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11. Tom tit cac két qua méi cua luan an:

Véi ham hai bién. Chirng minh mot s6 két qua vé ham né hai bién dudi dang

tong - tich.

Cu thé:

* V61 ham f(x,y) = g(x)(h(x) +y) taco
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* V6i ham f(x,y) = xy(g(x) +y), tacod
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|f(A, B)||B.C| > min {qﬁBLM}_

2r—1
q

Vé6i ham ba bién. Chimg minh da thac axy + g(x) + s(y) + t(z) 1a ham
nd. Bén canh d6, cling dua ra dugc mot sd klét qua dang téng-tich sau day.
max{|A + A|, |A? + A?|} > 273 |A|?/3q"/3,
max{|A + A|, |A3 + A3|} » qr/11°|A|9/1°,
max{|A — A|, |AA + AA|} > 273|A|?/3q"/5.
max{|A% + Ad], |AA|} > g5|A|/3.
Véi ham bdn bién. Ching minh duoc cic 16p ham F(uv,y,z):=
f(Q(w,v),y,z), trong do f khong c6 dang g(h(x)+k(y) +1(z)),



Q(u,v) = m(u) + ufn(v) 1a n& vira véi ngudng 5/13 trén trudng nguyén
t6 va ngudng 3/8 trén truong hitu han bat ky.

Trén vanh dinh gia hitu han, ching t6i ciing ching minh rang cic ham
u(u+v)y+z,ulu+v)+yzulu+v)(y+z),y(ulu+v)+z),(ulu+v)—
V)2 +z va (y—2)2+u(u+v) lanod.

Vi cac tap tich trén nhom Heisenberg.

* Trén H;(Fg), trong truong hop tap Ion, véi mot tap con A cua F
c¢6 nang luong cong tinh nho, luan 4n ching minh dwgc mot két qua cai thién
I[A, A, 0][A, A, 0]| > Kq|[A, A, 0]], va tong quét trén F,(Fq) cho ta két qua
|[E, E, O][E, E, 0]| » q|[E,E, 0] voi |E| » qz"=.

* Trén H3(Fp), luan én chl’rnglrglinh duogc

|[E, E, 0][E, E, 0]| » |[E,E,0]|zs, trong d6 |E| « p®/°.
* Trén H;(FF,) luan an chimg IPSilnh duogc

I[A, A, 0][A, A, 0]] = |[A,A, 0], vé6i |A| S pt/2.
* Trén H;(C), luén an ching n;ignh duogc

|[A, A, 0][A, A, 0]] = |[A A, 0]|ts voi |A] = 2,

day ciing 1a mot mo rong két qua cia Hegyvari va Hennecart trén trudng

s6 thuc R.
12. Kha ning tng dung thuc tién:
C6 kha nang ¢ng dung vao giai quyét cac bai toan thudc cac linh vuc nhu
khoa hoc may tinh 1y thuyét, Iy thuyét s6, mat ma.
13. Cac huéng nghién cau tiép theo:
Tap trung nghién ctu tiép cac bai toan to hop cong tinh, hinh hoc to hop va
cac bai toan c6 ung dung cho linh vuc khoa hoc may tinh 1y thuyét,
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11. Summary of the new findings of the thesis:
Two - variable functions. several two-variable expanders having sum -
product form.
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* For f(x, y) = xy(g(x) + }’), 2
If (4, B)||B.C| > min{q"|B|, L2540,

g1
Three - variable functions. The polynomials axy + g(x) + s(y) + t(2)
are expanders and several sum - product type results.
max{|4 + 4], |42 + A%]} > 275 |A[23q7,
max{|A + A|, |A% + A3|} > q"/1°|A4|°/10,
max{|4 — 4|, |AA + AA|} > 2‘§|A|2/3q"/3.
max{|A? + A%|, |AA[} > q5|A|2/>.
Four - variable functions. F(u,v,y,2):= f(Q(u,v),y,z), where f does
not have form of g(0(x) + k(y) +1(2)), Q(u,v) = m(uw) + u*n(v) are
expanders with threshold of 5/13 over finite prime fields and threshold 3/8



over finite fields. Additionally, we established the expanders u(u + v)y +
zu(u+v)+yz,uu+v)y+2),yulu+v) + 2), u(u +v) —y)? + z
and (y —2)? + u(u + v) over finite valuation rings .
The product - set over Heisenberg groups.

. Over H1(Fyg) : let AcF,, we have

|[4,4,0][4,4,0]| > Kq|[A4,A,0]], and in general, we have

1

|[E,E,O][E,E,0]| > q|[E, E,0]| where |E| > q2 i over Un(Fg).

*Let E c [I,(F,), |[E,E,O][E,E,0]| > |[E,E, 0]|15

where |E| « p8/5.

¢ Let Acy(F,),  |[AAO][AA0] = [[AA0]w®, where
4] s p'/?

eLet A 0,(1), |[4,4,0][A,4,0]| = |[4,A4,0][ where |4] = 2.

12. Potential applications:
These results can be applied to some areas such as incidence geometry,
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pseudorandomness, property testing, hardness amplification, probabilistic
checkable proofs (PCPs), and cryptography.
13. Further works: Discrete Combinatorial Geometry and Additive
Combinatorics.
14. Thesis-related publications:
* L. Q. Ham, P. V. Thang and L. A. Vinh (2017), “Conditional expanding
bounds for two-variable functions over finite valuation rings”, European
Journal of Combinatorics, 60(2), pp. 114-123.

* Le Quang Ham, Nguyen Van The, Phuc D. Tran and Le Anh Vinh
(2020), “On three-variable expanders over finite valuation rings”, Forum
Math, 33(1), pp. 17-27.

* D. N. V. Anh, L. Q. Ham, D. Koh, M. Mirzaei, H. Mojarrad and T.
Pham (2021), “Moderate Expanders Over Rings”, Journal of Number Theory,
pp. 223-233.

* Dao Nguyen Van Anh, Le Quang Ham, Doowon Koh, Thang Pham
and Le Anh Vinh (2020), “On a theorem of Hegyvari and Hennecart”, Pacific
Journal of Mathematics, pp. 407-421.

Thursday, 20th January 2022



SUPERVISOR PhD STUDENT

Prof.Dr. Lé Anh Vinh Lé Quang Ham



