gian phiic.
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Cho M la mot da tap Riemann n chiéu vd M 1a mot da tap Kéhler véi sb
chiéu 2(n + k), k > 0. Goi J 1 cAu tric hau phitc ciia M va goi g (tuong ting
g) 1a metric Riemann ctia M (tuong tng M ). Ta néi M 1a mot da tap con thuc
hoan toan ctia M néu M ¢6 mot phép nhing dang cit vao M sao cho v6i moi x,
J(TyM) C vy, & d6 T, M ki hicu khong gian tiép xtc clia M tai z va v, la khong

gian phéap tuyén tai .

Dinh nghia 1.2.1. Mot da tap Kdihler vdi do cong nhdt cat chinh hinh hdang
dugc goi la mot dang khong gian phic.

Goi My ,(c) 1a mot dang khong gian phiic (n + p) chiéu véi do cong nhat cit
chinh hinh héng ¢, véi ¢ < 0. Nhu chting ta biét, néu ¢ = —1 thi do cong nhat cat
ctia M nim trong doan [~1, 1] vanéu ¢ = 0 thi M la phang. Tuy nhién, néu M
la mot khong gian xa anh phiic véi metric Fubini-Study thi M ¢6 do cong nhat
cit song chinh hinh hing duong ma dudc chuan hoa bing 4. Trong truong hop
nay, do cong nhat cat cia M nam gitta 1 va 1. Chung ta c6 thé xem them [20]
dé thao luan thém vé da tap con thuc hoan toan trong dang khong gian phiic.

Trong bai bao [25], D. V. Cuong - N. T. Ding - N. T. K. Son thu dugc mot
két qua triet tieu cho cac 1-dang vi phan diéu hoa trén cac da tap con cuc tieu
thuc hoan toan cua cac dang khong gian phitc nhu sau.

Dinh 1i 1.2.1 ([25]). Cho M la mot da tap con cuc tiéu thuc hoan toan n chicu,
duge nhing trong M,(c), ¢ dé ¢ € {—1,0}. Néu mot trong cic gia thiét sau théa
man

(i) e=-1,n>5,1<k<"%2va

(2k — 1)(n — 2k —2)
||Aun<\/ T

(i) ¢ =0,k > 1 va [|A], < \/%(”(;_Ul)—kgé— 2)

thy moi 1-dang vi phan L2 diéu hoa tréen M déu triét tieu. O day, A la dang co
ban thit hai cia M va || A, = ([, 14]")".

Xuat phat tir két qua trén, luan an nghién citu mot 16p cac 1-dang vi phan p-diéu
hoa trén da tap con cuc tiéu hoac khong cuc tiéu thuc hoan toan dugc nhing
trong mot dang khong gian phtic. Khi da tap con la cuec tiéu, ching toi thu duge

két qua nhu sau.
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Pinh 1i 1.2.2. Cho M la mot da tap con cuc tiéu thuc hoan toan khong compact,
day di, n chiéu (n > 3) duge nhing trong My(c), ¢ dé ¢ € {—1,0} va A la dang

co ban thit hai cia M. Néu mot trong cdc gid thiét sau ding

2
(i) = ~1 va A, < &/ LEBE o

n-1)C’
. . [Q—1+B,(p—1)
(i) ¢ =0 va HAHn<% %

thy moi 1-dang vi phan L2 p-diéu hoa trén M déu triet tiéu, vdi Q > p > 2. O
day, C ki hiéu hing s6 Sobolev trong Bo dé 2.5.3, hing s6 B, trong Bo dé 2.5.2
v Al = ([, 141"

Nhan xét 1.2.2. Ching ta nhan thay dinh li trén la tong qudt cia két qud trong
bai bao [25] cia D. V. Cuong - N. T. Ding - N. T. K. Son.

Luu ¥ rang trong truong hop da tap con khong cuec tiéu, ching ta can thém
mot gid thiét vé can dudi ctia A\j(M). Thuc té, ta c6 két qui nhu sau.

Dinh li 1.2.3. Cho M la mot da tap con khong cuc tiéu thue hoan toan khong
compact, day di, n chiéu, dugc nhiing trong Mn(c), d doce{—1,0} va A la dang

co ban thit hai cia M. Néu mot trong cdc gid thiét sau théa man

N (n=1)Q” )
(i) e=~1, M(M) > 6[Q-1+B,(p-17] "¢

< 2B e
) n+ 1)Cs 16(n + 1)Cy A (M)

(ii) ¢ = 0 va |4, < mm{%,/Q—};ff;g—”z, \/C%} ¢ dé6 o > 1,C la hing s6

Sobolev trong Bo dé 2.5.5, hing s6 B, trong Bo dé 2.5.2 va Cy == 2%

T a—1

thi moi 1-dang vi phan L9 p-diéu hoa trén M déu triét tiéu, vdi Q > p > 2.
Nhan xét 1.2.3. Khi p =2, ching ta thu dugc mot dinh li triét tiéu cho 1-dang
vi phan diéu hoa trén da tap con khong cuc tiéu. Ching toi cing nhan manh 1o
két qua nay khong dugc phdt biéu trong bai bdo [25].

Mit khéc, trong bai bao [22] (Dinh 1i 3.3), Choi-Seo xét mot da tap con thuc
hoan toan khong compact, day du trong mot khong gian xa anh phtic thda man
chuan L" clia dang co ban thtt hai vét khong la di nhé. Ho thu duge mot dinh

1i triet tieu cho cac 1-dang vi phan diéu hoa nhu sau.
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Dinh 1i 1.2.4 ([22]). Cho M la mot da tap con thuc hoan toan khong compact,
day di, n chiéu (n > 3) trong CP™. Goi ® la dang co ban thi hai vét khong, zdc
dinh bdi ® = A— Hg, ¢ dé A, H va g lan lugt la dang co ban thit hai, véc to do

cong trung binh va metric cam sinh trén M. Khi do, vdi

2 2
n 4(n —1) n 4(n—1)
1—4\/1————2 | <k 1 l1l—-—
nl( 3n? ) <n1<+ 3n2 ’

ton tai mot so duong § sao cho néu ||®|, < § thi moi 1-dang vi phan L** diéu

hoa trén M déu triét tiéu.

Tt d6, ching toi tap trung nghién ctu 1-dang vi phan p-dicu hoa va thu dudc

mot két qua tong quat hon nhu sau.

Dinh 1i 1.2.5. Cho M la mot da tap con thuc hoan toan khong compact, day
dii, n chiéu (n > 3) trong CP™. Goi ® la dang co ban thi hai vét khong, zdc dinh
bdi ® = A— Hg, ¢ dé A, H va g lan lugt la dang co ban thi hai, véc to do cong
trung binh va metric cam sinh trén M. Khi dé, vdi moi p > 2, ton tai Q,0 phu
thugc vao p,n sao cho néu ||®||, < § thi moi 1-dang vi phan LY p-diéu hoa trén

M déu triét tiéu.

Nhan xét 1.2.4. Khi p =2, ching ta cé ngay mot két qud triét tieu cho 1-dang
vi phan diéu hoa. Hon nia, hé qud nay cé thé coi la mot cdi tién cia Dinh li 3.3
trong bai bao [22], dac biet khin < 7.

1.3 Dinh li Liouville cho phuong trinh elliptic trén cac da tap
Riemann

Trude hét, ching toi nhac lai mot vai khai niem lien quan dén khong gian do
do metric tron. Mot khong gian do do metric tron (con goi la da tap ¢6 trong)
1a mot bo ba (M, g, du), trong do6 (M, g) 14 mot da tap Riemann day di, n chiéu
va dp = e fdv v6i f 1a mot ham tron gia tri thuc trén M va dv 1a dang thé
tich tuong ttng véi metric g. Ki hieu V va Hess lan lugt 1a gradient va toan ti
Hessian. Do cong m-Bakry-Emery Ricci trén mot khong gian do do metric tron
duogc xac dinh bdéi
df @ df

m—n

Ric?[‘ := Ric + Hessf — (n<m < o).
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Dac biét, khi m = oo, Rics’f’ := Ric + Hessf la do cong Bakry-Emery co dién, do
cong duge dua ra boi Bakry-Emery 2] trong qua trinh nghién ctu vé cac qua
trinh khuéch tan v sau d6 né dugc nghién ciiu rong rai trong li thuyét dong
Ricci. Truong hop m = n chi xac dinh khi f 1a ham hang.

Trén M, ta xét toan tu vi phan Ay, toan ti nay dudc goi la toan tit Laplace
c6 trong v6i ham trong f va duge cho bdi

Ap - =A-—(Vf, V).
Toan ti nay dbi xiing déi véi do do e~ /dv, nghia 1,
[ @evuetan =~ [t
M M

v6i moi ¢, v € Cg°(M). Tong quat, toan tit p-Laplace c6 trong duge dinh nghia
bé6i
A pu = el div(e™ |VuP~2Vu)

v6i u € WHP(M). Thye té, ta c6 mot dinh nghia téng quat hon nhu sau.

loc
Dinh nghia 1.3.1 ([4, 40, 83]). Cho p > 1, € N, mot (-dang vi phan tron w
dugc goi la mot (-dang vi phan p-diéu hoa néu
dw =0
dwP) =0
theo nghia suy rong. 0] day d} la todn tit doi ngau clia todn ti vi phan tuong ing
vdi dang thé tich cé trong e fdv.

Khi d6, mot ham u la p-diéu hoa c6 trong néu u € W,oP(M,e~fdv) va w = du
la mot 1-dang vi phan p-dieu hoa, tic la d}(|VulP~*Vu) = 0. Hon nita, toan ti
p-Laplace c6 trong c6 thé viét lai dudi dang

Ay g = —dp(|[V - P72V,

Nam 2019, L. Zhao [99] thu duge mot dinh 1i Liouville trén khong gian do do
metric tron nhu sau.
Dinh 1i 1.3.1 ([99]). Cho (M™,g,dw)(n > 2) la mot khong gian do do metric tron

khong compact, n chiéu ma trén dé bat dang thic Poincaré [, p¢* < [, V]
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diing va do cong Bakry-Emery théa man Ric}" (M) > —ap, d day ) € WOM(M), 0<

Ap-1) 4 _ _4 (p-1)?°
p> 'p  m—1 p?

st rang v la mot nghiém duong cia phuong trinh p-Lichnerowicz c¢é trong

0 < mm{ } va p(x) 1o mot ham duong trén (M™, g, dp). Gid

Ay v+’ =0,

ddiyc < 0,m>n0<oc<p—1Ilacic so thuc. Néu fM|Vv|p hiw han va

l<p< m71+\/(712171)(m+3)

thi v la mot hang so.
Tu két qua & trén va tinh chat Liouville thu duge bdi N. T. Diing - N. N.
Khanh - Q. A. Ngo trong [32], ching t6i xét phuong trinh sau

Ap v+ h(v) =0

trén khong gian do do metric tron, ¢ d6 h(v) la mot ham kha vi va thoa man
R'(v) < 0. Nhic lai, néu h(v) = 0 thi v duge goi 1a p-diéu hoa c6 trong. Bang
cach st dung phuong phéap trong bai bao [33, 34], ching toi thu duge két qua

maéi nhu sau.

Dinh i 1.3.2. Cho (M™,g,e~Tdv)(n > 2) la mot khong gian do do metric tron
khong compact va day di. Gid st do cong Bakry-Emery bi chan dudi

Ricy > —ap,
vdi hang so nao dé a € R, & day p théa man bat dang thiic Poincaré cé trong
[oeet < [wopet, e cran

Voirp>1wvaae(0,1), gig stv € Cllo’g‘(M) N WZQO’CQ(M) la mot nghiém duong cia

phuong trinh
Ay rv+h(v) =0,

d dé h(v) la mot ham khd vi va théa man h'(v) < 0. Néu hdang s6 a théa man

4(p—1
_ (p2 )
p
va néu |dv| € L2 (M) vdi
P 1 —
_§ﬁ<_(1+ 1_0’)7
2 a

thy ham v la hang so.
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Nhan xét 1.3.2. Dé yj rang néu h(v) = c” ¢ dé ¢ < 0,0 >0 thi phuong trinh ¢
trén trd thanh Ay v + cv? = 0. Day la phuong trinh da dugc nghién ciéu bdi L.
Zhao. Hon nia, I'(v) < 0. Dat 8 = &, ching tot nhan manh rang trong truong
hop nay, két qud cia ching toi la tot hon két qud cia L. Zhao. That vay, tu
Ric}? > —ap kéo theo Ricy > —ap, dieu kién vée do cong ciua ching toi la yéu
hon so vdi gid thiét cia L. Zhao. Mién cia a trong két qud ciia ching toi rong
hon mién cia a trong gid thiét cia L. Zhao. Hon nita, chiing toi khong can dicu

khién gid tri clia p nhu trong bai bdo cia L. Zhao.

1.4 Uéc lugng gradient cho phuong trinh p-Laplace c6 trong
trén cac da tap Riemann

Trong bai bao [102], L. Zhao va D. Yang xét phuong trinh p-Laplace Lich-
nerowicz

Apru+cu’ =0

trén khong gian do do metric tron khéng compact, v6i ¢ > 0,p > 1,0 <p—1 va
thu duge mot ude luong gradient dia phuong cho nghiém duwong nhu sau.

Dinh Ii 1.4.1 ([102]). Cho (M, g,du) la mot khong gian do do metric tron vdi
Ric} > —(m - 1)K, vdi K la mot hang s6 duong. Gid st v la mot nghiem duong
cia phuong trinh p-Laplace Lichnerowicz & trén, trén qud cau B,(R) C M, vdi
diéu kien o <p—1,p > 1. Khi do, ton tai mot hing so Cpm sao cho

T do, cac tac gid thu duge mot tinh chat Liouville va mot bat dang thiic
Harnack tuong tung.
Mit khac, S. B. Hou, trong bai béao [45], xét nghiém duong bi chan ctia phuong
trinh Allen-Cahn
Au+ (1 —u?)u=0

trén da tap Riemann day di, khong compact. Tt d6, tac gid thu duge cac uwdc
lugng gradient cho cac nghiém nay. Nhu la mot hé qua, S. H. Hou thu duge mot
dinh Ii Liouville trén cac da tap v6i do cong Ricci khong am.

T cac két qua 6 trén, luan an dua ra cac uéc luong gradient dia phuong cho
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nghiém duong ctia phuong trinh sau
A, ju+ Fu) =0 (1.9)

tréen khong gian do do metric tron khong compact. Trong phan nay, ching ta
gi& st F 1a mot ham kha vi, F(u) > 0 khi v > 0. Dat A(v) = (p— 1)P~Le VF(er 1),
ching ta gi& stt them h/(v) < a := a(p) véi hdang s6 nao dé a > 0, 6 d6 a = 0 néu
p # 2. Ching ta néi mot bat dang thitc Sobolev cé trong ding trén M néu ton
tai cac hang s6 duong Cy, Ca, C3, chi phu thuoc vao m, sao cho véi moi qua cau
Bo(R) C M, moi ham ¢ € C§°(B,(R)) ta c6

( / |¢|n3’“ze—fdu) < CyC2HVER)=Cs / (R%|V | + ¢*)e  dp,
Bo(R) BO(R)

& do V 1a thé tich clia qua cau trac dia By(R).
Tu do, ching t6i thu duge mot wée lugng gradient nhu sau.

Dinh 1i 1.4.2. Cho (M, g,e Tdp) la mot khong gian do do metric tron ma trén
dé c6 bat dang thite Sobolev cé trong. Gid st u la mot nghiém duong ctia phuong
trinh (1.9), trén qud cau traic dia B,(R) C M va F(u) > 0 khi u > 0,h'(v) <
a = a(p) vdi hdang $6 nao dé a > 0, ¢ dé a = a(p) = 0 néu p # 2. Vi bat ki
n>0,qg>%, ton taib >0 sao cho néu |Ric™ ||, < skz va k(g,1) < § thi ton tai

mot hang so Cpm,v chi phu thuoc vao p,m va V' sao cho

\Y% 1+VvVKR
M S Cp,m,VT\/_ +

)
u

trén qud cau tric dia Bo(%). Hon nia, néu IRic™ ||, r = 0 thi

|V 1+ VKR
R )

w < Cp,m

trén qud cau tric dia Bo(%) va C(p,m) chi phu thuéc vao p va m.

Nhan xét 1.4.1. Bing cich dp dung ham F(u) cho truong hop cu thé, ta thu
dugc cac ude lugng gradient cho cac phuong trinh duge zét trong cac bai bao [45]
va [102]. Ngoai ra, néu thay F(u) = cu(l —u), vdi ¢ > 0, ching ta thu duge mot
wdc lugng gradient mai cho phuong trinh Fisher-KPP. Hon nia, tu dinh i trén,
ching ta con thu thém duogc udc luong gradient cho phuong trinh

A pu + aulogu = 0,a > 0.

(Day la phuong trinh xuat phdt tu gradient Ricci solitons)
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TiNH TRIET TIEU CUA CAC
DANG VI PHAN P-DIEU HOA
TREN CAC DA TAP RIEMANN

Chuong nay sé trinh bay chi tiét cac két qua mdi veé tinh triet tieu clia cac
dang vi phan p-diéu hoa trén da tap Riemann. Cac két qua nay duge viét dua
trén cac bai bao [3] va [4] trong muc Cac céng trinh da cong bd lién quan

dén luan an. Trude hét, chiing toi nhic lai cong thitc Weitzenbock.
2.1 Cong thic Weitzenbock

Cho (M",g) 1a mot da tap Riemann n chiéu véi metric Riemann g va cho
Rijkm; Wijkm tuong tng la ki hiéu cac thanh phan ciia do cong Riemann va do
cong Weyl ctia M trong trudng frame trirc chuan dia phuong {ey, ..., e, }. Khi do,

chiing ta c6 cong thitc phan tich do cong nhu sau

1
Rijkom = Wijkm + E(Rik(sjm — Rimji + Rjm0ix — Rji0im)
R

4 do, Ri, va R lan lugt ki hiéu tensor Ricci va do cong vo hudéng ctia M.

Goi {0, ..., 0"} 1a co-frame d6i ngau cta frame {ey, ..., e, }. Cho w 1a mot ¢-dang
vi phan tréen M. Khi d6, w c¢6 thé duge biéu dién trong co-frame déi ngau dia
phuong nhu sau

w = ail,,,iﬁ“ A A 97;[,

& dé cac chi s6 Lip lai dude co rit va lay tong. Ta c6 cong thitc Weitzenbdck nhu
sal

1

§A|W|2 = |Vw|* + (Aw,w) + F(w), (2.1)
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Y >—§Rmkm< ies ) em A er)e)
0o —1)

=(R;;ja"* "oy, 4, — Rijtma"® i (2.2)

2
Giong nhu trong bai bao [59], ching ta st dung tensor do cong concircular

Z = (Zijkm) cla g, v6i
Zijkm = Rijlm — L(gz'kg‘m — GimJjk)-
n(n —1) J J
Stt dung cong thic (2.1), ta co
Alwl? = %AW + %A| xwf?
= |Vw|]? + |V x w2 + F(w) + F(w) 4+ (Aw, w) 4+ (A % w, %w).

Béng mot vai tinh toan, H. Lin ching minh trong [59] u6c lugng sau cho s6 hang
do cong
2

—n-=2 2_pn—9
F(w) + F(xw) > (wzz— %u) w2,

n?—n n
Diéu nay kéo theo

2—n—2 —n—2
Aw2>lw2+ww2+<”n2”n R-— %\Z\ W] 2 Aw, W)+ {Axw, %)

(2.3)
Mit khac, trong bai bao [58], téc gié thu duge

((0—1) [n?—n—2 5 %| 2, ) )
>
Fw) 2 =S R - 22 T L Bl 4+ S Rl

& d6 E = (E;;) ki hieu tensor Ricci vét khong clia g, tic 13,

R
Eij = Rij — - 9ij-

Do d6, bdi dang thitc (2.1), chiing ta thu duge bat dang thic dang Bochner nhu

1 -1 2_p
PO 2 Vel {Aw,w) - L T 2
-2
'\/ el + =g (24
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Hon ntta, gid st (M", g) 1a mot da tap Riemann phang bao giac dia phuong.
Khi dé, trong trudng frame truc chuan dia phuong cho truée, tensor do cong

ctia M c6 thé viét dang

1 R

Rijkm = n_ Q(Rikéjm - Rim5jk + Rjm0ir — Rjk(sim) — (= 1) —2) (5ik5jm — 5im5jk)-
Thay cong thiic trén vao (2.2), chung ta thu duge

l(n —20) T 0 —1) 9

F = —"R;; 212...1¢ j )
(w) n—2 R je azz....ze (n _ 1)(n . 2) R|w|
l(n —20) o l(n—10)
— —EZ 212...1¢ ] ) 2
n — 2 ]Oé 12....7¢ + n(n _ 1)R‘w‘

Gia st 20 # n va do cong vo huéng R > 0. Khi d6, nhu trong bai bao [59], ching

ta co
1 a
Al > [Vl + % [([Bl = bR)* = (B[ = b R)] |w]* + (Aw,w)
> |Vw|? — % (1B = B R?) |w]? + (Aw,w) (2.5)
6 do
C(n=1D(n—20° n—2 U(n—0)
2n—2)7> = (n—1)n—2( n

2.2 Tinh chat triét tiéu trén cic da tap v6i bat dang thic
Poincaré c6 trong

Trong phan nay, ching t6i xét mot da tap Riemann véi bat dang thiic
Poincaré c6 trong. Ching t6i nhic lai rang trong bai bao [59], H. Lin st dung
do cong concircular Z va chiing minh mot két qua cho cac ¢-dang vi phan dicu

hoa trén da tap Riemann compact néu do cong vo huéng R > 0 va |Z|> <
2
- - 2 Z N . . 2
%RQ. Két qua dau tién trong chuong nay la dua ra mot dinh 1 tong
nc—mn
quat hon cho cac ¢-dang vi phan p-diéu hoa trén da tap khong compact ma

khong c6 dieu kien do cong vo huéng duong.

Dinh li 2.2.1 (Dinh li 1.1.2). Cho (M", g)(n > 4) la mot da tap Riemann duogc
dinh hudng, khong compact, day di, théa man mot bat ding thitc Poincaré co

trong voi ham trong duong p(z). Gid su

n?—n—2 n?—n—2
- - —— " R< 2.
V nZ2—n 121 n?—n < Crlz) (2:6)

28



vdi hing 56 C = C(p,n,(,Q) € (0,2@VERCI) 0 < p<n-2Q2p22),

Khi dé, moi (-dang vi phan p-diéu hoa w trén M théa man liminf 5 [ |w]|? =0
—00
Bay(r)
deu co chudn la hdng. Ddc biet, HP*(LR(M)) = {0}, vdi

HPYLO(M)) = {E-dang vi phan p-dieu hoa w sao cho / w|¢ < oo} :
M

O day, R ki hieu do cong vo hudng cia M va hing s6 B, zudt hién trong bit
dang thic Kato ¢ Bo deé 2.2.2.

Dé ching minh céc két qua trong phan nay ching ta nhic lai mot sé bo dé

sau.

B6 dé 2.2.2 (Bat déng thitc dang Kato - xem [35]). Vdip >2,¢> 1, cho w la

mot (-dang vi phan p-diéu hoa trén mot da tap Riemann day di, n chieu M. Khi

do, ta co
—2 \2 12
IV(lwlPw)|” > (Bp + DIV]w[P]7,
1 A1 —
max{{,n—~{}’ newp =2
2, 7 —_ 2 Z
d doé B, = (p_ll)z.min{l, ({’1_11) }, néeup>2val=1
0, néup>21)d1<£§n—1

B6 dé 2.2.3 (Xem [34]). Vdi bat ki (-dang vi phan déng w va ¢ € C(M), ta co
|d(pw)| = |dp A w| < |dep].|w].

Chatng minh Dinh i 2.2.1. St dung bat dang thiic dang Kato va tinh chat sau

day | x |wP2w| = ||w[P2w| = |w|P~!, ching ta thu dugc

V(wlP2w)* = (B + 1) VIwl' ™

|V (%|w]P2w) > > V]| * (JwP~2w)||> = |V|wP~ 12

Do d6, ap dung bat dang thiic (2.3) cho dang vi phan |w|P~%w cling v6i gid thiét
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ve do cong dan dén

2 2
—9 12 12 n“—n-—2 ne—n—2 2p—1
Al(lwP20)? 2(B, +2)| VIl +<—n2n R\ Z|> ]2~

— ((d*d + dd*)(Jw [P~ ?w), |w[P2w) = ((d*d + dd*) (x|w|P2w), <|w[P~*w)
>(By +2)|V]wP [ = Cplw*®Y

— ((d*d + dd*)(Jw[P~?w), |wP2w) = ((d*d + dd*) (x|w]P2w), x|w]P2w).

Bang mot tinh toan don gidn, diéu nay dan dén
2wt APt 2By | VIw ! = Cplw PP
— (" d(|w[P2w), [w[PTPw) — {(d"d + dd*) (x|w[P~Pw), xw[Pw).
Chia hai vé cia bat déng thiic trén cho |w|P~2, ching ta c6
2w AlwlP™t > By(p = 1)* w72 |V[w||* — Cplwl?
— (d*d(|wlP2w),w) = ((d*d + dd") (x|w]P~2w), xw).

C6 dinh mot diém xzy € M va goi r(z) 1a khodng cach tric dia trén M tit g
dén z. Chon ¢ € C§°(M) théa man: véi r > 0, ta c6

L, néu r(z) <r
2 P
p(r) = q €[0;1] va [Vy|(z) < ~, méur<r(r) <2 (2.7)
0, néu r(z) > 2r.

Nhan hai vé cia bat dang thitc trén véi p?|w|?, (¢ > 0) va lay tich phan trén M,
ching ta thu dugce

) / RN

M
>By(p— 1) / PPVl - ¢ / P2l
M M
_ / (o lP~2), dlp2 o] 1)) — / (@ d+ dd") (oo ~2), w2 o). (2.8)
M M

Chiing ta udc lugng (2.8) thong qua bén bat dang thiic sau. Dau tien, doi véi
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s6 hang bén vé trai, tich phan ting phan dan dén

/ NN

M
— a(p—1) / ol LV, V) — (0 — 1)(g + 1) / Pl ] ?
M M
<2(p—1) / PP V||Vl = (p— 1)(q + 1) / PP 2
M M

Do bat dang thiic Poincaré cé trong (1.2) ding trén M, ching ta c6

/psDQIWIp“’

M

< prapo? o PHD? 2 g2 2 pta—1
< WPVl + A |w] VIw[|” + (p + @) p|w] (V, V]wl)
M

p+q)° _ _
< [ Jibrerwer + EEL 101 4 o+ el 9 TRl
M

Mit khac B6 dé 2.2.3 va bat ding thiic Schwarz kéo theo
/ (P2, d(2]]w))
M
< / AP - ] - |2l - o]
M
_ / VIl - ] - [V (2w])] - o
M
<2(p—2) / PPVl VIwl] + (p— 2)g / PPV 2
M M

Hoan toan tuong tu, st dung dinh nghia ctia d*, Bo dé 2.2.3 va bat dang thiic

Schwarz, ching ta ¢6

/ (dd* (o P2), %(2 ] )
M

_ / (@ (KlwolP20), d (2] 0))
M

< / @ (el 20) | (x|
M

_ / (o) (2 o] )|
M

S%p—Qﬁ/ MWW““”V¢WWWH+@%-%Q/1wﬂwww_ﬂvhﬂz
M M
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Dé y ring w la p-dicu hoa, ching ta c6 d*(|w|P~2w) = 0 hay mot cach tuong

duong, theo dinh nghia clia d*, d(x|w|[P~%w) = 0. He qua I3,
(@ d(xwlP~?w), x(p*|w|%w)) =0,

Do do6, két hop bon bat dang thitc & trén va st dung (2.8), ta c6

2
—[mp—n@+n+w%@—w2—9@i21—2@—2m]/¢%WﬁfﬂvwW

4
M
>0 [ TR + k12— O+ )] [ el DV
M M
e I T M
M
M

Cp+q)

1
4p — 6
p—0+—

€

/kW“WMQ
M

v6i moi € > 0. Vi vay, v6i Q := p + ¢, ching ta co

A [ PP <D [ WP (2.9)
M M
G do
C(p+q)? Cp+
A::2(p—1)((]+1)+Bp(p—1)2—%—2(1)—2)(]—5 4p—6+%‘
2
—2Q -2+ By(p— 1)} — —% — '4 —6+CZ—Q
va
1 1
D::C'—i-—4p—6—|—M =C+—4p—6+%.
€ 2 € 2
Hon ntta, tu C € (0, S(Q_1)+SQBP(I’_1)2>, ching ta co
s CQ?
2Q =2+ Bylp—1)° = — = >0.

Do d6, chiing ta c6 thé chon e dt bé sao cho A > 0. Tt (2.9) dan dén

f4/|mQMVMPSA/&w@?WWW
Bwo (r) M

4
gD/vawgDﬁ / @,
M Ba,(2r)
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Cho r — oo, chiing ta c¢6 |w|92||V|w||> = 0 trén M, dan dén |w| 14 hing sb.
Mat khac, tit M théa man bat ding thic Poincaré cé trong, ching ta co
vol(M) = oco. Do d6, néu w € HPYLY(M)) va |w| = const > 0 thi [ |w]|¢ =
M
|w|@.vol(M) = co. Diéu nay 1a vo li. Vi vay w = 0. Dinh 1i 2.2.1 dugc chiing minh
xong. ]

Dic biet, khi p = 2, chiing ta thu dugc két qua triet tieu sau cho ¢(-dang vi
phan diéu hoa.
Hé qua 2.2.4. Cho (M",g)(n > 4) la mot da tap Riemann dugc dinh hudng,

khong compact, day du, théa man mot bat dang thic Poincaré ¢é trong vdi ham

trong duong p(zx). Gia su

n2—n-—2 n:—n-—2
- | J|l—-——R<
V12l - SR < Cpla)

vdi hiing 6 C = C(n, 0,Q) € (o, 8@‘1)*@";““”—“) (2<(<n—20Q>2). Khi 6,

moi (-dang vi phan diéu hoa w trén M théa man liminf % [ |w|? =0 déu co
—00
Bqy (1)

chuan hdng. Ddc biet, H>'(L(M)) = {0}.
Nhic lai gia tri rieng thtt nhat (M) cia mot da tap Riemann M duge xac

[1VeP
dinh béi M\ (M) =  inf

MIT' Do d6, néu A;(M) > 0 thi mot bat dang thiic
jecrany |

Poincaré c¢6 trong dang trén M. Do d6, sit dung Dinh 1i 2.2.1, chung ta c¢6 hé

qua sau.

Hé qua 2.2.5. Cho (M",g)(n > 4) la mot da tap Riemann dugc dinh hudng,
khong compact, day di, véi A (M) > 0. Gid su

2 -9 2 -9
Vit 7z - R SR < oxn(M)
nz—n nz—n

vdi hing s6 C = C(p,n,(,Q) € (o, 8<Q1)+§§P(P1)2) 2<(<n—2Q>p>2)

Khi dé, moi (-dang vi phan p-diéu hoa w trén M théa man lim inf T% i w|@ =0
7—00
Bay(7)
deu c6 chuan hing. Ddc biet, HPY(LQ(M)) = {0}.

Tiép theo ching t6i chitng minh mat dinh 1{ triet tiéu cho da tap Riemann

phang bao giac dia phuong véi diéu kién do cong tai ting diem.
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Dinh 1i 2.2.6 (Dinh li 1.1.4). Cho (M", g)(n > 4) la mot da tap Riemann phang
bao gidc dia phuong, khong compact, day di, vdi do cong vo hudng R > 0. Gid
st M théa man bat dang thitc Poincaré cé trong (1.2) vdi ham trong duong p(z).
Gid si rang

% (IE]> - 1*R?) < Cp(x) (2.10)

vdi hdang s6 C = C(p,n,l,Q) € (o,% [Q—1+Bp(p—1)2}) 2<t(<n-21(%#

5.Q>p>2)vaa= UGy = oo JAO. Khi d6, moi (-dang vi

phan p-diéu hoa w trén M théa man liminf 5 [ |w|? =0 déu cé chuan hing.
—00
Bay(r)
Dac biet, HP*(LR(M)) = {0}.

Chatng minh. Tit bat dang thitc (2.5) va bat dang thiic dang Kato, chiing ta c6
WAl > By(p — 1)?|w P72 |V|w|* — }% (IE]? = 0*R?) |wfP — {d*d(lwPw), w).
Cho ¢ € C3°(M) dugc cho bdi (2.7). Nhan hai vé ctia bat dang thitc trén voi

©?lw|9, (¢ > 0) va lay tich phan trén M, ta c6

/ Sl AP 2B, (p — 1)’ / Pl V] ?
M M

~ [ 558 - 2r) Pl - [ a0 il

M M
Tich phan timg phan va st dung gia thiét (2.10), cing B6 dé 2.2.3, ching ta thu
dugc

[(p=1)(q+1) + By(p—1)? / PP T2+ 2(p — 1) / P Vol [V ]|
M M

ptaq —
> —C/IV(wlwl : )|2—2(p—2)/ PlwPF I V| [V |w]|
M
M

—(p—2)a / P2V ]w] 2
M
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Do do, chung ta c6

—[(p=1(a+1) + Bylp — 1% /902|<ﬂ|”+q2!V|<ﬂl|2
M

p+q)*C _
>-C [ uprogwep - EEDE [ pupte2vapp
M M

—(4p—6+(p+q)0)/

PlwPFIH V||V w]| — (p ~ 2)q/ P? w2V |w] .
M

M

Theo bat dang thitc Cauchy-Schwarz, chiing ta thu dugce
1
20|w[PT V| |[V|w]| < e@?|w[PTI72|VIw]? + g\w\p+q|V90I2,
véi moi e > 0. Do d6, v6i Q := p + ¢, bat dang thiic trén dan dén

D / w2Vl > A / R R
M

M
$ do
Ao =00 +1)+ Byl = 1 = (-2 - D oy 5 240
:Q—1+Bp(p—1)2—¥—g'zp—3+%‘
va

‘2p—3+—(p+;)c’ ’2p—3+%‘
D:=C+ =C+ .

3 €

St dung lap luan tuong tu nhu trong Dinh 1i 2.2.1, chting ta hoan thanh chiing
minh Dinh li 2.2.6. []

Bang cach cho p = 2, chiing ta thu duge ngay mot két qua triét tieu cho dang
vi phan diéu hoa. Ngoai ra, bang cach ap dung ham trong p(z) trong Dinh i
2.2.6 cho A\{(M) > 0, chiing ta thu dugc hé qua sau.

Hé qua 2.2.7. Cho (M",g)(n > 4) la mot da tap Riemann phdng bio gidc dia
phuong, khong compact, day di, vdi do cong vo hudng R > 0 va gid tri riéng thi
nhat \y (M) > 0. Gid si rang
a
= (IE]* = b°R?) < CAi(M)
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vi hing 56 C = C(p,n,€,Q) € (o,é [Q—1+Bp(p—1)2}) 2<l<n-20+#

N —1)(n—20)° - {(n—t Ry . .
2.Q>p>2)via= (n 2(7)1(_2)2 ) , b= (n—?)li—Qﬁl (" ) Khi dé, moi (-dang vi
phan p-dieu hoa w trén M théa man lim infr% i |w|("2 0 déu cé chuan hing.

Bgy (1)

Ddc biet, HPY(LR(M)) = {0}.

Bay gi¢ ching ta ching minh két qua triét tieu cho ¢(-dang vi phan p-diéu
hoa trén mot da tap Riemann khong compact, day du, véi dicu kién ctia tensor

Ricci vét khong E va tensor do cong Weyl .

Dinh 1i 2.2.8 (Dinh 1i 1.1.6). Cho (M™, g)(n > 4) la mot da tap Riemann khong
compact, day di, théa man bat dang thiic Poincaré cé trong (1.2) vdi ham trong

duong p(z) va do cong vo hudng R > 0. Gid st

(W(2) + a| E|(z) < Cpp(x) (2.11)

vdi hing $6 0 < Oy < 8@‘;@?{)(;’;”2)\/”?:712 Gd62<l<n—2,L+#% p>2
2(n—1)|n—2¢|
(t—1)4/(n+1)(n—2)3
man liminf & [ |w|P =0 déu triét tiu. Dac biet, HP(LP(M)) = {0}.

r—00 BzO(T)

va ay = . Khi dé, moi (-dang vi phan p-dieu hoa w trén M théa

Ching minh. B&i bat dang thiic (2.4), ching ta c6

1A|w|2(p—1)
2

> 1V (P 20) (A (P 2w), P2y — L ‘”\/ P2 D)
2& [n ’EH ‘Zp 1) ( )R‘ ‘2p1

Bing cach st dung bat ding thitc dang Kato va chia hai vé ctia bat dang thic
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trén cho |w|P~2, ching ta thu dugc

] AlwlP ™

“d 66—1 n?—n
> B, (p — Dol 2 VIl — (& (o) ) — LoD [

— 92
N e VL

=Byl — VPl (Il = (), ) + S5 )R| g

2
[Wljwl?

((=1) [n?—=n—-2
DT e e, (212)

% 32 . 2(n—1)|n—2¢| N P 2 . P
G do6 ap = W s Tw R > 0, bat dang thitc (2.12) kéo theo

WA~ >By(p — 1w VIwl? = (d*d(|wP~*w), w)

=1 n? —n —2
2 n2 —

(IW] + al E]) w]”.

Lay ¢ € C°(M) duge cho bdi cong thite (2.7). Nhan hai vé bat dang thitc trén
v6i ¢? va lay tich phan trén M, ching ta c6

/ Sl Al =B, (p — 1)? / Sl V] - / (AP 2w), d(%w))
M M M

— E b,
Ve [ S WD

St dung tich phan ting phan, bat dang thic trén dan dén

Cp—1+Bylp— 1) /M PP 2V Iw2 — 2p — 1) / Pl (Yo, VL)

— wlP~2w w) 6_1 a wlP.
> /M<d(‘ P2), d(? v / (W) + adl B Jo]

(2.13)

Theo B6 dé 2.2.3 va bat déng thic Cauchy-Schwarz, ching ta c6

/ (AP 2w), d(¢%w)) < 2(p—2) / ol [Vl V]|
M M
<=2 |z [ AT+ [ poe]
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v6i moi e > 0. Gia thiét vé do cong (2.11) cling v6i bat dang thitc Poincaré c6

trong (1.2) kéo theo

f—l
\/ / (W1 + arl B Jol?
E—l
< \/ 2¢, / 1 (le])
6—1 n? —n — p—2 2 p 2 p—1
= P2Vl 2 + [P IVl + pelwlP~ (Ve, V)

/ [4@ ol 2|V|w||2+|w|p|V¢|2+pgo\w\P 1<w,V|w|>]
M

6 do
((0—1) [n®>—n—2
2 n? —n Ce.

A=
Do do6, hai bat dang thiic trén va bat dang thic (2.13) dan dén
)
(4+222) [ aproer

€ M

2 Ap2 2| |p—2 2

> |p—1+ Bp(p—1) —(p—2)6—T @ |wPE V]|

M
-2 Ap) / ol (T, V)

M
> |, Bilp—1)2— (p—2)e — A_pZ 21, ,[p—2 2
> p—14+By(p—1)°"—(p—2)e 1 Mso |w[P™= |V ]w]|

p—1-4
2 P 2 2 p—2 2
—— | |wf[Ve]"—|p v | @ wPE VW]
Y M M

v6i moi v > 0. Bang cach sap xép lai, ching ta c6

Ap
1—- 22
2

p—2 ‘ -1-
A+ + /IWIZ’IVSOI2

g

Ap? A _
p_1+Bp<p—1>2—<p—z>a—Tp—‘p—1—7p o| [ 2w
M
(2.14)

N —14+B,(p—-1)?) /
T 0 < Og < 8p l}{;_f)(gz 1) nglinn27 ta co

p—1+Bp(p—1)2—T>
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Do dé, chiing ta c6 thé chon e v v di nho sao cho

2
p Ap
p—1+Bp(p—1)2—(p—2)€—T—|p—1—7‘7>0.

Vi vay, tit (2.14) ching ta thu dugc

Ap? Ap _
p—1+Bp(p—1)2—(p—2)g—T—‘p—l—Tfy |lw[P~2|V|w||?
Bqy (1)
Ap? Ap _
<lp—1+Bp—-12-(p-2e— L —p—1-ZI4| [ 2w 2V|w|]?
1 2 u
A
p—2  |P™ -7 2
<A+ + WPV
€ Y M
Ap

IN

—2 P77 4
A+ .—2/ [P,
€ Y " J By (2r)

Cho r — oo, ching ta thu dugc |w| = const. St dung 1ap luan tuong tu nhu trong
chiing minh Dinh 1i 2.2.1, suy ra w = 0. Dinh i dugc chitng minh xong. ]

Khi p = 2, két qua ciia ching ta quay vé két qua ctia H. Lin nhu sau.

Hé qua 2.2.9 ([58]). Cho (M™, g)(n > 4) la mot da tap Riemann khong compact,
day di, théa mén bat ding thitc Poincaré cé trong (1.2) vdi ham trong duong
p(x) va do cong vo hudng R > 0. Gid su

(W(z) + ag E|(x) < Cpp(x)

: < 2 mwin—ny .
vdi hing s6 0 < Cy < ( ) 7) e 2 <0< n-20#%)via =
20— Din=28 " Khi d6, moi (-dang vi phan déng va doi déng w trén M théa
(t—1)4/(n+1)(n—2)3
man liminf & [ |w|> =0 déu triét tieu. Dac biet, H>*(L*(M)) = {0}.
r—00 BIO(T)

Mat khéac, ching ta dé ¥ rang trong truong hop ¢ = % = m, bat déng thic
(2.4) kéo theo

m(m—1) [2m? —m —

1 1 m
“Alwl]? > 24 (A - Wl|w|? + ——R|wl|?.
5 w[* = [Vw|” + (Aw, w) (W |w] +4m_2R!w!

2 2m?2 —m

Do d6, chiing ta c6 mot két qua tuong tu nhu Dinh 1i 2.2.8 nhu sau.
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Dinh 1i 2.2.10 (Dinh Ii 1.1.7). Cho (M?*™ g)(m > 2) la moét da tap Riemann
khong compact, day di, théa man bat dang thiic Poincaré c6 trong (1.2) vdi ham

trong duong p(z) va do cong vo hudng R > 0. Gid s
[W(z) < Cp(a)

vdi hang so

0<Cy <

8(p—1+ By(p— 1)2)\/ m(2m — 1) .
(

> 2.
m(m — 1)p? 2m+1)(m — 1) var=
Khi dé, moi m-dang vi phan p-diéu hoa w trén M théa man lim inf T% [ |wlP=0
—00
By (7)

la m-dang vi phan song song. Dac biet, HP"™(LP(M)) = {0}.

Chatng minh. Ap dung lap luan tuong tu nhu trong ching minh Dinh If 2.2.8
v6i luu y rang khong c6 s6 hang chita |E|, ching ta két thic ching minh Dinh
I 2.2.10. ]

Heé qua, khi p = 2, tit Dinh 1f 2.2.10, chung ta thu dudc két qua sau.
Hé qua 2.2.11 ([58]). Cho (M*™ g)(m > 2) la mét da tap Riemann khong
compact, day di, théa man bat ddang thitc Poincaré cé trong (1.2) vdi ham trong
duwong p(z) va do cong vo hudng R > 0. Gia su

’W|(5B> < Cmp(z)

2(14+m) m(2m—1)

m2(m—1)"\/ (2m+1)(m—1)

va doi dong w trén M théa man liminf & [ |w> = 0 la m-dang vi phan song
—00

By ()

vdi hang s6 0 < Cy, < . Khi do, mot m-dang vi phan dong

song. Ddc biet, H*™(L*(M)) = {0}.

Nhan xét 2.2.1. Ching ta dé y ring trong Pinh i 2.2.10, ching ta khong can
dén gid thiét: do cong vo hudng duong tai mot diém nao dé cia M. Do dé, ching
ta c6 thé bé gid thiét nay trong Dinh li 1.3 trong bai bdo [58] giong nha phdt biéu

trong Hé qud 2.2.11. Vi vay, Hé qud 2.2.11 la tot hon mot chit so vdi két qud
cia H. Lin trong bai bao [58].

2.3 Tinh chat triét tiéu trén cac da tap véi tensor dé cong
thuan tay

Trong phan nay, ching t6i xét mot da tap Riemann véi tensor do cong thuan

tuy. Trong truong hop khong compact, biang cach thay thé diéu kién do cong
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bdi do cong (-khong am va sit dung phuong phap nhu muc trude, ching ta thu
duoc két qua nhu sau.

Dinh li 2.3.1 (Dinh li 1.1.9). Cho (M™, g)(n > 3) la mot da tap Riemann khong
compact, day di, vdi tensor do cong thuan tiy va do cong (-khong am, 1 < ¢ < n—

1. Khi d6, moi (-dang vi phan p-diéu hoa w trén M théa man liminf & [ |w|? =
r—00
Bay(r)
0 (¢ >p>2) déu c6 chuan hing. Néu giG st thém liminfl [ |w|? =0 thh w
r—00 on(r)
triét tieu. Ddc biet, HPY(LI(M)) = {0}.

Chiing minh. Diéu kien do cong ¢-khong am kéo theo F(w) > 0 (xem [58], Dinh
If 6.1). Do dé, tit bat dang thic (2.1) ta c6

1
§A|w|2 > |Vw]? + (Aw, w).
Thay thé w bdi |w|P~2w va st dung Bb dé 2.2.2, chiing ta c6
wAlwP~ > By(p = 1) wP A V[wl? = (d*d(|w]P~w), w).

Cho ¢ € C°(M) duge xac dinh bdi (2.7). Nhan hai vé clia bat déng thitc trén
Vi p?|w|97P (¢ > p) va lay tich phan trén M, ching ta c6

/ Pt AP T > Byp— 1)? / Pl V] — / (Aol 2), d( ] Pw).
M M M

Béi tich phan timg phan va bat dang thitc Cauchy-Schwarz, ching ta thu dudc

_ _ _ 1
[ oo < o-n [6-a+p-0 [ Gt wialr +3 [ one]
M M M

v6i moi b > 0.
Mat khac, ta co

_ _ 1
(dolP2w), d(PlelTP0) < (p— 2) [ +a ~ DIl VIl + 2ol Vo]
v6i moi € > 0. Do do,

[Bp<p—1>2—<p—1><b—q+p—1>—<p—2>e—<p—2><q—p>}/ ]2V w2

M
p—
< (B +220) [ ot

Titg>p>2>1-B,(p— 1)2, ta co By(p— D24+ (p—1D(g—p+1)—(p—2)(g—p) > 0.

Do d6, ta c6 thé chon b va e dit nhé sao cho
Byp =1 =(p=1)b—q+p—1)=(p—2)e = (p—2)(g—p) > 0.
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Diéu nay kéo theo

[Bp<p—1>2—<p—1><b—q+p—1>—<p—2>e—<p—2><q—p>}/ w2 V]2
By (r)

< [Bp(p—1)2—(29—1)(5—q+p—1)—(17—2)6—(19—2)(61—19)}/M<,f>2|c0|q_2!vlwl|2
< (B2 +222) [ et
2\ 4

1 _
< (p— 42 ) = / w4,
b g T BIO(ZT)

Cho r — oo ta thu dugc |w|=const. Phan con lai ctia chiing minh 14 theo cach
chitng minh ctia Dinh 1i 6.2 trong bai bao [58]. Diéu kien do cong (-khong am
kéo theo M ¢6 do cong Ricci khong am. Tw M khong compact, theo [95], ta ¢
vol(By,(r)) > er v6i ¢ > 0 ndo d6. Mat khac, gid thiét liminfl [ |w|? =0 kéo

r—00 B (1)
theo |w|9vol(By,(r)) = [ |w|? = o(r) khi r — co. Do d6 w = 0. Dinh 1i dugc
Bay ()
chiing minh xong. O

Dic biet, khi p = 2, Dinh 1f 2.3.1 kéo theo mot két qua tuong tu nhu trong
bai bao [58] nhu sau.

Hé qua 2.3.2. Cho (M",g)(n > 3) la mot da tap Riemann khong compact, day
dii, vdi tensor do cong thuan tiy va do cong ¢-khong am, 1 < ¢ <n —1. Khi dé,

moi (-dang vi phan déng va doi déng w trén M théa man lirrr_1>i£f 7%2 j; ) lwl? =0,
By (r
(¢ >2) déu c6 chuan hing. Néu gid st thém liminf 1 [ |w|! =0 thiw triét tiéu.
Bqy (1)
Dac biet, H>'(LY(M)) = {0}.

2.4 Tinh chéat triét tiéu trén cac da tap véi bat bién Yamabe
duong

Trong phan nay, chiing t6i nghién cttu (-dang vi phan p-diéu hoa trén da tap
Riemann véi bat bién Yamabe duong. Khi M c¢6 do cong vo huéng R khong am
va bat bién Yamabe Q(M, g) duong, H. Lin [58] da chiing minh mot két qua triét
tieu cho ¢-dang vi phan L? diéu hoa. Tu d6, ching t6i tap trung nghién citu
(-dang vi phan L? p-diéu hoa va thu duge két qua mé rong nhu sau.
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Dinh 1i 2.4.1 (Dinh i 1.1.11). Cho (M™, g)(n > 4) la mot da tap Riemann khong
compact, day di, vdi R >0 va Q(M,g) > 0. Gid s

(M/W (M/E < cQ(M,g) (2.15)

g do ¢y = g(g2_1)\/ngl - 2mm{4Q 4+2B p-1) 2,452712?}(2 <l<n—-2,Q>p>2)
2(n—1)|n—2¢|
(t—1)y/(n+1)(n—2)3
man liminf & [ |w|% =0 déu triét tiéu. Dac biet, HP(LQ(M)) = {0}.

r—00
By (r)

va ay = . Khi dé, moi (-dang vi phan p-diéu hoa w trén M théa

Chiing minh. Lay ¢ € C3°(M) dugce cho béi (2.7). Nhan hai vé ctia bat dang
thiic (2.12) v6i p?|wl|?, (¢ > 0) va lay tich phan trén M, ta c6

/ Sl AP 2B, (p — 1) / Sl V] ?
M M
_ / (d(JPw), d(Pll )} + LB / Rl
M nT—=mn Jy

(-1 \/m .
2 nZ—n M(|W|+ae!E\)w|w| . (2.16)

Dung tich phan ting phan va bat dang thitc Cauchy-Schwarz, ta thu duge

1
/ ALt AP Y < (1) [(b—q—n / Pl 2 T2 4 L / |w|p+Q|wP}
M M b M

v6l moi b > 0.

Mit khac, st dung (1.6) ciing v6i bat dang thitc Holder va bat dang thiic
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Cauchy-Schwarz, ta c6

n—2

/ (W) + ag E]) 2l
M

2
" m\ m
n n ptq\ "2
<|{ fwir) wal [rmr (M/(ww)

ptq n—2
<7 / (wwm )2 4 RWW)
M

3

4(n—1)

(P+9)?° 5 —2 2 2, N—2 2
=T pHa—2 |y |y R ptq
[ (B Aol + 0o + =2
M

(4T / olwlP (Vi V)
M

2
ST/ l((p‘ZQ) —l—p;qb) ¢2’w’p+q72‘V’wH2+ (1_’_%) ’w’p+q‘v(p’2:|

n—2 9
T——— | Rp?|wlPte
n 4(71_1)/M Pl

56T = 01 (M. g) [@ |Wr’5>” +ae@\E\3)"

Hon ntta, ta c6

/ ((|wlP2w), d(Pof))
M

S2(p—2)/ 90|w|p+q_1|VsDIIVIwII+(p—2)q/ P22V ||
M M

<(p—2)(n+ Q)/

_ 1
@ |w]P T 2!V|w||2+(1o—2)—/ w[PF9| V|
M nJm
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v6i moi n > 0. Do do, (2.16) kéo theo
1
<p—n[w—q—n/"ﬁwww2nmwﬁ+—/WwWﬂVMﬂ
M b M
z%@—w/ﬁﬂmﬂﬂww%&%lﬁ/R&Mﬁq
M nT—=mn Jy

. m/ W+@wwWwaW kWWWW]

f—l _n_2 p+q p+q 2| |p—|—q 2|V|W||2
\/ 2_n
0—1) [n2—n-—2 p+q
,/ T | (1+5%=) [wPtYvel?
2 n?—n /( * 2b )|w| Vel
M

=1 nz—n—2T n_2)/R902|w|p+q.

2 n?2—n 4n-1
M
Vi vay, véi Q := p + ¢, ta thu dugc
A/¢%W4WWW+q/R¢Mqu/wPNW (2.17)
M M M

Q»
Ou
[@N

A:=B (p—1)2—(p—l)(b—q—l)—(p_2)(77+Q>

=1 n*—n-2_+((p+q? ptq
2 n2—n T( 4 + 2 b

— n°—n— 2
:Bp(p_1)2+c2—1—€(€2 1)\/ n2_n2T%—b( —=((p—-2n

(—1) [n?—n—2 Qb
—-n 27

2 n?
n—0) (L{-1) In>—n—2_ n—2
= T ;
¢ nZ—n 2 n2—n  4(n-1)

p—1 p—2 ( praq\ L(l—1) [n>—n—2
D =—4+— 1 T
b * n U 2b 2 n?—n
p—1 p-—2 Q\ ((lt—1) [n?2—n—2
b < +2Z)) 2 n?—n

Gia thiét (2.15) dan dén

2 n?—n . 4Q —4+4By(p—1)* 4(n—10)]
((—1)Vn2—n-2 Q? w2—on [T

T <
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tic la C >0 va

00 -1 n2—n-—2 2
B(p—1)*+Q—1-— (2 )\/ —— T%>O

Do dé, ta c6 thé chon n v b di nhé sao cho A > 0.

Hon nita, thay ¢ vao (2.17) va dé y gia thiét R > 0, ta c6

A/' wﬂ*wwW+0/
Bay(r) B

RWWSA/w%W”WWW+Q/RﬁMW
(r) M M

4D
<D/mﬁww2 / wl®.
r? By (2r)

w972V |w||? = 0 va R|w|? = 0.

0o

Cho r — oo, ta suy ra

Do d6, |w|= const. Phan con lai ctia chiing minh 12 theo cach chiing minh trong
Dinh 1f 4.3 ctia bai bao [58]. Néu |w| khong dong nhat bang 0 thi R = 0. Do d6 bat
dang thiic Sobolev (1.7) dtang trén M. Theo [50], ta c6 w > Kr"2 — o0
khi r — oo, véi hing s6 K > 0 nao d6. Diéu nay mau thudn véi gid thiét

liminf & [ |w|? =0. Do d6, ta c6 w = 0. Dinh Ii dugc ching minh xong. [

T—00 BIO (’f‘)
Dac biet, khi @ = p =2, Dinh 1i 2.4.1 tré thanh Dinh 1i 4.3 trong bai bao [58].

Hé qua 2.4.2 ([58]). Cho (M™, g)(n > 4) la mot da tap Riemann khong compact,
day di, vdi R >0 va Q(M,g) > 0. Gid su

(M/W 2 —|—ag<M/Eg E < ¢Q(M, g)

2 _ —_
2 non_ {1 N 1 40(n — 1)

T - \Vnt-n—2 max{l,n —(}" n?—2n

} (2<l<n-2)
v 2(n —1)|n — 2/
(t—1)/(n+1)(n—2)3

Khi d6, moi (-dang vi phan dong va doi dong w trén M théa manliminf & [ |w]? =
—00
Bgy (1)

Ay =

0 déu triet tieu. Ddc biet, H>*(L*(M)) = {0}.
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Khi p =2 va bat ki Q > 2, ta thu dudc hé qua sau cho ¢-dang vi phan diéu

hoa.

Hé qua 2.4.3. Cho (M™,g)(n > 4) la mot da tap Riemann khong compact, day
du, vdi R >0 va Q(M,g) > 0. Gid su

n

2
/ WiE |+ a / B} <o)

__2 o 4Q — 4 g M- 0)
U=V n2—n-—-2 Q? " n?—2n

}(2<£<n—2,62>2)

va
2(n —1)|n —2¢|

(t—=1)y/(n+1)(n—2)3

Khi dé, moi (-dang vi phan diéu hoa w trén M théa man lim infri2 i w|@ =0
—00
By (r)

déu triét tieu. Dac biet, H>'(L9(M)) = {0}.

2.5 Tinh triét tiéu ctia 1-dang vi phan p-diéu hoa trén cac da
tap con thuc hoan toan trong dang khong gian phic

Trong phan nay, ching toi xét truong hgp da tap con thiyc hoan toan trong
dang khong gian phttc. Trude hét, ching toi nhic lai mot s6 cong thic can ding
nhu sau.

Cho M la mot da tap con thie hoan toan duge nhiing trong Mn+k(c). Ki hiéu
V (tuong ting V) 1a dao ham hiép bién ing véi g (tuong ting 7). Khi d6, dang co
ban thi hai o ctia phép nhiing dugc cho bdi o(X,Y) = VxY — VxY. Cho mot
truong véc to phap tuyén ¢ trén M, ta viét Vx& = —A:X + Dx€, & d6 —AcX
(tuong tng Dx¢) ki hieu la thanh phan tiép xtc (tuong ting phap tuyén) cta
V x&. Khi dé, ta co

T (X,Y),6) = g(AX, V).

Véc to do cong trung binh H duge cho béi H = % - Trace 0. Mot da tap con M
dugc goi 1a cuc tiéu néu H = 0 mot cach dong nhat. Cho dang co ban thi hai o,
ta dinh nghia dao ham hiep bién V'’ tuong ting véi connection trong (phan thé
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tiép xtuc) @ (phan thé phap tuyén) bdi
(Vxo)(Y.Z) = Dx(o(Y, Z)) — o(VxY, Z) — o(Y,VxZ)

v6i moi truong véc to tiép xic X,Y va Z trén M.
Chiing ta chon mot truong dia phuong cac frame truc chuan

€1,.-+,€n; €n+41, -+ Entp, €1* = J6n7 €(n+1)* = JeTH—l) e e(ner)* = J€n+p

trong M theo mot cdch ma han ché trén M thi ey, ..., e, 1 tiép xtc tren M. Goi
Ric 1a tensor Ricci ctia M. Khi d6, véi moi véc to tiép xtc don vi X va Y, ta c6

(xem [20])

Ric(X,Y) = ;L(n ~Deg(X,Y) + > (TraceAa)) g(AaX, V) = > g(AaX, AsY)
1 2
> (n—1e— > [TraceAq||Aq| — A
= ;L(n— 1)c — n|H||A| — |A]. (2.18)

Gia st M 1a mot da tap con cuc tiéu, tic 1a TraceA, = 0 v6i moi . Khi do, bat
déng thic trén tré thanh

Ric(X,Y) > %(n —1)c—|A]% (2.19)

Gan day, Choi-Seo [22] da chiing minh ring néu k-chuan ctia dang co ban thit
hai vét khong ctia mot da tap con thuyc hoan toan, khong compact, day du, n
chiéu ¥ trong CP" la di nho, thi khong ton tai 1-dang vi phan LP diéu hoa, véi
p ndao d6. Thém nta, trong bai béo [25], D. V. Cudng - N. T. Dang - N. T. K.
Son thu duge mot két qua triet tieu cho cac 1-dang vi phan diéu hoa trén céc
da tap con cuc tiéu thuc hoan toan clia cac dang khong gian phric.

Xuat phat tir cac két qua trén, trong phan nay, luan an nghién citu mot 16p
cac 1-dang vi phan p-diéu hoa trén da tap con cuc tieu hoac khong cuc tiéu,
thuc hoan toan dugc nhiung trong mot dang khong gian phitc. Khi da tap con
1a cuc tiéu, ching t6i thu dude két qua nhu sau.

Dinh 1i 2.5.1 (Dinh li 1.2.2). Cho M la mot da tap con cuc tiéu thuc hoan toan,
khong compact, day di, n chiéu (n > 3) duge nhing trong My(c), ¢ dé c € {—1,0}

va A la dang co ban thi hai ctiia M. Néu mot trong cac gia thiét sau ding

. N —1+4B,(p—1)2 2
(i) c= ~1 vi 4], < 3,/ LB Co
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.. X /Q—1+B,(p—1)?
(ii) c=0wva ||A],, < % %

thy moi 1-dang vi phan L2 p-diéu hoa trén M déu triet tiéu, vdi Q > p > 2. O
day, C ki hiéu hing s6 Sobolev trong Bo dé 2.5.3, hing s6 B, trong Bo dé 2.5.2
va [|All, = (fy, 1A") "

Nhan xét 2.5.1. Ching ta thdy rang ton tai Q sao cho vdi bat ki p > 2 thi can
tréen ciia || A, trong dinh li trén la zdc dinh. Chang han, néu 2 <p < 14+/n — 1
tha

n—1-—+/n2—6n+5+4(p—1)2
2

hodc néup>~n—1+1thi2<Q<n-—1.

n—1+/n2—6n+5+4(p—1)2
2 Y

<<

Nhan xét 2.5.2. Ching ta nhan thay Dinh li 2.5.1 la mot tong qudt cia két
qud cia D. V. Cuong - N. T. Ding - N. T. K. Son trong bai bao [25] khi p = 2.

Dé chitng minh céc két qua, ching t6i nhic lai mot sé bo dé sau.

Bo dé 2.5.2 (Bat ding thitc dang Kato - xem [34, 35]). Cho p > 2 va w la mot
1-dang vi phan p-diéu hoa trén da tap Riemann day di, n chiéu M. Khi dé, ta
co

IV (|wlP20)? > (B + 1)[V]w[P

4 . —1)?
vd1 By = ﬁmm{l, (Z;L_l) }.

Nhic lai ta c6 bat ding thiic Sobolev trén cac da tap con dugc nhing nhu

Sau.

B6 dé 2.5.3 (Xem [43, 64]). Cho M™ la mot da tap con day dii duge nhing trong
mot da tap cé do cong khong duong NP n > 3. Khi dé, vdi bat ki ¢ € Wol’z(M),

ta co
(/ \sOIQ”/(”_Z)> SC/ [IVe]? + |H|[*?]
M M

d dé C la hang so6 Sobolev chi phu thudc vao n va H ki hiéu véc to do cong trung
binh cua M.

T do, ching ta c¢6 hé qua sau.
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Hé qua 2.5.4. Cho M"™ la mot da tap con day di dugc nhing trong mot da tap
c6 do cong khong duong N"™P n > 3 va H la véc to do cong trung binh cia M.
Néu

(i) Vol(M) = o0 va [, |H|" < oo hodc;

.. 1/n 1 P SN .
(i) ([, 1HI™) <\ =g Vi 50 nao déo a>1,

thi vdi moi ¢ € Wol’z(M), ta co

([ oo} " <c. [ o
M M
d do Cs = O‘;‘—_Cl va C' la hing s6 Sobolev trong Bo deé 2.5.5.
Chaing minh. Néu Vol(M) = oo va [, |H|" < oo thi két luan dugc suy ra tit Ménh
dé 2.5 va cac lap luan trong chiing minh ctia Bo dé 2.6 trong bai bao [16].
R N o - 1/n 1 PPN . Z 2 P
n < -

Bay gio gia st ([, |H")"" < \/ =g VOl 50 mao d6 o > 1, bat dang thrc

Holder kéo theo

2/ = =
/ |H|2(ﬂ2 < (/ |H|n) (/ (p2n/(n—2)> < L (/ S0271/(71—2))
M M M aC \Jur

Két hgp diéu nay ciing véi bat dang thiic Sobolev trong B6 dé 2.5.3, ching ta
hoan thanh chiing minh ctia Bo dé 2.5.4. O

Chiing ta ciing c¢6 bat dang thitc Sobolev sau day cho da tap con thic hoan
toan dugc nhiung trong khong gian xa anh phiic.

Bo6 dé 2.5.5 (Xem [22]). Cho M™ (n > 3) la mot da tap con thuc hoan toan
trong CP™. Khi dé, vdi bat ki ¢ € Wy *(M), ta co

( / |¢|2”/(”_2)) Py ( / Vl? 4 n? / <|H|2+1><,02),
M M M

¢ day Cy la hdang so Sobolev chi phu thudc vao n va H la véc to do cong trung

binh duge chudn héa trén M.

Cubi cung, ching ta st dung udc lugng sau cho gia tri rieng thit nhat cta

toan t Laplace trén da tap con.
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Bo6 dé 2.5.6 (Xem [6]). Cho N la mot da tap Riemann don lien, day di, n—chiéu
vdi do cong nhat cit Ky théa man Ky < —a® vdi moét hang so6 duong a > 0. Cho
M la mot da tap con khong compact, day di, m—chiéu vdi véc to do cong trung
binh H bi chan trong N théa man |H| <b < (m — 1)a. Khi do

[(m—1)a — b]2‘

)\1(M) > 1

Trong phan tiép theo clia muc nay, ching ta xét mot 1-dang vi phan p-diéu
hoa w trén M. Dé don gidn vé mat ki hiéu, ching ta sé viét cho cd mot 1-dang
vi phan p-diéu hoa w va truong véc to ddi ngau clia né 1a w. Bay gio ching ta
chiing minh Dinh 1 2.5.1.

Chatng minh Dinh i 2.5.1. Nhu thuong lé, chtng ta bat dau véi cong thic
Bochner va bat dang thitc (2.19) dé thu dugc

SAll? = [Vol? + (Aw,w) + Ric(w,«)
> Vol + (Aw,w) + [0 = e = 4P] fof?
Stt dung tinh chat Alw|? = 2|w|Alw| + 2|V|w||?, bat dang thiic trén kéo theo
Wl Afu] 2 [Vef? ~ [Vl P - (@' + dd*)o,w) + [100 = e = [AP] [of?
Ap dung bat ding thic trén cho dang vi phan |w|P~%w, sau d6 ding bat ding
thiic dang Kato va chia hai vé cho |w[P~2, ta c6
AP~ 2 By(p — 12l VIl — (@ d(wl2w),0) + [0~ 1)e = |AP] fop

Chon mot ham Lipschitz ¢ v6i gid compact trong qua cau trac dia B, (2r) véi
ban kinh 2r, tam tai diém xzo € M. Nhan hai vé bat dang thiic trén véi ¢?|wl|?,
(¢ > 0) va lay tich phan trén M, ta c6

/s02|fJJ|q“A|wlp_1 ZBp(p—1)2/902IWIP+‘1_2|VIWI|2—/ (d(lwlP~2w), d(@|w|w))

M
M

1 =

M
byn=ve [ it [ AP (2.20)
M M

Bay gio ta udc lugng cac sd hang cia bat dang thiic (2.20) nhu sau. Déi véi
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s6 hang & vé trai, tich phan tiing phan dan dén

/ NN

M

— _a(p—1) / PP LT, Tlul) — (0 — 1)(g + 1) / Pl V]2
M M

<2(p—1) / PP V||Vl = (p— 1)(q + 1) / PPVl (2:21)
M M

Bang cach st dung Bo dé 2.2.3 va bat dang thic Schwarz, ta uéc lugng vi phan
clia cac dang trong vé phai cia bat dang thitc (2.20) nhu sau

/ (o lP~2), dl o] 1)
M
< / P2 - o] - A2l -
M
- / VP2 - o] - [V (2l - o
M
<2(p—2) / PP V|V + (o — 2)a / PPV (2.22)
M M

Dé danh gia s6 hang tht ba trong vé phai, ta luu ¥ riing néu ¢ = —1, thi do
cong nhat cat ciia M ném trong doan [—1,—1]. Do do, tit M la cyc tiéu, tic 1a
H =0, B6 dé 2.5.6 kéo theo

(n—1)*
16

A(M) >

Theo dinh nghia ctia can dudi ctia pho, ta co

2
(n 161) / |w|p+q(’02
M

< (M) / P
M

< [ 7 o)

p+q 2 (p + Q)z 21 |ptqg—2 2 p+q—1
< WPVl + el IVIw[* + (p + @) plw] (Vo, Viwl)
M

p+4q)’ - -
< [ st CEE2p Tl 4 o4 elol AT
M
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Uéc luong nay cuing vé6i gia thiét ¢ < 0 kéo theo

2
L~ 1)e / wlprig? > 2 / W vp + PO / o2 V|

A(p+q)c

+ n—1

/ ol V||V
M
(2.23)

Ta luu ¥ ring néu ¢ = 0 thi (2.23) ¢6 thé duge loai bd trong tinh toan. Bay gio,
ddi v6i 86 hang cudbi 6 vé phai clia (2.20), chiing ta stt dung bat dang thitc Holder
va bat dang thiic Sobolev trong Bé dé 2.5.3 dé suy ra

pia 20/ (n—2)
[ ey shaig | [ ()™
M M
2
<latie [ |9 (o)
M

p+q)? _
<Jajzc / [|w|p+qrw2+—< 2 2 opp 2|vwwu2]
M

n—2
n

4

+ IIAII%C(erq)/ Plw P V||V w]). (2.24)
M

Do d6, két hgp cac bat dang thic (2.20)-(2.24) va sap xép lai cac s6 hang, ta
thu duge

20 2
=00+ Byl =17 - a2+ LT CEE] [ g

4(p+q)c -
<—_1>+0|1A||%<p+q>] | APt vl
n M

4c
+(C1A - 725) [ Pt

n—1

gt@—G—

Bat dang thiic Cauchy-Schwarz kéo theo

1
2 / Pl V| V]| < € / P2 Viw| + L / WPV (2.25)
M M € Jm
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v6i moi e > 0. Thay uéc lugng nay vao bat dang thic trén, ching ta thu dudc
p+q)’c p+q)? -
=0+ + Byl =17 ol -2) + LT CED] [ g
M

1 4
4c
<(clal - 2 [t
M

2(p + q)c
~1

2(p+ q)c
1

+€2p—3—

1 _
+ 301G+ 0 [ Poprrvlol?
M

/ WPV,
M
bat Q :=p+q, ta c6

E/ Pl V]| SD/ |2Vl (2.26)
M M

1 1
+- |2 -3- +5CIAlRP +9)

6 do

(p+q)?

(p+q)%c
n 4

E=p-1)(g+1)+Bp—1)"—qlp—2) + ~——
2(p+a)c
1

— ClIAll7

— €

2p—3—

+ CIIAII (p+ Q>'

Q2%c Q2 2Qc 1
=Q =14 Bylp— 17+~ — ClAIR = — |20 -3 - ==+ SCIIARQ)
va
4 1 2(p+q)c
D =C||A|? - _1+E'2p—3—(—1)+ 5CIAlR (p+q)‘
e 1 2Qc 1
CllAll R Ak S

Trudng hop 1: ¢ = —1. Chung ta nhan thay diéu kien
Q2
n —

2
Q-1+ Byp— 17— L A% >0

tuong duong véi

2 [Q— 1+ By(p—1)> Q?

Dé dam bao vé phai ctia diéu kién trén xac dinh, ta can yéu cau

Q2

14+ B, (p—1)2—

> 0.
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Bat phuong trinh nay dang khi
p>vn—14+10<@Q <n—1
hoac

2<p<l+vn-1,

n—1-—+/n2—6n+5+4(p—1)2 n—1+/n2—6n+5+4(p—1)2
<Q< .
2 2
That vay, cac diéu kien nay théa méan do gia thiét ctia dinh 1i. Do d6, ta c6 thé

chon e di nhé sao cho E > 0. Vi vay, tur (2.26) ta co6

/ Pl 2Vl 2 < / |2 Vel
M

C6 dinh mot diém zg € M va r > 0. Goi r(z) 1a khoang cach tric dia trén M
tlt 29 dén 2. Chon ¢ € C§°(M) thoa méan

L, néu r(z) <r
2 )
o) =4 €0.1]va [Vol(z) <=, néur <r(z) <2 (2.27)
0, néu r(z) > 2r.

St dung dinh nghia ctia ¢ trong (2.27), bat dang thiic trén kéo theo

4D
/ 0|22Vl < 22 wl®.
Ba (r Er Bqy (27)

v ()

Cho r — oo va chi ¥ réng [, [w|? < oo, ta thu duge |w|972|V|w||? = 0 trén M,
he qua 1a |w| 14 hing sb.

Mit khéc, tit M théa man bat dang thitc Sobolev, ta c6 Vol(M) = oo. Do do,

néu [, |w|9 < oo va Jw| = const >0 thi [ |w|? = |w|?.Vol(M) = co. Diéu nay vo

M
li. Vay w = 0.
Trudng hop 2: ¢ =0. Khi ¢ =0, ta co
2 @ 1 2
E=Q-1+By(p—1)" = CllAlR= — € |20 =3+ SClAIRQ|

Khi d6, diéu kien Q — 1+ B,(p — 1)2 — C|| 4|2 <% " > 0 tuong duong

2 Q—1+Bp(p—1)2
[Alln < @\/ o

khi @ > 1 — B,(p—1)%. Béng cach lap lai lap luan ctia Trudng hgp 1, ching ta
hoan thanh chiing minh Dinh 1i 2.5.1. ]
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Khi p = 2, dinh 1i trén quay vé két qua sau ctia D. V. Cuong - N. T. Diing -
N. T. K. Son trong bai béo [25] (Dinh 1i 1.3).

Hé qua 2.5.7 ([25]). Cho M la mot da tap con cuc tiéu thic hoan toan n chiéu,
duge nhing trong My(c), ¢ dé ¢ € {—1,0}. Néu mot trong cic gid thiét sau théa
man

(i) c=—-1,n2>5, 1§k<”772 V0

(2k —1)(n — 2k —2)
HAH,L<¢ T

thi moi 1-dang vi phan L?* diéu hoa trén M déu triét tiéu.

Chitng minh. Ap dung Dinh i 2.5.1 cho p = 2 va Q = 2k, ta hoan thanh ching
minh Hé qua 2.5.7. [

Trong trusng hgp da tap con khong cuec tiéu, ching ta can them mot gia thiét
ve can duéi ctia pho A;(M) nhu sau.

Dinh 1i 2.5.8 (Dinh 1i 1.2.3). Cho M la mot da tap con khong cuc tiéu thiic hoan
toan khong compact, day di, n chiéu, dugc nhing trong Mn(c), d do ce {-1,0}

va A la dang co ban thi hai ciia M. Néu mot trong cac gid thiét sau théa mdn

N (n=1)@? )
(1) ¢ = =1, M(M) > womi7p, =17 V0

||A||<z\/@—1+8p<p—1>2_ n-1Q
) n+ 1)Cs 16(n + 1)Cy M (M)

(i) ¢ = 0 va [|A], < mm{%,/Q—};ff;g‘”Q, w%} ¢ d6 o > 1,C la hiing s6

Sobolev trong Bo dé 2.5.5, hing s6 B, trong Bo deé 2.5.2 va Cy == 25

o
a—17

thi moi 1-dang vi phan LY p-diéu hoa trong M déu triét tiéu, vdi Q > p > 2.

Chitng minh Dinh Ii 2.5.8. Truée hét, ching ta dé y néu Ay (M) > 0 thi Vol(M) =
co. Hon ntta, |H| < |A| luon luon ding. Céc gia thiét trong cac truong hop (1)
hodc (2) ctia Dinh 1f 2.5.8 cling v6i Bo dé 2.5.4 khang dinh ring trén M c6 mot
bat dang thitc Sobolev.
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Bay gio, nhd cong thitc Bochner va bat dang thitc (2.18), ta c6
wlAlw] > [Vl = [V]w|[* = ((d*d + dd*)w, w) + i(n — e —|A]? - n|H\|A!] w[?.
Ap dung bat ding thic trén cho dang vi phan |w|P~%w, sau d6 ding bat ding
thiic dang Kato va chia hai vé cho |w[P~2, chung ta thu dugc
Wl AwPH 2 By(p — 12w V|w|* — (d*d(|w[Pw), w)
+ [300 = e = |AP =l A1] ol

Chon mot ham Lipschitz ¢ véi gia compact trong mot qua cau trac dia By, (2r)
ban kinh 2r, tam tai diém zy € M. Lap lai tinh toan nhu trong chitng minh Dinh

i 2.5.1, ta ¢6

/ RN

> By(p— 1) / PP V]2 - /M (AP w), d(¢?o]w)

M
1
b qn=ve [ g [ aplopteg [ At (228)
M M M

Hon nita, theo dinh nghia ctia A;(M) va tinh don diéu theo mién ctia gia tri

riéng, ta co

- [y Vel
fM ©?

v6i moi ham Lipschitz khac hing c6 gia compact ¢ trong qué cau trac dia By, (2r).

A (M) < A1 (Byy(2r))

Diéu nay kéo theo

(M) / Pt
M

< [ v ()

p+q 2 M 2| |p+q—2 2 ptg—1
< WPV p]® + TR |w| IV|w]]* + (p+ q)p|w| (Ve, Viw|)
M

< ptq 2 _(p+q)2 2|, ,|pta—2 2 pt+q—1
< WPVl + el IVIwl]® + (p + @)plw] Vel [V]w][| -
M
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N

Dé ¥ rang ¢ < 0, bat dang thiic trén dan dén

1
{01 [ pelreg?
4 M
—1 —1 2
>(n )C/ ’w’p+q|v(p|2+(n )(p+q) C/ g02|w|p+qf2|v|w||2
M M

= 4x (M) 16A1 (M)

(n—1)(p+q)c
A (M)

/s0|w|p+q_1|VsOIIVIwII- (2.29)
M

Hon nita, theo bat dang thitc Holder va bat dang thiic Sobolev trong Hé qua
2.5.4, ta co

pig 2n/(n—2) e
[ o) <taig| [ (o)™
M M
2
<haie. [ |7 (el
M

(p+q)* ~
SIIAHZCS/ {IWIP+‘1IV90|2+T¢QIWIP+Q 2|V || 2
M

+ HAHZCS(ZHQ)/MSOIWIW_I\V@HVM!- (2.30)

/ |H||Al|lP2 < / AP w2 (2.31)
Tu (2.21), (2.22) va (2.28)-(2.31), dat Q := p + ¢, ta thu dugc

E/ *[w| 97 V]2 SB/ w!w!QllvsoHV\WHJrD/ |9Vl
M M M

Q»
(oM
[@N

E=Q-1+Byp—1y - B NCCIAL | (0~ Ded”

4 160 (M)

B 5 (n—1)cQ
B=4p—6+ (n+ 1)QCs[| Al — M)
B 9 (n—=1)c

Bat dang thiic trén ciing vé6i (2.25) kéo theo

€ _ B
(- 51m) [ Pot@nwiar < (04 2) [ pewer. 2
M €/ Jm

Trudng hop 1: ¢ = —1. Ta dé ¥ cac gia thiét

(n — 1)@

MO > O B, =1
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|A] <3\/Q_1+Bp<p_1)2 . (n=ne?
) n+ 1)C, 16(n + 1)Cs A1 (M)

kéo theo

s+ DQCIAR  (n-1@*

E=Q—-1+By(p-1) 4 161 (M)

Khi d6, ching ta c6 thé chon e di nhé sao cho E — §|B| > 0. Hon nita, bang céch
thay ¢ trong (2.27) vao (2.32), ta thu dugc

€ _ 4 B
(p-gm) [ wiermap sy (e D) [ e
By (r) r € Bay (27)

St dung lap luan tuong tu nhu trong chitng minh ciia Dinh 1i 2.5.1, ta thu dugc
w=0.
Truong hop 2: ¢ = 0. Khi do, ta co

(n + 1Q*Cs|| Allz
. .

Do d6, cac ditu kien Q > 1— By(p—1)? va 4], < /921" dan dén
E > 0. Bang céach lap lai lap luan ctia Trudng hop 1, ching ta hoan thanh
chttng minh ctia Dinh i 2.5.8. ]

E=Q—-1+By(p—1) -

Heé qud, véi p = 2, ching ta thu duge ngay két qua sau cho 1-dang vi phan
diéu hoa.
Hé qua 2.5.9. Cho M la mot da tap con khong cuc tiéu thuc hoan toan, khong
compact, day di, n chiéu, dugc nhing trong Mn(c), d doce{—1,0} va A la dang

co ban thit hai cia M. Néu mot trong cdc gid thiét sau théa man

. n—1)2m?2 2m(n—1)—(n—2 n— i
(1) c=—1, >\1(M> > 4[2m((n—1))—(n—2)]7 ”AHn < (7(12—13771(205 ) - 4(n+1)051>\1(M)’

(i) ¢ = 0 va |4, < min{ Imin)-{n2), \/(%} 6 dé a > 0,C la hing s6
Sobolev trong Bo dé 2.5.5 va Cy = 2<

a—17

thy moi 1-dang vi phan L*™ diéu hoa trén M déu triét tiéu, vdi m > 1.

Nhic lai rang trong bai bao [22], Choi-Seo xét mot da tap con thiyc hoan toan,
khong compact, day di trong mot khong gian xa anh phitc théa man chuan L"
ctia dang co ban thit hai vét khong 13 dit nhé va thu duge mot dinh 1i triet tieu
cho cac 1-dang vi phan diéu hoa. Tiép theo, chiing toi chiitng minh mot két qua

téng quat hon cho 1-dang vi phan p-diéu hoa nhu sau.
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Dinh 1i 2.5.10 (Dinh li 1.2.5). Cho M la mot da tap con thuc hoan toan, khong
compact, day di, n chiéu (n > 3) trong CP™. Goi ® la dang co ban thit hai vét
khong zdc dinh bdi ® = A— Hg, ¢ dé A, H va g lan lugt la dang co ban thit hai,
véc to do cong trung binh va metric cam sinh trén M. Khi dé, vdi moi p > 2,
ton tai Q,8 phu thudc vao p,n sao cho néu ||, < § thi moi 1-dang vi phan L

p-dieu hoa trén M déu triét tiéu.

Chung ta luu ¥ 1a khi p = 2, ching ta thu dugc mot két qua tuong tuy nhu
trong [22]. Tuy nhién, can dudi cho Q la tét hon so véi trudng hop trong [22]
khi n < 7. Li d6 bdi vi trong chiitng minh ctia minh, ching t6i stt dung dinh 1i
dang Kato hiéu chinh, trong khi né khéng duge dung trong [22].

Chaing minh Dinh 1§ 2.5.10. Theo cong thiic Bochner va tinh chat Ajw|? = 2|w|A|w|+
2|V |wl|?, ta c6

lw|Alw| = |Vw|? = |V|w|]? = ((d*d + dd*)w, w) + Ric(w,w) (2.33)

St dung u6e lugng do cong Ricci trong [48] va luu § réng do cong nhat cit cia

CP™ nam gitta 1 va 4, ta ¢

Rictw) 2 (0 — 1) (JH? 4 1) of? — "Lt — =2V gy g2
Bat dang thiic trén va dang thic (2.33) dan dén
ol Al 2[Vaf? — V]2 — {(d"d + dd" Yo, )
(0= 1) (P + 1) o = "Ll - C Y gy g2

Ap dung bat ding thic trén cho dang vi phan |w|P~2w, sau d6 ding bat déng

thitc dang Kato va chia hai vé cho |w[P~2, ta ¢

WA~ 2By(p — D w2V |wl[* — (d*d(jwP~w), w)

n

-1 (n—2)vVn?—n
gl - IV g

+(n—1) (|H!2 + 1) lw[P —

Cho ¢ € C3°(M) duge x4c dinh béi (2.27). Nhan hai vé ctia bat dang thiic
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trén véi ¢%|wl|?, (¢ > 0) va lay tich phan trén M, ta c6

/ PllT AP 2B, (p — 1) / Pl V] / (ol 2), d(2eo]7))

M
M M

n—1
F(n—1) / (1P + 1) Pl - / B2l
M n M

_ 2 _
2B [ et (234)
M

D6i v6i s6 hang & vé trai, tich phan ting phan ciing v6i bat dang thiic Cauchy-

Schwarz dan dén

/ NN

M

<2(p—1) / PP V|Vl = (p— 1)(q + 1) / PPVl ?
M M

_ -1
<= a0+ 1] [ el 2Tl + 22 [ v
i M
(2.35)

v61 moi a > 0.
Miit khac, béi Bo dé 2.2.3, bat ding thitc Schwartz va bat dang thitc Cauchy-
Schwarz, ta thu dugc

/ (P20, d(2]w]w))
M
<2(p-2) / ol Vol [Vl + (p — 2)a / P2V
M M

_ -2
<=0+ (-2 [ Pl Avlp+ 22 [ opravip. (230)
M
M

Dé udc lugng s6 hang thi tu & vé phai clia (2.34), ching ta sit dung bat dang
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thitc Holder va B6 dé 2.5.5 dé thu dugc

/ B (2w )
M

iat 20/(n=2)] T
< il [ [ (o)™
M
2
< |18|2C, U ‘v (goywyp?)‘ +n2/ (,H,2+1)¢2‘w\p+q]
M M

p+q)° _
< 1oIRC [ [laiwel + P oo
M

020 (0 + 0 /

PlwlPTIH Vel |V ]wl]| + ||(1>||iCsn2/ ([H* + 1)g?|wlP
M

M
+q)? +q)a -
<o, (L9 rda) [ ey
1 2 Y
(I)QC 1 w p+qv 2 CI)2C 2 H2 1 2 p+q
e (12 WPV 4 10]2Cun? [ (P + 12wl
a M M

(2.37)
Tiép tuc st dung bat ding thic Cauchy-Schwarz, ta c6

1
2 / || H |2l < b / HPP o + / B2, (2.38)
M M b M

v6l moi b > 0.

Do dé, két hop cac bat dang thiic (2.34)-(2.38), va diit Q := p + ¢, ta c6

E / Pwl® 2Vl 2+ B / H2R(w]® + C / Pwl® <D / w2Vl
M M M M

(2.39)
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d

Qe
[@N

E=p+q—1—-(2p—3)a+ By(p—

_<(pZQ) +(qu )OH@Hn{nn + ;;Z)m]
01y (%2 %>0||c1>||2 l”_1+(n—2;7\£127—n
-1t -1 (L %) ol

B =n—1—n(n—1)C]o|2 - "= 2W (H%H”)
=a — n2Cy| @12 5;
C =n —1—n2Cy||®|2 [”;1 e _n]

=n — 1 —n’Cy||®||25;
2 — 1 (n=2)Wn? =
pa 3+( p+q)CsH¢H% {nn _I_(n Wn n}

D = 14—
+ 2 2nb

o3, (1+ Q)c o]25:

a

b(n —2)vn? —n_
2n ’
n—1 (n—2)vVn2—-n
p= + -
n 2nb
Hién nhién, ta c6 > 0 va D > 0. Bay gio ta chi ra ring ta c6 thé chon a,b,0

a=n—1-

sao cho E, B,C duong. That vay, chon ¢ va b sao cho
—1

n2CyB6% < —
b(n —2)vVn2 —n - n—1

2n 2

Tit § > ||®],,, cdc bat dang thiic (2.40), (2.41) kéo theo B > 0;C' > 0. That vay,

(2.40)

(2.41)

C=n-1- n2C’S||(I>H$LB

-1
>n—1—n205625>n—1——n2 > 0;
b(n —2)vn? —
B=o—wCalRs =n—1- NIV o )2
n
n—1 n-1
>(n—1) — — =0.
(n—1) - — 5
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Chon 0 <a < 3, taco

2
P=Q-1- -9+ Blo-12- (§+ ) caiis
_ 2
>Q—1—2p2 3+Bp(p—1)2—(%+%)0552ﬁ
_ 2 _
>Q—1—2p2 3+Bp<p—1)2—(%+%) n2n21
1

=——{(n-1Q*— (8n® —n+1)Q —4n* [2B,(p — 1) = 2p+ 1] } .
Nhan thay néu ta chon @ thdéa man
(n—1)Q* — (8n* —n+1)Q — 4n” [2B,(p — 1)* = 2p + 1] <0, (2.42)

thi E > 0. Ta sé chi ra trong Nhan xét 2.5.3, ring @ luon ton tai véi moi p > 2.
Hon nita, biang cach sit dung dinh nghia ctia ¢ trong (2.27), bat dang thiic
(2.39) dan dén

4D
E/‘ wﬂ*wwW+B/’ umwﬂ+c/ we <2l wl@.
By (r By () By () " JB,,(2r)

Cho r — oo va dé ¥ réng [, |w|? < oo, ta thu dudc |w| = 0 trén M, he qué la
w = 0. Chung ta hoan thanh ching minh Dinh 1i 2.5.10. ]

Nhan xét 2.5.3. Bay ¢io ching ta sé chi ra vdi moip > 2, ching ta cé thé gidi
duogc bat phuong trinh bac hai (2.42) dé tim Q. Tinh todn tryc tiép, ta thdy néu
hodac
3 (8n?—n+1)?
1+vVn—1 — ;
B e s M R

82 —n+1—+A] <Q<8n2—n+1+\/A1
2(n —1) 2(n —1) ’

d dé Ay = (8n% —n +1)? + 16n%(n — 1)(3 — 2p) hodc

2<p<1+4++vn-—-1,;
8n2 —n+1— Ay <Q<8n2—n—|—1—|—\/A2
2(n —1) 2(n —1) ’

d dé Ay = (8n* —n +1)% + 16n%(n — 1) @ —2p+ 1], thi (2.42) théa man.

n
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Nhan xét 2.5.4. Ching ta cé thé zdac dinh ré rang 6. That vay, ti

_ 2
E>Q—1—2p 3+Bp(p—1)2—<%+%>05526>0,
ta co
Q1B 4 Bp -1 Q1= 4 Bp-1)?
o™ < Q@ Q (@ Q) (n=1 . =2V = 0)
(T+Z>5 (TJFZ)(TJFT)
Tﬁ’beBlz(O,%) va f(b) la ham tang, ta co
supf(b)=f< ) ):Q_ T B 1f
beB; (n—2)vVn?—n

2-ont2 (@2, Q
%(TWLZ)

Hon nita, bat dang thic B > o — n?C6%3 > 0 kéo theo

o2 @ _1n-1- aiymwen b
07 < n28  n2 a1, m-2eP-n 9(b).
n + 2nb

Nhan thay rang

n 1
o= (i) -

Mat khac, si dung C >n —1—n2Cy6%3 > 0, ta thu duge

—1 n—1
o6 < - = — h(b).
R () 2

n 2nb

Ta lai co

B n(n —1) _ 2n—-1)
suph(b)—h(( >_n(

beB; n—2)vn?—n n?—2n+2)

Do dé, ching ta cé thé chon

(

5 = mj Q- _%+Bp(p—1)2\/ 1 \/ 2(n —1)
=min A m

\ w22 o <QT2+%) n—1)Cs’ n? —2n + 2)Cs
\
(
2p—3
D N A ik LU !
2_9n42 2 "\ n(n-1)C
|\ %Cs(%ﬂL%) (=16,

Khi p = 2, chung ta thu duge hé qua nhu sau.
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Hé qua 2.5.11. Cho M la mot da tap con thic hoan toan, khong compact, day
dii, n chiéu (n > 3) trong CP™. Goi ® la dang co ban thi hai vét khong xdc dinh
bdi ® = A— Hg, ¢ dé A, H va g lan lugt la dang co ban thi hai, véc to do cong
trung binh va metric cam sinh trén M. Khi dé, vdi

8n2 —n+1—+VAy <k<8n2—n+1+\/A2
4(n—1) 4(n—1) ’

0 dé Ay = 64n* —64n3+97n% —2n+1, ton tai mot s6 duong § sao cho néu ||®||, < §

thi moi 1-dang vi phan L?* diéu hoa trén M deéu triét tiéu.
Nhan xét 2.5.5. Ta nhan thay néun <7 thi

8n? —n+1— /Ay n? (1 14(n1)>

<
4(n—1) n—1

2 _ 2 _
8n n—|—1+\/A2> n - 1_4(n 1)
4(n—1) n—1 3n?

vdi moi n > 3. Do dé, két qud cia ching toi co thé coi nhw mot cdi tién cia
Dinh li 3.3 trong [22], dac biét khin < 7.
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DINH Li LIOUVILLE CHO
PHUGNG TRINH ELLIPTIC
TREN CAC DA TAP RIEMANN

Chuong nay sé trinh bay cac két qua mdi vé dinh 1i Liouville cho phuong trinh
elliptic trén da tap Riemann. Chuong nay dugde viét dya trén bai bao [1] trong
muc Cac cong trinh da céng bd lién quan dén luan an.

Trong chuong nay, ching t6i xét phuong trinh sau
Ay pv+h(v) =0 (3.1)

trén khong gian do do metric tron, ¢ d6 h(v) la mot ham kha vi va thoa man
W (v) < 0. Néu h(v) = 0 thi v duge goi 1a p-diéu hoa c6 trong. Tong quét, nhu
ching ta biét tinh chinh quy ctia ham v p-diéu hoa c6 trong 1a khong t6t hon
Ch® (xem [34, 81, 90] va céc tai ligu tham khao trong d6). Hon nita, chiing ta
ciing biét moi ham v 1a p-diéu hoa c6 trong phai thda man v € W27 (xem [40]).
Thuc té, moi ham v duong p-dieu hoa c6 trong khong tam thuong trén M 1a
tron & ngoai tap S := {x € M : Vu(z) = 0} bdi tinh chinh quy ctia dinh 1i elliptic
(xem [81, 90]).

3.1 Tinh chéat triét tiéu cho nghiém cta phuong trinh loai
Lichnerowicz p-Laplace

Trong muc nay, chiing toi sit dung phuong phap trong bai bao [33, 34] dé

chiing minh két qua mdi sau day.

Dinh Ii 3.1.1 (Dinh li 1.3.2). Cho (M",g,e~fdv)(n > 2) la mot khong gian do

do metric tron khong compact va diy di. Gid st do cong Bakry-Emery bi chin

67



dudt
Ricy > —ap,

vdi hang s6 nao dé a € R, & day p théa man bat dang thiic Poincaré cé trong
[oeet < [[wopet, e cran

Voip>1wvaace(0,1), gig stv € Cllo’?(M) N WZQOCQ(M) la mot nghiém duong cia
phuong trinh (3.1). Néu hang so a théa man

4(p—1
o< (p2 )
p
va néu |dv| € L*P(M) vdi
1
Pep<-(1+ vi—a),
2 a

thi ham v la hang.

Nhu da phan tich & chuong Tong quan, khi h(v) = cv?, véi ¢ < 0,0 > 0, thi
phuong trinh (3.1) tré thanh A, yv 4+ cv” = 0. Day 1a phuong trinh duge nghién
ctiu béi L. Zhao trong bai bao [99] (Dinh 1i 0.0.5 & trén). Trong trusng hop dac
biet, g = &, két qua cta ching toi la tot hon két qua ctia L. Zhao.

Dé chitng minh Dinh 1i 3.1.1, chiing ta can bat déng thiic Kato sau day.

B6 dé 3.1.2 ([13]). Cho v la mot ham tron trén mot da tap Riemann n chiéu
M. O ngoat tap ki di S = {x € M : dv(x) =0}, ta c6

V(|dvP~2dv)[? — [V|dvP~H* > 0
vdi moi $O p>1.
Bay gio chiing ta sé dua ra chitng minh Dinh 1i 3.1.1.

Chaing minh Dinh 1§ 3.1.1. Ap dung cong thiic Bochner-Weitzenbock cho |dv[P~2dv,

ta co
2 A (lldof?~2df?) | (Jdlp )
— {(dsd + dd7)|dv[P~>dv, |dv[P~*dv) + Ricas(|dv[P~>dv, |do|P~>dv).
Theo gia thiét, ta thu dugc
% (2|dv|p_1Af|dv|p_1 + 2|V|dv|p—1\2>

> |V(|dvlP~2dv)|* — ((d}d + dd})|dv[P~2dv, |dv[P"2dv) — ap(|dv[*P~V).
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Tit & (|do[P~2dv) = h(v), ta co
(o[ 2Af|doPt 2|V (JdofP2d0) |* — |V |dvp |
— {dd (|dv|P~2dv) + d (h(v)) , |dv[P~2dv) — ap(|dv[*P~).

Chia hai vé ctia bat dang thiic trén cho |dv|P~2 v& ap dung Bo dé 3.1.2, ta c6

del(Ag + ap) o

~2 732 —17\2 * -2
> o2 (IV(ldv[P~2dv) | = [V |dv[P~1|)" = (d}d(|dv[P~2dv) + d(h(v)), dv)
> — (djd(|dv[P~*dv) + B (v)dv, dv) . (3.2)

Chon mot s6 bat ki ¢ > 0 va mot ham khong am tron ¢ véi gia compact trong

M, := M\ S. Nhan hai vé ctia bat dang thic (3.2) v6i |dv|9p? va lay tich phan

trén M, ta co

/ |dv|qu02Af|dv|p_1e_f+a/ pdv|PTap2e=]
M, M,

> —/ <d}‘2d(\dv[p_2dv) + B/ (v)dw, \dv]quzdv>e_f,
My
6 dé ¢ € C§°(My) C C§°(M). Do do,

(V(lde]*™ ), Vdol~) e — a / pldvfP i

M, M,

< / <d(|dv|p_2dv) + B/ (v)dw, d(]dv|qg02dv)> e 7. (3.3)
My
Mat khéac,

/ (V(1do]7162), oy e =(q + 1)(p - 1) / do]TP2 V|| Pe !
M, M,

Fop—1) / ool (T, V) .
My

(3.4)

|d(pw)| = ldp Aw| < |dp||w],

v6i moi ham tron ¢ : M — R va moi 1-dang vi phan dong w, ta ¢
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/M <d}d(|dv[p*2dv) + B/ (v)dw, |dv]qg02dv> e S
+

:/ <d(|dv]p_2dv),d(|dv|qu2dv)>e_f—I—c/ W (v)|dv|TH2p%e]
My M,

< / V(doP~2)] - ldo] - [V (1do]*0?) - [dvle + ¢ / W () |2 2!
M, M

+

< (p—Q)q/ Idv|p+q_2!V|de2902€_f+2(p—2)/ |dv[P+4 o (Vep, Vdol) e/
M, M

+

(3.5)

Béi gia thiét, ta c6 bat ding thic Poincaré cé trong trén M,

/ |V90|26_f2/ pple
M. M,

v6i moi o € Cg°(My). Thay thé ¢ béi |dv|"" ¢ trong bat ding thiic trén, ta thu

PTq 2
/ pldvPrap2e! < / \v(rdw o)
M, M,

2
< e (BE0) [ et
My

+ (1 + 1) / |dv|P V| 2e /. (3.6)

dugce

e

Két hop céc bat dang thic (3.3), (3.4), (3.5) va (3.6), ta dugc v6i moi € > 0

2
{p+q—1— (1+¢e)a (7%) }/ [do[P* 92V |do| 2pPe
My

Sa(l—i—é)/M

+

1
<a <1 + g) / ]d’u\p“]]VgoPe*f + 2/ go|dv]p+q*1\V<pHV]dv\|e*f. (3.7)
My

+

|dv|Pt| Ve — 2/ oldv[PTIl < Vo, V|do| > e/
M,

1
2pldv[P* V|| V]do|| < eldvlP TV |dvl[* + — v Tl

béi (3.7), ta c6

Cs/ |dv[P+42 |V |dol[*p?e ] SDE/ |dvfP 9| Vp|?e ]
M, M,
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v6i moi ¢ € C§°(My), 6 do

p+q)2
— ) —¢

ngp—l—q—l—(l—l—e)a( 5

1 1
DE:a(1+—) + -.
€ €
Chon mot gia tri ¢ > 0 di nhé & trén. Khi d6, ton tai mot hang s6 duong
C = C(e,n,p,q) sao cho v6i moi ¢ € C§°(My), ta co

/ |dv[PHI72 |V |du|PpPe < C/ |doPH|Vp|Pe] (3.8)
M, M,
néu ,
p—l—q—l—a(%) > 0. (3.9)
Dat g =254 > 2. Khi d6, bat dang thic (3.9) tuong duong véi diéu kien sau
2 1
BB+~ <0, (3.10)
a a

Hon nita, dé thay bat dang thic (3.10) théa man néu va chi néu gid thiét cia
a,b va 8 trong Dinh 1i 3.1.1 dugc thdéa man, tic la,

1
]3§/8<—(1+ V1-a),
2 a

4(p -1
l1—a>0 va a< (p2 )
p

Do do6 a < min{l, 4(251)} = 4(];;1).
Phan con lai ctia chiing minh 1a tuong ty nhu trong [33, 34, 36, 66]. Dau tien,
bdi mot bién phan ciia phuong phéap cut-off Duzaar-Fuchs, ta sé chi ra bat dang

thic (3.8) ding cho moi ¢ € C§°(M). That vay, dinh nghia

d
e = min{ﬂ,l}
€

v6i € > 0. Dat oz = ¥?n:. Do d6, béi gia thiét, ¢; 1a mot ham lien tuc co6 gia
compact va ¢z = 0 trén M \ My. Hon nita, ¢ € Wol’2(M+). Khié— 0,m: = 1
theo titng diém trong M., bang lap luan tuong tu nhu trong [36, 66], véi chi ¥
dv khé vi & ngoai S hau khap noi va C3°(M) la trit mat trong C} (M), ta c6 thé
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thay thé ¢ bdi ¢: trong (3.8) dé thu dugc

O (ne)?|do[PHI72 |V |dw | Pe!
My

< 60/ |dv|p+q|v¢|2¢2(ng)26—f+3C/ |doPT9 Ve Pptel . (3.11)
M, M

+

D)

Dé ¥ réng

|t s <t [ w612
M,y M,
va veé phai clia (3.12) triet ticu béi su hoi tu troi khi € — 0, |V|dv|| € L2 (M).
Cho ¢ — 0 va 4p dung bo dé Fatou déi vé6i tich phan & vé trai va su hoi tu troi
d6i v6i tich phan dau tien trong vé phai ciia (3.11), ta thu duge

WA do[PTI2 |V do||Pe ) < 60/ |dv [P V| 2yPe (3.13)
My My
¢ dé ¢ € Cg°(M).

Chon mot ham tron khong am v sao cho

s 1 trén B,(R)
0 trén M\ Bo(2R)

va |Vy| < 2. Dé y ring = 252, khi d6, bat déng thiic (3.13) kéo theo

4
/ |dv|25—2|V|du||Qe—f§—€/ |dv|?Pe=T
M, R M,

Cho R — oo, khi d6 v6i moi |dv| € L?’(M) ta suy ra |dv| 1a hing s6 trén mdi
thanh phan lien thong ctia M,. Ta c6 dv € CO(M) va dv = 0 trén M. Do do,
dv = 0 trén mdi thanh phan lién thong ctia M, néu 0M, # (), diéu nay vo li.
Suy ra M, = M va do d6 |dv| 1a hang s6 khac khong trén M. Tt M théa man
dv| € L*P(M),
ta c6 dv = 0. Khi d6, v 14 héing s6. Dinh 1i dugc chiing minh xong. O

bat dang thiic Poincaré c6 trong, M phai c6 thé tich vo han. Tit

3.2 Mot sd hé qua

Dat h(v) = bv + AvP + Bv™9, 6 d6 b, A, B € R. Trong bai béo [32], cac téac
gia N. T. Diing - N. N. Khanh - Q. A. Ngo dua ra mot tinh chat Liouville cho
nghiém tron ctia phuong trinh nhiét

v = Apv+ h(v)
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néub < 0,A<0,p>1,8>0¢q>0vio(rt)codo ting o(edist o)+ VIl Ty
Dinh 1i 3.1.1, ching toi thu duge mot két qua Liouville nhu sau.

Heé qua 3.2.1. Cho (M™, g,e~fdv)(n > 2) la mot khong gian do do metric tron
khong compact, day di. Gid sit do cong Bakry-Emery bi chan dudi

Ricy > —ap,
vdi hang s6 nao dé a € R, ¢ dé p théa man bat dang thitc Poincaré cé trong
/P‘PQG_JC S/!W)Ize_f, Vo € C3°(M).

Voip>1wvaac(0,1), gid stve Cllof(M) N WZQOCQ(M) la mot nghiém duong cia
phuong trinh
Ay v +bv+ AvP + Bv1 =0

Gddéb<0,A<0,p>1,B>0,q>0 la cic so thuc. Néu hang so a théa man

4(p—1
Lo A : )
p
va néu |dv| € L*P(M) vdi
p 1
S<B<-(1+ Vi-a),
2 a
thy ham v la hang so.
Chiing minh. Ching minh dugc suy ra tit Dinh 1f 3.1.1 béi A/ (v) < 0. ]

Néu h(v) = Ae* + Be~? + D, ching ta xét phuong trinh loai rang buoc

Hamilton trén da tap Riemann 2 chiéu M c6 dang sau
Ap v+ Ae*" + Be ™ + D = 0. (3.14)

Khi p = 2, f 13 hang s6, phuong trinh nay tré thanh phuong trinh Lichnerowicz
Einstein-truong vo huéng, phuong trinh ma lac dau xuat phat tir If thuyét hap
dan. Néu A < 0,B >0 va D la cac s6 thyc bat ki thi #/(v) < 0. Tt Dinh 1f 3.1.1,
ching t6i thu duge mot dinh 1i dang Liouville nhu sau.

Hé qua 3.2.2. Cho (M™, g,e~/dv)(n > 2) la mot khong gian do do metric tron
khong compact, day di. Gid sit do cong Bakry-Emery bi chan dudi

Ricy > —ap,
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vdi hing s6 nao dé a € R, ¢ dé p théa man bat dang thic Poincaré cé trong
/pcp?ef S/!V¢|2€f7 Vi € C3o(M).

Voip>1wvaae(0,1), gia stv e Cllo’?(M) N WZZOCQ(M) la mot nghiém duong cia

phuong trinh
Ap v+ Ae® + Be™® + D=0

ddé A<0,B>0wva D la cdc s6 thuc bat ki. Néu hang s6 a théa man

4(p — 1
W (p2 )
p
va |dv| € L* (M) vdi
1
£§B<—(1+ Vi—a),
2 a

thi v la hang so.

Chiing minh. Ching minh duge suy ra tit Dinh 11 3.1.1 béi ta ¢6 M/ (v) <0. [
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UGC LUONG GRADIENT CHO
PHUGNG TRINH P-LAPLACE
CO TRONG TREN CAC DA
TAP RIEMANN

Chuong nay sé trinh bay cac két qua mdi vé udc lugng gradient cho phuong
trinh p-Laplace c6 trong trén da tap Riemann. Chuong nay dugc viét dya trén
bai bao [2] trong muc Cac coéng trinh da cong b lien quan dén luan an.

Tt céc két qua Liouville cho toan tit p-Laplace thu dudc béi L. Zhao va D.
Yang trong [102], béi S. B. Hou trong [45], ching t6i mong muén dua ra cac uéc
lugng gradient dia phuong cho nghiém duong ctia phuong trinh sau

Apru+ F(u) =0 (4.1)
trén khong gian do do metric tron khong compact, 6 d6 F la mot ham kha vi,
F(u) > 0 khi u > 0. Nhic lai, dit h(v) = (p — 1)P~Le ?F(er 1), ching ta gia sit
them 7/(v) < a := a(p) v6i hing s6 ndo d6 a > 0, § d6 a = 0 néu p # 2. Ching
ta néi mot bat dang thic Sobolev co trong ding trén M néu ton tai cac hing sd
duong C1, Ca, C3, chi phu thudc vao m, sao cho v6i moi qué cau B,(R) C M, moi
ham ¢ € C§°(B,(R)) ta co

m—2

( / |(;5|"2Lm26_fd,u) "< 0O 0HVER) G / (REV o>+ ¢¥)e Fdu, (4.2)
B,y (R) Bo(R)

& do V 1a theé tich clia qua cau trac dia By(R).

4.1 UéGc lugng gradient cho phuong trinh p-Laplace cé trong

Két qua chinh trong phan nay nhu sau.

Dinh 1i 4.1.1 (Dinh 1i 1.4.2). Cho (M,g,e~fdu) la mot khong gian do do metric
tron ma trén dé co bat ding thitc Sobolev (4.2). Gid st u la mot nghiem duong
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ctia (4.1) trén qud cau trac dia Bo(R) € M va F(u) > 0 khiu > 0,4 (v) < a = a(p)
vdi hang $6 nao dé a >0, & dé a = a(p) = 0 néu p # 2. Vi bat kin > 0,q > 2,
ton tai b > 0 sao cho néu ||[Ric™||, g < 55 va k(q,1) < ¢ thi ton tai mot hing so

Cpm,v chi phu thuoc vao p,m va V' sao cho

Vu 1+ VKR
el - < Copmy =+, (4-3)
trén qud cau tric dia B,(%). Hon nia, néu ||Ricf_<||qu =0 thi
|V 1+ VKR
T S Cp’mT7 (4.4)

trén qud cau trdc dia Bo(g) va Cpm = C(p,m) chi phu thudc vao p va m.

Tt phuong trinh (4.1) ¢6 thé hoiic suy bién hoac ki di trong tap hop {Vu =0},
Ii thuyét chinh quy elliptic c¢6 thé khong duge ap dung. Ching ta biét réing tinh
chat chinh quy t6t nhat cta nghiém clia loai phuong trinh nay 1a CH¢, véi
0 < a < 1 nao d6. Gidng nhu trong [102] (xem thém [42, 90]), st dung mot ki
thuat e-chinh quy héa bang cach thay thé toan ti tuyén tinh héa £; (xem dinh
nghia dudi day) v6i xap xi cia nd, chiing ta c6 the gia st rang u 1a tron. Do do,
trong phan nay, dé cho don gian ching ta gid sit v 13 mot C2-nghiém duong clia
(4.1). Dat

v=(p—1)logu, w=|Vu|*

Dé chitng minh Dinh 1i 4.1.1, chiing ta can st dung toan ti sau day.

Dinh nghia 4.1.2 ([89, 90]). Todn ti tuyén tinh héa cia todn ti p-Laplace cé
trong tuong ing vdi u € C3(M) sao cho Vu # 0 duge dinh nghia nhu sau

Ly(W) = el div(e ! |Vu2A(VY)),

d do i la mot ham tron trén M va A la mot tensor xac dinh boi

Vu® Vu

A=1Id+ (p—2) 2

Bo6 dé 4.1.3 ([89]). Cho (M, g,e~fdu) la mot khong gian do do metric tron v
ham u € C3(M). Khi dé, néu |Vu| # 0 thi

L(|VulP) = p|Vu*~* (|Hessu|?4 + Ricy(Vu, Vu)) + p|VulP~2 <Vu, VAp,fu> ,
d do |Hessuly = A% Alw;jupy va A duge zdac dinh nhu trén.
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Dé u6c lugng s6 hang chita Hessian, ching ta can bo dé sau.

B6 dé 4.1.4. Cho v = (p — Dlogu, w = |Vv|? vd o = min {Z(p - 1), m(pj)Q }, dat

m

v

h(v) = (p— 1P~ te P F(er1).

Khi do, ta co

a |[Vwl|? w?

[Hessv|% ZZ " + p— 1(1 + hw?)?
—1 —p 2
P2 ) (v, vy — 10
m —1 m—n

Chiing minh. Thay v vao phuong trinh (4.1), ching ta thu duge

v

0= A, ju+ F(u) = e div(e™ |VerT|P~2Ver1) 4 F(ei1)
= (p— DI Pel(|VulP + Ay pv) + Fer).

Do do6
Ay v =—(p—1)P eV F(er 1) — |VolP = —h(v) — wk. (4.5)
Theo dinh nghia ctia toan tit p-Laplace c6 trong, ta co
p=2 p—2 p=4 P
w? Amcv—i-T(Vw,Vv)w T =—h—w:2. (4.6)

Chiing ta can udc lugng |Hessv|% tai cdc diém & d6 w > 0. Chon mot co 8 truc
chuan dia phuong {e;}’_; gan mot diém cho trude sao cho Vv = |Vu|e;. Ching

ta st dung Vew = w;, ¢ = 1,--- ,n, khi d6 w = v%,wl = 2u;1v; = 201101, 6 db
w; s

j Z 2,wj = 271]‘11)1. Do dé, 2Uj1 = _Z7 <Vf, VU) = fl’Ul. Vi Vay (46) dan den
w?2

_p w1v
Zvjj:—hwl 2—(5—1) ;1—v11+f1v1—w
j=2 (4.7)

= —hw'"2 — (p— D)oi1 + frvg — w.
T dinh nghia ciia ma tran A, ta cé

(p—2)*

Hessv|% = |Hessvl?
|Hessv|% = |Hessv|” + T2

_9
(Yo, V)2 + p2—w|vw|2.
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St dung bat dang thitc Cauchy-Schwarz, ta thu duge

n n
Hessvff = vij + (p—2)%0fy + 200 - 2) ) vy
i,k=1 k=1
n n
=p-D¥h 42— vh+ > v
k=2 i,k=2
n n
>(p— 1)*f; +2(p— 1) Z LT a—— (Z UJJ)
k=2 j=2

Thay (4.7) vao bat dang thic trén, ta c6

[Hessol >(p — 1] +2(0— 1) Y v}y

1 _p
+ — 1(—hw1 2 — (p— Doy + fror —w)?.
St dung bat dang thiic (z—y)* > 1:r+25 : =3t w+(p—1)vi, y = fion,
ta co
1 1-2 2
— T(Zhw ™2 = (p = v + fror —w)
- (hwl_g +w)? +2(p — 1)v11(hw1_g + w) N (p— 1)2U2 (frv1)?

- m—1 m—1 "1 m—n’

Ki hiéu o = min {Q(p —1), m(nf—jf}, ta thu ducc

n
1 P
[Hessv|% ZaZv%k + m(hwl_ﬁ + w)?
k=1
2(p— 1)vyy

Vo S O et — .
A— (hw' ™2 + w) p——

-

Dr
<\

—

8%

=
o

l\D

NH

2wuyy = (Vou, Vw) Z

Thay cac dong nhat thic nay vao bat déng thic trén, ta co

Vuw|? w? —»
Hessol?, > 1 2 )2
|Hessv|5 > ” +m—1< +hw?2)
1
+ 2= L (1+ hw ™) (Vo, V) = (f“le
B6 dé dugc ching minh xong. O
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Bay gio ching ta uéc luong L£,(Q), v6i Q = |VulP. Tt (4.5), ta thu duge
VA, v =—h'(v)Vv = V(|[Vol]P).
Két hgp dong nhat thiic nay v6i Bo dé 4.1.3, ta cb
L4(Q) = puP? (]Hessvﬁl + Ricy(Vu, Vv)) — pw¥ (Vu,VQ) — ph'(v)w> Vol
St dung Bo dé 4.1.4 va dé ¥ rang #'(v) < a trong phuong trinh trén, ta c6
L;(Q) =Ly(w?)

2 1 = —1 =
>puP 2 <g [Vl + w?(1 4 hw= )% + p—l(l + hw=2) (Vu, Vw))

4 w m—1 m —
+ pwp72Ric?(Vv, Vu) — pwz%2 <VU, ng> — paw?.
Bat dang thiic nay c6 thé viét lai nhu sau

£4(Q) > Lur=3vu2 + L

! m—lwp(1+hw%p)2

1 . 2 P
i <p(p 1) (1+hw?) — %) p—2 (Vv, Vw) —|-pRic}n(VU, V”U)wp_Q —apw?2.

Dé y riang bat dang thiic trén ding khi w > 0. Dit S = {z € M : w(x) = 0}. Trong
phan cudi ctia muc nay, phép lay tich phan duge lay tuong tng véi e~ fdu. Hon
nita, ching ta bo qua ki hieu e=Fdu cho don gian. Lay tich phan hai vé bat dang
thiic trén va st dung tich phan timg phan, ta cé

% /Qﬁf(Q)w =— /Q <%wp2Vw + %(p — 2)wP™3 (Vu, Vw) Vo, Vz/J>

D
2

1 _
2/ gwp_?’|Vw|2+ wP(1+ hw?)? — apw
o\ 4 m — 1

-1 —p
+ (p (14+hw2)— g) wP™2 (Vo, Vw) + Rict (Vo, Vv)wp2> .

m—1

(4.8)

0 day chung ta st dung

p—2 1 p—4
A(VQ) = Lw's Vu + Zp(p — 2)w'? (Yo, Vu) Vo.

Bay gio ching ta gia sit ring M thoa man bat déng thiic Sobolev cé trong
(4.2). Stt dung bat dang thiic Sobolev va bat dang thiic (4.8), ta c6 thé ching
minh két qua sau, day 14 mot bude quan trong trong chitng minh Dinh 1i 4.1.1.
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B6 dé 4.1.5 (Udc lugng Li-chuan). Vdi gid thiét nhu trong Dinh li 4.1.1, néu
bo > 0 du lon thi ton tai di(p,m) > 0 sao cho
2

b _ m=2
H w HL(bO“’*l)%(BO(%R))S le—OQVm(boﬂFl)_

Chitng minh. Ta chon ¢ = wlp?, & d6 € > 0, n € C°(Bo(R)) va we = (w — €)™,
Thay 1 vao (4.8), chiing ta thu dugec mot bat dang thitc tuong ty nhu bat dang
thitc (2.3) trong [102]. Do d6, chiing ta c6 thé sit dung 1ap luan tuong ty nhu
trong [102], sau khi cho € tién vé 0 va thyc hién mot vai tinh toan, ta thu duge

(xem két luan trude Bo dé 2.2 trong [102])

p+b—1 2 +b 2
‘V (w 2 77) ‘ + bd;y wP™n
B, (R) Bo(R)

Sao/ wPtOt )2 — bdg/ Ric}n(VU,Vv)wp+b_2n2
B,(R) Bo(R)

+ bads / wg+bn2, (4.9)
B.(R)

vii cac hang s6 duong ag,di,d2,d3 € RT nao d6 va b = L. Tu gio trd di,
ag, a1, as, ... va di,ds, ... 1a cac hé s6 chi phu thudc vao p v m. Bay gio ta udc

lugng s6 hang Ricci. Béi bat dang thitc Hélder, ta c6
/ Rict (Vo, Vo) wP 02?2
B,(R)

Z(n _ 1)K/ wp+b—1n2 _ / |(Ric7}1>l_(|wp+b—1n2
Bo(R) Bo(R)

q—1

Z(n _ 1)}(/ wp+b71n2 . H(Ric?l)lfﬂq (/ (wp+b1n2)q/(q1)> q
B,(R) B,(R)

(4.10)
Bay gio ching ta st dung mot ki thuat trong [26] nhu sau. Dat a = % VA
6= ™ thi
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St dung bat dang thitc Holder, véi moi € > 0, ta ¢

—1

(/ (wp+b—1n2)q/(q—1)> !
B,(R)

%a (1fcz)q%q1
< (/ wp+b—1772> . (/ (wp+b—1772)9)
- \UB.(R) Bo(R)

é 11—«
< </ (wp+b—1,'72)9> ety (/ (wp+b—1772)> ’
B,(R) B,(R)

& do6 trong bat dang thiic cudi cling, ta sit dung bat dang thic Young

A 1 1
xy <ex’ +e 7vyﬂ,Vx,yZO,fy>1,;—ir$:1.

Tt (4.2), ta c6

q—1

(/ (wp+b—1,72)q/(q—1)> !
Bo(R)

b—1 2
< EC«leCz(H— \/FR)V—Cg,/ (Rz ‘V (wp+2 77)’ +wp+b—1772>
Bo(R)

pe </ (wp+b‘1n2)) : (4.11)
Bo(R)

P N . 1 P ~ S
Két hop (4.9)-(4.11) va chon e = Tt (G2 I VIR Vo 1) (R ta két luan rang

b—1 2
/ ’V (wp+2 77)‘ - bdl/ wPTon?
Bo(R) Bo(R)

§a0/ wPt L w2 — (n — 1)bd2K/ wP = 1y?
Bo(R) Bo(R)

Fady [ wH e OGRS [
B,(R) Bo(R)

0, néu p # 2 c

a= . Ric® |4 < : (4.12)
>0, néup=2 beCo(1WKR) 1/ —Cs R2
va B +b=p+b—1khip=2, bat dang thic tréen dan dén
_ 2
/ ‘V (wpﬂz) 17]) ‘ n bdl/ wp+bn2
Bo(R) Bo(R)

Sal/ wP w2 —I—Kbdg/ wP T in?, (4.13)

Bo(R) Bo(R)
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Két hop bat dang thiic nay véi bat dang thiic Sobolev (4.2), ta thu duge

(/ (wﬁgln)"%m?) + bd1R2eCQb°V_3L/ wp+bn2
B,(R) Bo(R)

SdszeCQboV_fn/ wP =1 vp|?
Bo(R) (4.14)

Bo(R) B.(R)

<dyR2eC2boy /

wp+b*1|V77|2 + albobzeCQbOV*% / wPTr=1p?)
B,(R)

Bo(R)
§ d6 by = c1(m, p)(1++VKR) vcai c; dtt16n. Chon n; € C5°(Q) thod man 0 < < 1,
m = 1 trén By(3R), |Vl < El va dat n = "™, Khi d6

2(p+b—1)

dQRQ/ wp-f—b—l‘vn‘Q < a2b2/ wp+b_177 e
B,(R) Bo(R)
ptb—1

2 -1 2\ T
< asb wP n Vrtd
B,(R)

< %RQ/ WP 12 4 <£>p+b_l oty
2 Bo(R)

R2
§ dé ta st dung bat dang thitc Holder va bat dang thic Young trong hai bat
déng thic cubi. Dat b = by, diéu nay kéo theo

daR?e2 0V /

w1y <L Ry 5 / w? o’
Bo(R) 2 Bo(R)

p+b—1 R
+ (%) protleeby =5 (415)
Chiing ta uéc lugng s6 hang thit hai trong vé phai cia (4.14). Ta nhan thay rang
a1b2bwPtt=l < Lbd R2wPt? § d6 w > asb3R72. Do d6, dé ude lugng s6 hang nay,
ta chia B,(R) thanh hai mién B; va By sao cho

w |B1> a5b(2)R*2; w |32§ a5b(2)R*2.

Te0<n<1,taco

albgbeCQbOV_% / wP o= 1y?
Bo(R)

< —bd1RZGCQbOV_m/ wh o +a1b(2)b€CZb°V_m/ ( 520)
2 B, o \R

+b, 2 aebg prbot 1-2
w4+ | —- Vi, (4.16)

IA

1
~bdy %00y~ /
2 B.(R)



Thay thé (4.15), (4.16) vao (4.14), ta thu duge

Nhu mot hé qua, diéu nay kéo theo

2

b _m=2
|| w ||L(b0+p_1)ﬁ(30(%R))§ d4R_02vm(b0+P*1) i

B6 dé chitng minh xong. O
Bay gio ching ta sé chiing minh Dinh 1i 4.1.1.

Oh’[mg mainh Dmh I 4]] Nhan théy réng bl;l’élo ||UJ||Lb(BO(3R/4)) = ||w||Loo(BD(3R/4)),

v6i moi > 0, ton tai b > 0, sao cho v6i moi b > b, ta co

1wl 2o (B, 3R/4)) < Wl L8 (B, (3R 4)) + -

Dat b = by va chon by > b sao cho (4.12) dang. Khi d6, két luan dau tién thu
duoe béi Bo dé 4.1.5.

Gio ching ta gid st |Ric® ||,z = 0, diéu nay nghia la (4.12) dang véi moi b di
16n. Do d6 bat dang thiic (4.14) ding v6i b dt 16n bat ki. Do d6, két luan cudi
c6 thé kiém tra bing phép lip Moser tieu chuan (xem [29, 90, 102]). Dé ¥ ring
trong chitng minh Bb dé 4.1.5, chting ta da c6 bat dang thitc (4.14). Tit s6 hang

thit hai trong vé trai ciia (4.14) 1a khong am, ta c6

</ (w“g_ln)jm?> Sageczbovi/ (bR2|V77’2+b%b2772)wp+b71.
Bo(R) Bo(R)

Dé stt dung lip Moser, ta dat

m m R
2

bet1 = by , blZ(bo+p—1)m— Qp = By

m — 2
va chon 7, € C§°(§) sao cho

Cc4
ne=1trén Qppq, me=0trén Bo(R)\ Qp,  |Viy| < & 0smsl

V6i cach chon trén va dé ¥ b = by, ta co

1
bot1 L
(/ wb”l) N < (aseCQboV_iye (/ (bpb* +bR2|V77|2)wa>
Qo1 Qe
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Suy ra

m
2\ 25,

mo ﬂ
|| w ||Loo(Bo(§))§ (a8eczbov_m) 17@(()0())171 || w ||L”1(BO(BR)) .

4

Diéu nay ciing v6i B6 dé 4.1.5 dan dén

Tit by = c1(1 +VKR), ta c6
Fw o (5, (2)) < @10 (T

2
Tuw= (M(p — 1)) , ta két thic chiing minh dinh 1. ]
u

Nhan xét 4.1.1. Néu k(q,1) # 0 thi dieu kien (4.12) khong thé théa man vdi b
di lon. Do dé, phép lap Moser khong thé dp dung trong truong hop nay. Diéu

nay gidi thich vi sao ching ta can thém hing s6 n > 0 trong vé phdi ciia (4.3).
4.2 Cac dinh li Liouville va u6c lugng gradient dia phuong

Bay git két hop Dinh 1i 4.1.1 va bd dé sau, ta thu dudec mot tng dung cta
Dinh 1i 4.1.1.

B6 dé 4.2.1 (Xem [29, 102]). Cho (M, g,e~fdu) la mot khong gian do do metric
tron n chiéu. Gid si Ricl' > —(m — 1)K, ¢ d6 K la mot hang so khong am,
m > n > 2. Khi dé, ton tai mot hang s6 C, chi phu thudc vao m, sao cho vdi
moi qud cau B,(R) C M, moi ham ¢ € C(Bo(R)) ta c6

m—2

(/ |¢|w3”2e—fdu> < COHVER)y—3 / (R%V|? + ¢*)e ' dp,
By(R) B,(R)

¢ dé V la thé tich cia qud cau trdc dia By(R).

Dé y rang khi F(u) = cu®, v6i ¢ > 0ndo d6 va 0 < o < p—1,p > 1, ta cb
h(v) = c(p — 1)P~tel65Y. Do d6

W(v)=c(p—1)P"1 ( ? [ 1) )

p_

Vi vay, v6i K = 0, cho R tién vé vo cung trong (4.4), ta thu dugc he qua sau.
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Heé qua 4.2.2. Cho (M, g,e~/du) la mot khong gian do do metric tron vdi Ric} >
0. Néu u la mot nghiém duong ciia phuong trinh A, pu+cu® =0 va zdc dinh trén

toan bo khong gian thi u la hang so.

Hé qué nay cai tién két qué ctia L. Zhao vad D. Yang trong [102]. Thuc té,
trong Dinh i 1.1 ctia bai bao [102], cac tac gia chiing minh rang

|Vul < (1+ VKR)3/*
o R
néu Ric’}1 > —(n—1)K, v6i K > 0. Tuy nhién, uéc lugng trén nén duge sita nhu
(4.4).

Bay gio ching ta xét phuong trinh Allen-Cahn. Phuong trinh nay c¢6 nguon
gbc tit I thuyét gradient ctia sy chuyén pha [1] va sy lien quan mat thiét dén li
thuyét mit cyc tiéu (xem [21, 70, 74]). Udc lugng gradient clia chiing toi dugc
phat biéu nhu sau.

Heé qua 4.2.3. Cho (M, g,e~Tdu) la mot khong gian do do metric tron vdi Ric}" =
—(m—=1K, K la mot hang s6 khong am. Néu u la mot nghiém cia phiuong trinh

Ap’fU+U(1—u2):07 p227
théa man 0 < u <1 trén qud cau B,(R) C M thi

|Vul 1+ VKR
R

» < Cp,m
trén qud cau Bo(g), d dé Cpm la mot hang s6 chi phu thuéc vao p va m. Ddc

biet, khi K =0, néu 0 <u <1 trong M thiu=1 trén M.

Chu ¥ riang khi p = 2, dang dinh li Liouville nay dugc nghién ctiu béi S. B.
Hou trong [45]. Hé qua nay c6 thé xem nhu mot tong quat clia két qua & trong
[45] trong truong hgp khong tuyén tinh. Ciing can nhan manh 1a uéc lugng
gradient trén la mdi, ngay ca khi p = 2.

Nh&c lai ring h(v) = (p — 1)P~Le ?F(er-1). Do d6
F/(ev/(p—l))ev/(p—l)

p—1

Ww)=(p— 1 le — F(e"/oD)

Bay gio chiing ta chiing minh Hé qua 4.2.3.
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Chatng minh Hé qud /.2.5. V6i F(u) = u(1 —u?) thl F'(u) = 1 — 3u?. D& thay véi
0<u<1,p>2thiv=Ilogu<0, he quala 0 < e?/®=1 < 1. Do d6, néu 0 <u <1

thi
F'(u)u
p—1

— U2U
- py - o

u 2
— _ —(p—2))<0.
- T((p—4u” = (p—-2)) <0
Vi vay, h'(v) <0, gia thiét ctia Dinh 1f 4.1.1 théa man. Do do6, ta c6 (4.4). Khi

K =0, dieu nay kéo theo

—u(l —u?)

Val _ Gy

v - R
Cho R — 400, tit v > 0 ta c6 Vu =0, do d6 u 1a hang s6 trén M. Diéu nay dan
dén A, pu =0, he qua la u(1 —u?) = 0. Stt dung dieu kién 0 < u < 1, ta két luan
u =1 trén M. Hé qua chiitng minh xong. ]

Ung dung tiép theo 1a mot wée luong gradient méi cho phuong trinh Fisher-
KPP.

Heé qua 4.2.4. Cho (M, g,e~1du) la mot khong gian do do metric tron vdi Ricy >
—(m — 1)K, hang $6 K > 0. Néu u la mot nghiem duong cia phuong trinh

Aprutcu(l—u) =0, p>2,c>0,

trén qud cau trac dia B,(R) C M, w <1 trong M thi

|Vul < 1+ VKR
R

— Cp,m

u
trén qud cau trac dia Bo(g), v0i Cpm chi phu thuoc vao p va m. Khi K =0 thi
u=1 trén M.

Phuong trinh trong Hé qua 4.2.4 duge dé xuat bai Fisher vao nam 1937 dé mo
ta sy lan truyén ciia mot gen tién héa c6 1gi trong mot cong dong [37] va ciing
duge mo ta doc 1ap trong mot bai bao c¢6 tinh dnh hudng ve sau ciia Kolmogorov,
Petrovskiis va Piskunov [46]. Trong [14], céc tac gia thu duge uée lugng Harnack
vi phan cho nghiém duong ctia phuong trinh nay.

Chatng minh Hé qud /.2.4. Theo gia thiét ta c6 F(u) = cu(l — u) = cu — cu?. Do
do, véi 0 <u<1,p>2thi

F'(u)u (e —2cu)u
—p—l — (u)_—p—l — cu — cu?
= = ((p=3u—(p—2) <0



Chiing minh dudc suy tryc tiép tit Dinh 1f 4.1.1. O
Ung dung thit tu ctia dinh 1f chinh 1a két qué Liouville dudi day.

Heé qua 4.2.5. Cho (M, g,e~Tdu) la mot khong gian do do metric tron vdi Ric}" >
—(m —1)K, K >0. Néuu > 1 la mot nghieém ciia phuong trinh

Apu+ aulogu =0, a >0, (4.17)

trén qud cau trac dia Bo(R) C M thi

[Vul _ 1+ VKR
CP?

u
trén qud cau trac dia Bo(g), vdi Cp m chi phu thuoc vao p va m. Khi K =0 va
u>1 trong M thi u=1 trong M.

Chiing minh Hé qud 4.2.5 co
ta c6 h(v) = av > 0 va h’(v) = a > 0. Chiing minh dugc suy tryc tiép tit Dinh 1f
4.1.1. [

F(u) = aulogu. Do do, v6i p = 2,v = logu > 0,
0.

Cht y rang phuong trinh (4.17) xuat phét tir gradient Ricci soliton. Chiing
ta c6 thé xem thém [61] dé nam cac giai thich chi tiét hon (xem them [30, 94]).
Ciing luu y rang trong [31, 92], cac tac gid chi ra rang khong ton tai nghiém
duong thoa man 0 < u < ¢ < 1 v6i ¢ € R nao do.

Tiép theo ching ta trinh bay udc luong gradient dia phuong cho phuong trinh
khong tuyén tinh véi diéu kién do cong Ricci tich phan.

Hé qua 4.2.6. Cho (M, g) la moét da tap Riemann day di. Gid st w > 1 la mot
nghiém duong ciua phuong trinh

Apu+ aulogu =0, a >0,
trén qud cau trac dia Bo(R) C M. Véi ¢ > n/2 va R < 1, khi dé, vdi moin >0
ton tai b du lon sao cho néu k(g,1) < § va IRic™ ||, < ok th

Vu 1+vVKR
|u|<CpmV R + 1,

trén qud cau tric dia Bo(E), vdi Cpmy chi phu thuoc vao p,m va V = |B,(R)|.

Khi K =0, ta c¢6 k(g,1) = ||Ric® ||, z. Khi d6, He qua 4.2.6 kéo theo két qua

sau.
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Hé qua 4.2.7. Cho (M, g) la mét da tap Riemann day di. Gid st w > 1 la mot
nghiém duong cua phuong trinh

Apu+ aulogu =0, a >0,
trén qud cau trac dia B,(R) C M. Véi ¢ >n/2 va R <1, khi dé vdi bat ki n >0,
ton tai b di lon sao cho néu k(g,1) < § thi

Vv 1+vVvKR
M < Cp,m,V—\/_ +

U R 777

trén qud cau tric dia Bo(%), vdi Cpm v chi phu thudc vao p,m va V = |B,(R)).

Dé chiing minh Hé qua 4.2.6, ching ta can st dung bat ding thitc Sobolev
dia phuong sau day (xem Hé qué 4.6 trong [26]).

BO dé 4.2.8 ([26]). Vdi moi ¢ > n/2, ton tai e = e(p,n) > 0 sao cho néu M™ cé
k(p,1) <e, thi vdi moi o€ M,r <1, ta co

(o
B,(R)

G d6 V = |By(R)|.

m—2

< Cn)v2n / (R2IV6P + ¢2),

B,(R)

Chiing minh Hé qud 4.2.6. TU |Ric”||, r < 54, diéu kién (4.12) ding véi b du
16n. Ching ta c6 thé gia st b thoa man ; < e. Két hop gia thiét k(p,1) < ; va Bo

dé 4.2.8, ta suy ra M c6 mot bat dang thitc Sobolev. Do d6, chitng minh dugc
suy triyc tiép tit Dinh 1f 4.1.1. O
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KET LUAN VA KIEN NGHI

Két luan

Luan an nghién ctu tinh triét tiéu ctia cic dang vi phan p-dieu hoa, dinh
i Liouville cho phuong trinh elliptic va uéc lugng gradient cho phuong trinh
p-Laplace c6 trong trén da tap Riemann. Luan an da dat dugc mot s6 két qua

sau:

e Dua ra va chiing minh mot s6 dinh If vé tinh triét tiéu clia cac dang vi phan
p-diéu hoa trén da tap Riemann, trong d6 cac két qua chinh 13 cac Dinh 1i
1.1.2, Dinh 1f 1.1.4, Dinh 1 1.1.6, Dinh 1 1.1.11, Dinh 1f 1.2.2, Dinh 1f 1.2.3,
Dinh 11 1.2.5.

e Dua ra va ching minh mét dinh 1i Liouville, cing cac hé qua ctia noé, cho
phuong trinh elliptic trén da tap Riemann, trong d6 két qua chinh 14 Dinh
i 1.3.2.

e Dua ra va chiing minh mot s6 dinh 1i vé uéc lugng gradient cho phuong
trinh p-Laplace c6 trong trén da tap Riemann, trong dé két qua chinh I3
Dinh 1i 1.4.2.

Kién nghi

Trong qua trinh nghién citu cac van dé cia luan an, ching toi suy nghi vé

mot s6 hudng nghién ctiu tiép theo nhu sau:

e Ching toi tiép tuc tim cach dua ra cac dicu kien du trén da tap Riemann

dé cac dang vi phan p-diéu hoa la triét tieu.

e Chung toi tiép tuc nghién cttu dinh Ii Liouville cho mot s6 16p phuong trinh

dac biét trén da tap Riemann.

e Chung toi tiép tuc nghién citu cac uéc lugng gradient cho mot s6 16p phuong
trinh p-Laplace, phuong trinh nhiét trén da tap Riemann.
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